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Abstract

In this paper we consider the relationship between the Assouad and
box-counting dimension and how both behave under the operation of
taking products. We introduce the notion of ‘equi-homogeneity’ of a
set, which requires a uniformity in the cardinality of local covers at all
length-scales and at all points. We prove that the Assouad and box-
counting dimensions coincide for sets that have equal upper and lower
box-counting dimensions provided that the set ‘attains’ these dimensions
(analogous to ‘s-sets’ when considering the Hausdorff dimension), and the
set is equi-homogeneous. Using this fact we show that for any a € (0,1)
and any 8,7 € (0,1) such that 8+~ > 1 we can construct two gener-
alised Cantor sets C' and D such that dimg C = af, dimg D = ary, and
dimy C = dima D = dim4(C x D) =dimp(C x D) = a.

1 Introduction

In this paper we study the behaviour of the box-counting and Assouad dimen-
sions (whose definitions we give below) under the action of taking the Cartesian
product of sets. Relatively straightforward arguments can be used to show that
the Assouad and upper box-counting dimensions satisfy

dim(A x B) < dim A + dim B,

but constructing examples showing that this inequality is strict is less straight-
forward. For the box-counting dimension, the first example of sets for which
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there is strict inequality was constructed by Robinson & Sharples [14]: these
are Cantor-like sets with carefully controlled ratios, much as those in this pa-
per. A significantly simpler example involving two countable sets followed later
from Olson & Robinson [11]. For the Assouad dimension, there is an example
of strict inequality due to Larman [8] (see also Section 9.2 in Robinson [13]) of
two subsets of R that accumulate at zero in such a way that the sets and their
product all have dimension one.

In this paper we provide a unified treatment of the two dimensions using
‘generalised Cantor sets’, i.e. Cantor sets in which we allow the portion removed
to vary at each stage of the construction in a controlled way. Our argument to
calculate the Assouad dimension of generalised Cantor sets and their products
relies on the ‘equi-homogeneity’ of these sets (defined below): roughly this means
that there is a uniform bound on the range of the number of balls required in the
‘local covers’ of the set at each length-scale. We discuss equi-homogeneity in a
more general setting in Henderson et al. [6] where we prove that the attractors
of a large class of iterated function systems are equi-homogeneous. However, the
arguments presented here will serve as prototypes for the more general results
in Henderson et al. [6].

1.1 Counting covers

We begin by defining some notions of dimension for subsets of a metric space
(X,dx). For a set FF C X and a length 6 > 0 we denote by D(F,J) the
minimum number of sets of diameter ¢ that cover F', which is to say that F' is
contained in their union, where the diameter of a set A is given by diam(A4) =
sup{dx (z,y) : x,y € A}. If D(F,J) is finite for all 6 > 0 we say that the set
F' is totally bounded.

There are many similar geometric quantities, some of which we will make
use of in what follows:

e N(F,§), the minimum number of balls of radius § (‘d-balls’) with centres
in F required to cover F’;

e P(F,¢), the maximum number of disjoint d-balls with centres in F.
It is a short exercise to establish that these geometric quantities satisfy
D(F,48) < N (F,26) < P (F,8) < D(F, 0) (1)

(see, for example, Definitions 3.1 in Falconer [4] or Lemma 2.1 in Robinson &
Sharples [14]" ).

We adopt the cover by centred d-balls as our primary measure since it is
convenient for sets of the form Bs(x) N F with € F, which feature in the
definition of the Assouad dimension.

We recall that for each 6 > 0 the function N(-,4) is

1Both Falconer [4] and Robinson & Sharples [14] instead consider N(F,§) to be the mini-
mum number of arbitrary §-balls required to cover F. However (1) follows immediately from
the argument given by these authors.



e monotonic, that is A C B = N(4,0) < N(B,4d), and
e subadditive, that is N (AU B,d) < N(4,9) + N(B,9),

and that for each set ' C X the function A/(F,-) is non-increasing.

1.2 Box-Counting Dimension

First, we recall the definition of the familiar box-counting dimensions.

Definition 1.1. For a totally bounded set F' C X we define the lower and upper
boz-counting dimensions of F' as the quantities

dimp,g F' := lim inf M,
=0+ —logd
1 Fo
and dimp F := lim sup log N'(F 9)
§—0+ —logé

respectively.

In light of the inequalities (1), replacing N (F, ) with any of the geometric
quantities mentioned above gives an equivalent definition. The box-counting
dimensions essentially capture the exponent s € R for which the minimum
number of centred d-balls required to cover F scales like N'(F,§) ~ 6~5. More
precisely, it follows from Definition 1.1 that for all g > 0 and any € > 0 there
exists a constant C' > 1 such that

Ctodimue e < N(F §) < 0§~ dime Fme forall0 < 6 <&y (2)

In some cases the bounds (2) will also hold at the limit € — 0, that is for
each dg > 0 there exists a constant C' > 1 such that

1. ‘
557 dimee F' < A/ (F,6) < 0§~ dime F for all 0 < § < do, (3)

giving precise control of the growth of N'(F, ). We distinguish this class of sets
in the following definition:

Definition 1.2. We say that a bounded set F' C X attains its lower box-
counting dimension if for all 69 > O there exists a positive constant C' < 1
such that

N(F,6) > Co~dimee I forall 0<d< 6.

Similarly, we say that F attains its upper boz-counting dimension if for all
b0 > 0 there exists a constant C > 1 such that

N(F,8) < o~ dime F for all 0 <6 < dp.



We remark that a similar distinction is made with regard to the Hausdorff
dimension of sets: recall that the Hausdorff measures are a one-parameter family
of measures, denoted H?® with parameter s € R*, and that for each set F C R”
there exists a value dimyg F' € R™, called the Hausdorff dimension of F', such
that

He(F) =

oo s <dimygF
0 s>dimygF.

For a set F' to have Hausdorff dimension d it is sufficient, but not necessary, for
the Hausdorff measure with parameter d to satisfy 0 < H¢ (F) < co. Sets with
this property are sometimes called d-sets (see, for example, Falconer [4] pp.32)
and are distinguished as they have many convenient properties. For example,
the Hausdorff dimension product formula dimyg (F' x G) > dimyg F' + dimyg G
was first proved for sets F' and G in this restricted class (see Besicovitch &
Moran [2]) before being extended to hold for all sets (seec Howroyd [7]).

1.3 Homogeneity and the Assouad Dimension

The Assouad dimension is a less familiar notion of dimension, in which we are
concerned with ‘local’ coverings of a set F: for more details see Assouad [1],
Bouligand [3], Fraser [5], Luukkainen [9], Olson [10], or Robinson [13].

Definition 1.3. A set F' C X is s-homogeneous if for all 5y > 0 there exists a
constant C' > 0 such that

sup N'(Bs (z) N F,p) < C(5/p)° for all &, p with 0 < p < & < dp.
TzeF

Note that we do not require a set to be totally bounded in order for it to be
s-homogeneous.

Definition 1.4. The Assouad dimension of a set F' C R"™ is defined by
dimp F := inf {s eR": Fis s—homogeneous}

It is known that for a totally bounded set F' C X the three notions of
dimension that we have now introduced satisfy

dimLB F S dimB F S dimA F (4)

(see, for example, Lemma 9.6 in Robinson [13] or Lemma 1.9 of Henderson et
al. [6]). An interesting example is given by the compact countable set F, :=
{n™*},en U {0} C R with a > 0 for which

dimpp Fy = dimg F, = (1 4+ )"
but dimA Fa =1.

(see Olson [10] and Example 13.4 in Robinson [12]).



1.4 Product Sets

Let (X,dx) and (Y,dy) be metric spaces and endow the product space X x Y
with a metric dx «y that satisfies

mlmax(dx,dy) SdXxY SmgmaX(dx,dy) (5)
for some my, mo > 0 with m; < msy. Clearly the familiar product metric
dXXY,oo o =max (dx,dy)

satisfies (5), as do the metrics

dxxyyp = (d% + d’{/)% for p € [1,00)

with m; =1 and my = 2%.

It is well known that if F¥ C X and G C Y are two totally bounded sets
then the box-counting and Assouad dimensions of their product ' x G C X xY
satisfy

dimLB (F X G) > dimLB F+ dimLB G (6)
and dimp (F x G) < dimp F + dimp G. (8)

provided that the product metric dx xy satisfies (5) (see, for example, ‘Product
formula 7.5 of Falconer [4], and §9.2 of Robinson [13]).

The box-counting dimension product formulae were improved in Robinson &
Sharples [14] who demonstrate that product sets satisfy the chain of inequalities

dimyp F 4 dimpp G < dimpg (F X G)
< min {dimyg F + dimp G, dimp F 4 dim;5 G}
< max {dimy,g F + dimg G, dimp F' + dim;5 G}
< dimgp (F x G) < dimp F + dimg G, (9)

and that paper provides a method for constructing sets so that their box-
counting dimensions can take arbitrary values satisfying this chain of inequali-
ties.

We remark that if dimpg F' = dimp F then it follows from (9) that there is
equality in (6) and (7), so the good behaviour of just one set guarantees equality
in the box-counting product formulas.

The box-counting dimension product formulae in (9) are all consequences of
the geometric inequalities

N(F X G,mgé)

S N(F,0)N(G,9)
and P (F xG,mid)>P(F¢

(F,0) P (G,9),



which in turn follow from the inclusions

Bs jmy () X Bsjm, (y) C Bs ((2,9)) C Bs/m, () X Bsjm, (y) (10)

as the product of centred §-ball covers of F' and G gives rise to a centred ms0-
ball cover of F' x G, and the product of disjoint d-balls with centres in F' and G
gives rise to a set of disjoint m;d-balls with centres in F' x G (see, for example,
Falconer [4] or Robinson & Sharples [14] for further details). Combining these
product inequalities with the relationships in (1) we obtain the expression

N(F,45/m1)N(G,46/m1) < N(F x G,8) < N(F,5/m2)N(G,6/ma)  (11)

which will be useful in the remainder.

To establish the Assouad dimension product inequality we prove the fol-
lowing geometric relationship. One can find a very similar argument for both
bounds in Olson [10] (Theorem 3.2) and for the upper bound in Robinson [13]
(Lemma 9.7).

Lemma 1.5. If F C X and G C Y then for all x = (z,y) € F x G and all
d,p>0

N (B5(x) N (F x G), p) <N (Bsjm, () N F, p/m2) N (Bs/m, (y) NG, p/m2)
and
N (Bs(x) N (F x G),p) >N (Bs/m,(x) N F,Ap/m1) N (Bsjm, (y) NG, 4p/my) .
Proof. From (10) it follows that
Bs(x) N (F x G) C (Bs/m, () N F) % (Bs/m, () N G)
and  Bs(x) N (F x G) D (Bsjm,(®) NF) x (Bs/my(y) NG) .
Consequently, as the function N (-, p) is monotonic, it follows from (11) that

N(B5(X) n (F X G) ap) < N((B5/m1 (l‘) mF) X (Bé/wu(y) N G) 7p)
< N(B5/m1 (ZL’) vap/mQ)N(Bts/ml(y) N Gap/mQ) )

and
N (Bs(x) N (F x G), p) =N ((Bs/my (2) N F) X (Bsjm, (y) N G) , p)

>N (35/m2 (.’13) NF, 4p/m1) N (BS/mg (y) n G,4p/m1)
as required. O

It is now simple to prove the following Assouad dimension formula for prod-
ucts. We remark that in Olson [10], Theorem 3.2, it was mistakenly asserted that
equality holds in this product formula. However, the argument there (which we
reproduce here) shows that equality does hold for products of the form F x F.



Lemma 1.6. If F C X and G CY then
dimy(F x G) < dimyg F +dima G (12)

and
dima(F x F) =2dimg F. (13)

Proof. Fix 69 > 0. If F' is an s-homogeneous set and G is a t-homogeneous set
then from Lemma 1.5 it follows that for all §, p with 0 < p < d < dg

N(B5 (X) N (F X G) ,P) < N (Bé/ml (x) NF, p/mQ) N (Bé/ml (y) N G?ﬂ/mQ) :

Therefore, since the sets F' and G are homogeneous and 0 < p/mg < §/my <
do/m1, there exist constants Cr, Cg > 0 so that

<o () (37
< CpCq (ma/m1)*" (5/p)""".

As §p > 0 was arbitrary we conclude that the set F' x G is (s + t)-homogeneous,
from which we obtain (12).
Now suppose that F' = G. Given € > 0, find x € F such that

N(Bs(z) N F,p) > C(6/p)*
for some 0 < p < §. Then for x = (z,z) € F x F we have
N(Bm25(x) N (F X F) 7m1p/4) > N(B§($) N F, p)N(B5($) N Gap)
> C2(5/p)0);

it follows that dimy(F x F) > 2(s — €) for every € > 0, which yields (13). O

2 Equi-homogeneous sets

From Definition 1.3 we see that homogeneity encodes the mazximum cardinality
of a local optimal cover at a particular length-scale. However, the minimal car-
dinality of a local optimal cover is not captured by homogeneity, and indeed this
minimum cardinality can scale very differently, as the set described in Section
1.3 illustrates.

Example 2.1. For each o > 0 the set Fo, := {n=°}, .y U {0} has Assouad
dimension equal to 1, so for all e > 0

sup N (Bs(x) N Fa, p)(6/p) "7

zeF,

is unbounded on 6, p with 0 < p < 4.



On the other hand 1 € F,, is an isolated point so

ienPf N(Bs(x)NFy,p)=1  forall6,p with0<p<d<1—2"% (14)
x @

as Bs(1)NF, = {1} for such ¢ and this isolated point can be covered by a single
ball of any radius.

It is worth remarking that the lower Assouad dimension of F,, denoted
dimyp,a Fy,, is zero: the quantity dimpa F', also called the minimal dimension,
was defined in Larman [8] as the supremum over all s for which there exists
constants ¢ and &g such that

zigg./\/'(B(;(x)ﬂF,p)zc(d/p)s forall 6, p with 0 < p < <dg. (15)
For the set Fy, it is immediate from (14) that (15) holds only for s = 0, hence
dimp,p F,, = 0. This argument is easily adapted to demonstrate that dimp,a F' =
0 for any set F' containing an isolated point.

The minimal and Assouad dimensions form a pair that respectively provide
lower and upper bounds on the scaling of the quantity N (Bs (z) N F, p), which
is analogous to the lower and upper box-counting dimensions providing bounds
on the scaling on N'(F,¢) in (2).

The equi-homogeneity property (defined below) ensures that the quantity
of interest for the minimal dimension, inf,cpr N (Bs(z) N F,p), scales identi-
cally (up to a constant) to the quantity of interest for the Assouad dimension
sup,cp N (Bs(xz) N F, p). In fact, it follows that both of these quantities scale
identically to N'(Bs(x) N F, p) for any x € F, which we can interpret as equi-
homogeneous sets having identical fractal detail at every point.

However it does not follow that the minimal and Assouad dimensions are
equal for equi-homogeneous sets: the upper bound on the scaling of N (Bs(z) N
F, p) may differ from the lower bound if the cardinality of local covers oscillates
rapidly as we change the length-scales. See Henderson et al. [6] for details.

For a totally bounded set the maximal and minimal cardinality of local
optimal covers can be estimated by more elementary quantities.

Lemma 2.2. For a totally bounded set F' C X and 9, p satisfying 0 < p < §

inf N (By(r) 1 F,p) < m (16)
and ilellgN(Bé(x) NF p) > j:;g?: g : (17)

Proof. Let x1,...,7x(Fs5) € F' be the centres of J-balls that form a cover of F.
Clearly,

N(F.5)
N(F,p) < Y N(Bs(z;)NF,p) < N(F,0) SUgN(Bé(x) NFE p),
=1 we



which is (17).

Next, let 4, p satisfy 0 < p < ¢ and let z1,...,2p(p4s5) € F be the centres
of disjoint 49-balls. Observe that an arbitrary p-ball B,(z) intersects at most
one of the balls Bs(x;): indeed, if there exist z,y € B,(z) with « € Bs(x;) and
y € Bs(z;) with i # j then

dx (s, z5) < dx(zs,z) +dx(x,2) +dx(z,y) +dx(y,z;) <26+ 2p < 46

and so x; € Bys(z;), which is a contradiction. Consequently, as F' contains the

P(f’46) Bs(z;) N F, it follows that

union (J;2

P(F,45)
N(F,p)> > N(Bs(z;)NF,p)
j=1

> P(F,48) inf N(Bs(x) N F, p),
> N(F,46) inf N(Bs(x) N F. p)

from (1), which is precisely (16). O

In contrast there is, in general, no similar elementary upper bound on the
quantity sup,cp N (Bs () N F, p), the existence of which would be useful in de-
termining the Assouad dimension of F'. For this reason we introduce the notion
of equi-homogeneity. A set is equi-homogeneous if the maximal cardinality of
local covers at one length-scale can be bounded by the minimal cardinality of
local covers at another length-scale in a uniform way.

Definition 2.3. We say that a set F C X is equi-homogeneous if for all 5o > 0
there exist constants M > 1, and c1,co > 0 such that

sup N (Bs(z) N F, p) < M inf N (Be,s(x) N F,cap) (18)
zeF TeF

for all 6,p with 0 < p < 6 < dy.

As with the definition of the box-counting dimensions, it follows from the
geometric inequalities (1) that replacing A with the geometric quantities P
or D gives an equivalent definition of equi-homogeneity. Further, note that
as N(B;s (z) N F, p) increases with § and decreases with p we can assume that
co < ¢ in (18). If a totally bounded set F is equi-homogeneous then, in addition
to the lower bound (17), we can find an upper bound for the maximal size of
the local coverings.

Corollary 2.4. If F C X is totally bounded and equi-homogeneous then for all
do > 0 there exist constants M > 1 and c1,co > 0 with co < ¢ such that

N(va) : N(F,Czp)
N(F.0) < ilelEN(Bé (x)NF,p) < M;cnelgN(Bcl‘s ()N F,cop) < MNi(F, 1010)

forall0 < p < d < do.




Proof. The corollary immediately follows from Definition 2.3 and Lemma 2.2 as
0<cop<crdif0<co <e¢pand0<p<d. O

In fact, with this bound we can precisely find the Assouad dimension of equi-
homogeneous sets provided that their box-counting dimensions are suitably ‘well
behaved’.

Theorem 2.5. If a set F C X is equi-homogeneous, attains both its upper and
lower boz-counting dimensions in the sense of (3), and dimpg F' = dimp F,
then

dimA F = dimB F= dimLB F.

Proof. Fix 69 > 0. As F attains both its upper and lower box-counting dimen-
sions and these dimensions are equal it is clear from Definition 1.2 that there
exists a constant C > 1 such that

1 ; i
G0l S N(F8) < Com et for all 0 < ¢ < do.

(19)

Next, as F' is equi-homogeneous it follows from Corollary 2.4 that

sup N (Bs (z) N F,p) < M N (F, c2p)

— = for all 0 <6
sup N (F,4c10) orall0 < p<o <y

for some constants M > 1 and ¢;, ¢ > 0, which from (19)

—dimp F

<M 2(62p)7_
— ¢ (4015)—d1mBF

— M02(461/02)dimB F(é/p)dimg F

for all 4, p with 0 < p < § < dg, so the set F' is (dimp F')-homogeneous. Conse-
quently, dima F' < dimp F', but from (4) the Assouad dimension dominates the
upper box-counting dimension so we obtain the equality dima F' = dimg F'. [

The generalised Cantor sets introduced in the next section are the prototyp-
ical examples of equi-homogeneous sets, and it is precisely these sets that we
use to construct examples of strict inequality in the Assouad dimension prod-
uct formula. In this construction we will determine the Assouad dimension of
the product of generalised Cantor sets by applying the above theorem, which
first requires us to show that the product set is equi-homogeneous. However,
this immediately follows from the fact that equi-homogeneity is preserved upon
taking products, which we now prove.

Lemma 2.6. If F C X and G C Y are equi-homogeneous and the product space
X xY is endowed with a metric satisfying (5), then the product F x G C X xY
s equi-homogeneous.

10



Proof. Fix g > 0. As F and G are equi-homogeneous, there exist constants
Mp, Mg > 1 and fi, f2, 91,92 > 0 such that for all 0 < p < § < dp/my

sup N (Bs (z) N F, p) < Mp inf N (By,s (z) N F, fap)
zeF zeF

< Mp iggN(Bcus () N F,cop) (20)

and

sup N (Bs (y) NG, p) < Mg inf N (Bg,5 (y) NG, g2p)
yeG yeG

< Mg inf N (Be,5 (y) NG, cap), (21)
yeG

where ¢; = max (f1,¢1) and co = min (fo, g2), and the second inequalities follow
from the monotonicity of N (-, p) and the fact that N (4, -) is non-increasing.
Now, from Lemma 1.5 for all 0 < p < § < §y

Nrxa (6,p) = ESEIX)GN(Ba(X)ﬂ(F x G),p)

< [EEIF)N(BMW (r)NF, p/mg):| [jtelgN(Bts/ml (y) ﬁG,p/mz)]

as taking suprema is submultiplicative. Since 0 < p/ms < §/my < dp/my it
follows from (20) and (21) that Npxq (9, p) is bounded above by

{MF 08 A (Boys o () O, czp/mg)} {MG N (Beyg/a ()1 ch/mg)]

< MFMG( %IéngN (Beys/my (x) N Fycap/ma) N (B, s/m, (y) NG, cap/ma)
T,y
as taking infima is supermultiplicative. Again applying Lemma 1.5 we obtain
the upper bound

< i cym oMy
Nrxa (0,p) < MpMg xel;lfoN (BmIQ‘S(X) N(FxG), 3™ p>

for all 0 < p < 6 < §p and as §y > 0 was arbitrary we conclude that F' x G is
equi-homogeneous. O

3 Generalised Cantor Sets

A generalised Cantor set is a variation of the well known Cantor middle third
set that permits the proportion removed from each interval to vary throughout
the iterative process. Formally, for A € (0,1/2) we define the application of the
generator gen, to a disjoint set of compact intervals Z as the procedure in which
the open middle 1 — 2\ proportion of each interval is removed. It is easy to see
that if 7 consists of k disjoint intervals of length L then gen, 7 consists of 2k
disjoint intervals of length AL.

11



Definition 3.1. Let {\;},oy be a sequence with A\; € (0,1/2) for all i € N, let
Co = [0,1] and iteratively define the sets

Cyn i=geny, C, 1 Vn € N.

The generalised Cantor set C' generated from the sequence {\;},cy is defined by

DL

C .= Chp.

n=0

Observe that each intermediary set C), consists of 2" disjoint intervals I}, ..., 12"
of length L, := [[;_, i, which we order by increasing left endpoint. Further,
observe that the generalised Cantor set C' can be written as the union of the
disjoint sets I N C for j = 1,...,2", which are identical up to a translation.

In the remainder we adopt the geometric quantity D (C, §), which we recall
is the minimal cover by sets of diameter 6 as our primary measure since it is
convenient to cover generalised Cantor sets by collections of intervals of a fixed
length, and this avoids the factor of 1/2 that would occur if we used covers by
o0-balls.

It is not difficult to determine that for § in the range L, < 0 < L,_; the
minimum number of sets of diameter ¢ required to cover C satisfies

2"l < D(C,5) < 2" (22)

(see, for example, Robinson & Sharples [14].) From this bound we can determine
the upper and lower box-counting dimensions of C' from the sequence {\;}; -
Lemma 3.2. Let C be the generalised Cantor set generated from the sequence
{Xi}ien with A; € (0,1/2). The lower and upper box-counting dimensions of C
satisfy

. .. nlog?2
dimyp C = 111151611\1111" TS logh (23)
log 2
and dimp C = lim sup noe (24)

neN  — 2?21 log \;”

Proof. Fix ¢ in the range 0 < § < 1 and let n € N be such that L, < § < L,_1.
The cover estimates (22) yield

(n—1)log2 < logD(C, ) < nlog2
—logL, — —logéd — —loglL,_ 1

from which we derive

nlog2  log2 <logD(C’,5) (n—1)log2 log 2
—logL, —logL, ~ —logé —logL,_1 —logL,_1

IA

(25)

12



Taking limits as 6 — 0, it is clear that n — oo and 1/ —log L,, — 0 so taking
the limit inferior of (25) we obtain

lim inf logD(C,8) _ 1o op(n—1)log2
neN —log L, = o—0+ —logd neN  —log Ly_1

log 2
noes lim inf

(26)

and as the upper and lower bounds of (26) are equal we conclude that

.. logD(C,9) . . . nlog2 .. nlog 2
liminf ———— =liminf ——— = liminf ————,
6—0+ —logd neN —log L, neN —> " log\;
which is precisely (23). The upper box-counting dimension equality (24) follows
similarly after taking the limit superior of (25). O
This relationship is particularly pleasing as S I"IOg = 1Og1an where a,, is
nothing more than the geometric mean of the partial sequence Aq,..., \,.

In the remainder of this section we prove that generalised Cantor sets are
equi-homogeneous and use this result to determine the Assouad dimension for a
certain class of generalised Cantor sets. This class includes the sets considered
in Section 4 which, in particular, will have Assouad dimension strictly greater
than their upper box-counting dimension.

To this end we first consider the minimal covers of subintervals of C,,. The
following two properties of the sets (), are immediate from the construction:

(i) for each j =1,...,2" the subinterval I} of C,, satisfies

D(I;, N C,p) = D(I, N C,p); (27)
(i) for each j =1,...,2"! the subinterval I’ | of C,_; satisfies
D(I;_, N C,p) <2D(I}NC,p) (28)

for all p in the range 0 < p < L,,_1.
Lemma 3.3. Generalised Cantor sets are equi-homogeneous.

Proof. Let C be the generalised Cantor set generated from the sequence {\;};
with A\; € (0,1/2). Let « € C be arbitrary, fix n € N and fix § in the range
L,<d6<L,1. Asz € C CC, and 6 > L, the ball Bs(z) contains at least
one subinterval IJ of C,,, so

IINC C Bs(x)NC. (29)

Further, as § < L,_1, the ball Bs (x) intersects at most three subintervals of

Chv, say IF_ | TFT1 152 for some k, so

Bs(x)nCcC (If_ nC)yu(IfinC)u(IftinC). (30)
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From the inclusions (29) and (30), the monotonicity and subadditivity of D(-, p),
and (27), we derive

D(ILNC,p) <D(Bs () NC,p) <3DI_,NC,p) for all p >0
Restricting p to the range 0 < p < § < L,,_1 we apply (28) to conclude that
D(IL N C,p) < D(Bs () N C, p) < 6D(IL N C, p)

for all ¢ in the range L, < 6 < L,_1 and all p in the range 0 < p < 4.
Consequently, as n € N and x € C' were arbitrary

sup D(B; () N C, p) < 6 inf D(Bs (z) N C,p)
zeC zeC

for all 4, p satisfying 0 < p < d so we conclude that C' is equi-homogeneous. [

Generalised Cantor sets, therefore, satisfy the hypotheses of Corollary 2.4.
We will use this fact in the following lemma to find the Assouad dimension of
generalised Cantor sets.

Lemma 3.4. Let C be the generalised Cantor set generated from the sequence
{Aitieny with A; € (0,1/2). The Assouad dimension of C satisfies

log 2
dima C = limsup | sup T++g . (31)
m—oo neN — Zi:nJrl IOg )\2

Proof. As C is equi-homogeneous from Lemma 3.3, it follows from Corollary
2.4 and the geometric inequalities (1) that for all 5o > 0 there exist constants
M > 1 and ¢y, co > 0 with ¢y < ¢ such that

Slelgl? (Bs/se, () N C,4p/ea) < Mggg: g; (32)
and 2161273(325(1‘) NC,p/4) > ggg: g; (33)

for all §,p with 0 < p < 4 < do.
For brevity we write 8 = limsup,,_, o (Sup,ey mlog2/(— Y107  log A;))
and observe that this limit exists and is finite as

mlog2 mlog2
- Z?Iﬁl log\; — — Z:L:Jrr:j—l log1/2
m log 2

Fix € > 0 and let m. > 2 be sufficiently large that sup,,cy S

i=n+1

=1 foralln e Nand m e NU{0}.

log A;
B + ¢ for all m > m..

Let 6, p satisfy 0 < p < § < do, and let n € N and m € NU {0} be such that
L, <0< Lpyand Lpym < p < Lpim—1. From (32) and the cover estimates
(22) it follows that

n+m

2
sugD (Bs/se, (x) NC,4p/es) < Mo = M2m L, (34)
xrec
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Now, if m — 1 < m, then from (34)
sup D (Bs/se, (x) N C,4p/eg) < M2™ < M2™: (6/p)°te (35)
zeC

as 0/p > 1. Alternatively, if m — 1 > m, then from (34)

(m—1)log2
sup D (B(;/gcl (x)NC, 4p/02) < M2™t = M (§/p) 68(577)
zeC
(m—1)log?2

< M (3)p) TET
as d/p>Lp/Lpim—1 = H:’:ﬁ;l 1/\; for m > 2,

. (m—1)log?2
SUPpneN — yntm—T

< M (6/p) i=nt1 108X
< M (5/p)""°. (36)
Combining (35) and (36) we obtain
sup D (Bsse, (x) N C,4p/es) < M2™= (6/p)" "

for all §, p satisfying 0 < p < § < dg, from which it follows that C is (8 + ¢)-
homogeneous. As € > 0 was arbitrary we conclude that dima C < 3.

Next, we suppose for a contradiction that dimy C' < 3, so there exists an
€ > 0 and a constant M > 0 such that

D(Bs(x) N C,p) < M (5/p)" . (37)

From the definition of § there exists an increasing sequence m; € N (for
convenience we assume without loss of generality that m; > 2) such that

m; log 2
sup

T>6—1j foralleN
n€N — Ziinﬁ log Ai /

and for each j € N there exists an n; € N such that

m; log 2 > sup m; log 2

n;+m; n+m;
— Ei:anrl log )\z neN — Ei:nJrl 10g /\z

Now, let §; = Ly, and p; = Ly, 1m, so from (33) and the cover estimates
(22) it follows that

—e/2>B-1/j—¢/2.

onj+m;—1 mjlog2
sup D(Bas, () N C, p;j/4) > —— =2712" =271 (8;/py) /00
zeC 2m
mj log 2
=271 (§;/py) s Fsns)
mj log2

=271 (d;/pj) Tidn; iy 08 N

> 274 (0/py)"
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for all j € N. It follows from (37) that

27t (5j/pj)ﬁ_1/j_a/2 <M (5]‘//)]‘)'8_6 for all j € N

and by rearranging and recalling that 0;/p; = Ly, /Ln; tm, = H:ZZTE /N >
2™i that

91 (/2110 — 9=V (5, /p /PTMT < M for all j € N.
Finally, as 1/j < /4 for all j greater than some J. > 0 it follows that
2~ lomis/t < \f for all j > J.,

which is a contradiction as the m; are increasing, hence 2mi€/4 is unbounded.
We conclude that the generalised Cantor set C' is not (8 — €)-homogeneous for
any € > 0, hence dimpy C = 3, proving the lemma. O

4 Strict inequality in the two product formulae

In this section we provide a method for constructing two generalised Cantor sets
C and D so that the Assouad dimensions of these sets and their product satisfy

dimpg C =dimp D =dimy (C x D) = «

for a € (0,1). In particular for these sets the Assouad dimension product
inequality (8) is strict and maximal in the sense that the sum dima C'+dima D
takes the maximal value 2dimy (C x D).

This task is significantly simplified using the results of the previous sections
that relate the Assouad dimension to the more manageable box-counting dimen-
sions. In essence we construct these sets so that the significant length-scales are
common to both sets, which is similar in approach to the compatible generalised
Cantor sets of Robinson & Sharples [14].

Let g € (0, 1) and let a = {a;} be a sequence of positive integers. We define
two generalised Cantor sets C' and D via the respective sequences {\;} and {u;}
defined by

A o— q**tl i =n; for some k € N
v q otherwise

{qa2k+1+1 i =my for some k € N
Hi =

q otherwise,

where n;, = Z§=1 aszj—1 and my = a; + Z?Zl agj. For brevity we say that
the pair of sets (C, D) is generated by (gq,a), and we denote the partial sum
Sk = Ele a;. Essentially, the sequences of generators \; and p; are chosen so

16



that, when 0 is restricted to the range [¢*++1, ¢%*], one of the functions D(C, §) or
D(D, d) scales like §~1°22/1°84 while the other is essentially constant, and such
that these roles alternate as k increases. While the growth of the individual
functions D(C, §) and D(D,d) fluctuates with 0, the product D(C,)D(D,J)
scales like §1982/1084 for all §.

Theorem 4.1. Let the pair of generalised Cantor sets C and D be generated
by (g,a). For all 6o > 0 there exists a constant n > 0 such that

n~l6 ks < D(C x D,§) <o e forall0 <8 <8y,  (38)
so that in particular
dimpp (C x D) =dimp (C x D) = dimy(C x D) = —log 2/ logq.
Proof. Using the terminology of the previous section, the intermediary sets C,,
and D,, consist of 2" intervals of length L, := [/ ; A; and M, := [, s

respectively.
We first consider the generalised Cantor set C. For n € N in the range

ni < n < ngy1 all except k of the A1,..., A\, are equal to g, so
k k
Ln — q’nfk anziJr]. — q’ﬂ anzi.
i=1 i=1

Taking logarithms for clarity, we derive

k k

log L,

gizn—k-i-Z(azi-&-l):n-i-Zam

log g i=1 i=1
k k k

=n- Za%—l +Za2i—l +Za2i =Mn—ng+ Sak,
i=1 i=1 i=1
S0
L, = q" "t nE <n < Nggt, (39)

and, in particular, L, = ¢°** and L,, 1 = ¢*>*+'~!. Observe that for nj <
n < ng41 the length L,, has range [Lnkﬂ_l, Lnk} = [qs’%“’l, qs%] , S0 inverting
the relationship (39), we derive

¢’ = Lpytj—son» Sok < J < Sopq1 — 1,

so, from the cover estimates (22),

guti—sa—l < D(C, ¢f) < 2w Hi—s2k sop < <, s2p41 — 1. (40)
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Further, observe that (39) yields L = @¢°?*+2 and L

Ng41 ng+1—1

Ly, <@ <Lp, 1 Sopt1 — 1 < J < Sopya,

from which, with the cover estimates (22), we conclude that
272 < D(C,¢7) < 2 Sok+1 — 1 < J <, oo

A very similar argument shows that for the set D the bounds

rutizea Tt < D(D,gl) 2RI sy < < sppg — L.
and
2me=2 < P(D, ¢7) < 2M* sop — 1 < j < sopy1.
hold.

Now, taking the product of (41) and (42) we obtain
2nk+1+mk+j*52k+1*3 < 'D(C’ qj)D(D’ qj) < 2nk+1+mk+j*82k+1
for sor4+1 < j < Sak42 — 1, and multiplying (40) with (43) yields

2Tk < DO, YD(D, ) < 2T o

— q52k+1—1’ SO

(41)

(42)

(44)

(45)

for sor < j < sag4+1 — 1. Finally, since ng + my = Sor + a1 and ngy1 + my, =

Sok+1 + a1, the bounds (44) and (45) are precisely

213 <D(C,¢')D(D,¢7) < 27t™

(46)

for sop < j < sop+o — 1 and, as k € N was arbitrary, we see that (46) holds for

all j > so.

Fix j > sy and let § lie in the range ¢/ ™! < § < ¢/. As D(C,-) and D(D,-)

are non-increasing it follows that

D(C,¢’)D(D,¢’) < D(C,6)D(D, ) < D(C, ¢ tH)D(D, ¢+,

which from (46) implies that

log 2 log 2

ga1—4 (qj+1)m = 9ita=3 < D(C,8)D(D, ) < 9jt1ltar _ gai+l (qj) Togq

As log2/log g < 0 it follows that for § in the range ¢/+! < § < ¢/

a1—4 log 2 a1+1 a2
2 Olosa < D(C, 5)D(D,5) <2 51°g‘1,

(47)

and as j > sy was chosen arbitrarily we conclude that (47) holds for all § < ¢°2.
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Finally, recall from the product inequality (11) and the geometric relation-
ships (1) that for all § > 0

D(C,86)D(D,85) < D(C x D,§) < D(C,5/2V2)D(D,6/2V2),
whence
n~lolEs < D(C x D,6) < potka  forall 0 < § < 2. (48)

If 6p < ¢°2 then (48) implies (38), otherwise observe that for ¢ in the range
q°2 < § < § trivially

log 2 log 2 log 2
g4q

D(C x D,dy) (¢°2) ®ea §isis <D (C x D,6) <D(C x D, g6, 751

which, together with (48), yields (38).

This immediately shows that the upper and lower box-counting dimensions
coincide, are attained, and are equal to —log2/logq. The same expression
for the Assouad dimension then follows using Theorem 2.5 and the fact that
the product set C' x D is equi-homongeneous, being the product of two equi-
homogeneous sets C' and D (Lemmas 2.6 and 3.3). O

Theorem 4.2. Let the pair of generalised Cantor sets C' and D be generated
by (q,a). The upper box-counting dimensions of C and D are given by

log 2 i1 @2;
and dimBD(Og )hmsupzzj_lz]

respectively.

Proof. Recall from Lemma 3.2 that the upper-box counting dimensions of C
and D are given by

nlog 2 nlog2

dimp C = li d dimp D = li _
€ =l qopsend dmnD = maw S

We first consider the generalised Cantor set C'. For n € N in the range n; <
n < ni4+1 we obtain from (39)

nlog2 nlog 2 - (log2> Nkl
—logL, —(n—ng+so)logqg — logq ) sopt1
_ (10g2> ity azj
logg) S 2ktg,
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where we have used the fact that n/(a 4+ n) is increasing in n for @ > 0. Taking
the limit superior as n (and hence k) tend to infinity we conclude that

. log2) . AT
dlmBC§—<1 )hmsupz_z}Hlj7
0849/ keNn DT a4
which is the upper bound in (49). To establish the lower bound we consider
the subsequence ng11 — 1 and recall from (39) that Ly, ,,—1 = ¢*2+1~1. Con-
sequently,

(k41 —1)log2 — (ngy1 —1log2 (10g2> S agio1 — 1
_ log Lnk+1—1 - (52k+1 — ].) logq logq Zfii—l 0 — 1 s
SO
dimg €' = lim sup % > lim sup M
nen —log Ln keN  —logLn, 1
S (10g2> limsup%,
oga) "I S,

Since these upper and lower bounds coincide we obtain the equality in (49).
The argument for D follows similar lines. 0

The Assouad dimension dominates the upper box-counting dimension, so
the above theorem provides lower bounds for the Assouad dimension of the sets
C and D. However, using the results of the previous section, we can precisely
determine the Assouad dimension of the sets C and D provided that the odd
and even terms of the sequence {a;} respectively are unbounded.

Theorem 4.3. If the generalised Cantor sets (C, D) are generated by (q, a) then

sup{agi—i} = o0 implies dimp C = —%gz?
and sup {ag; } = o0 implies dimpa D = f%ggz.

Proof. Observe that

mlog 2 < mlog2  log2
_2?27:11 log\;, ~ —mloggq log g

for all n € N and m € NU {0}, as A\; < g for all 4 € N. It follows from Lemma
3.4 that dima C < log2/loggq.
Next, observe that 32792417 g A = (agpq1 — 1) logq for each k € N as

1=ng+1
Ai=gqforalli=ng+1,...,np1 — 1 =ng + agrr1 — 1. Consequently,
sup (agk+1 — 1) log2 S (agk+1 — 1) log2 _ _log2
neN — Yt Tge N, T = (azep1 —1)logg  logg

20



Assuming that the sequence asy 1 is unbounded it follows that

mlog?2 S log 2

lim sup sup > —
m—oo neN — Zf:ﬁl log \; logq

which, from Lemma 3.4, is precisely that dimy C' > —log 2/ log ¢, so we conclude
that dimy C' = —log 2/ log q if the sequence agy+1 is unbounded. The argument
for the set D follows similar lines. U

In summary we have constructed generalised Cantor sets C' and D such that

log 2 Y asia

dimp C' = — lim su ,
b logg  ken P fo{l a;
k+1
. g Dj—1 025
dimp D = — lim sup T
logq ren” 300174
log 2
dimy (C x D) = dimp(C x D) = ——2=
log q
log 2
dimpy C = — o8 if {ag;—1} is unbounded,
logq
. log 2 . .
and dimp D = — if {ag;} is unbounded.
logq

By choosing the {a;} appropriately we can now produce generalised Cantor
sets C' and D such that

dimy C' = dimpa D = dimy (C' x D) = dimp (C x D) = dimpp (C x D),

where the box-counting dimensions of these sets take arbitrary values satisfying
the product formula

dimB C, dlmB D < dlmB (C X D) < dlmB C+ dlmB D,
and

0 < dimp 07 dimg D < dimgp (C X D) <1
In particular the Assouad dimension of the product satisfies
dimp (C x D) < dimy C + dimpa D = 2dimy (C x D)

so there is a strict inequality in the Assouad dimension product formula (8).
Further, these sets give extreme examples of strict inequality in the product
formula as dimy F' 4 dima G < 2dimy (F x G) for arbitrary sets F,G.

Lemma 4.4. Let o, € (0,1). There exist generalised Cantor sets C' and D
such that

dimr,g C = dimp C = af, dimpg D =dimg D = o (1 — ),
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and
dimpp (C x D) = dimp (C x D) = dimp (C x D) = dimp C = dimpy D = a.

Proof. Define the sequence a = {a;} by asix—1 = [Bk] and agr, = [(1 — B) k]
where the ceiling function [z] is the smallest integer greater than or equal to .
Clearly 8,1 — 8 > 0 so the a; are positive integers. Let the pair of generalised
Cantor sets C' and D be generated by (2_1/ a a), so immediately from Theorem
4.1 we obtain

dimLB (C X D) = dimB (C X D) = dimA (O X D) =«

as required. Further, as both the odd and even terms ag;_1 and as; are un-
bounded we obtain dima C' = dima D = « from Theorem 4.3.
Next, observe that

Tk(k+1)(1-8) <D ag; <3k (k+1)(1-8)+k

k
and  Ik(k+1)B<) ag 1 < k(k+1)B+k.

j=1
Consequently,
>y 251 - k(k+1)B+k
SH e, T k(=1 (-8 + Sk(k+1)5
_ k1B +2
= %—itog P
as k — oo, while
2521 21 sk(k+1)8
S ey T gk(k-1D)(A-B)+k—1+5k(k+1)B+k
kE(k+1)p8

“ k110w P

as k — oo. It follows from Theorem 4.2 that dimg C = af as required, and
from a similar argument we obtain dimg D = « (1 — ). Finally, observe that
from the chain of product inequalities (9) we obtain

dimp,g C 4+ dimg D = dimg C' + dimy g D = dimp (C X D) ,
which implies that dimy,p C = af and dimyg D = a (1 — ). O

The previous lemma is a limiting case of the following more general con-
struction, which gives independent control over the box-counting dimensions of
C and D.
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Lemma 4.5. Let o, 8,7 € (0,1) be such that S+~ > 1. There exist generalised
Cantor sets C and D such that

dimpC =a(l—7), dimpg C = af3,
dimpp D =« (1 - 4), dimg D = a~,
and
dimpp (C x D) = dimp (C x D) = dimy (C x D) = dimp C = dimy D = a.
7 > 0 and that

75
(1-7(1-5)

Proof. We first observe that - ﬁ, .

> 1 (50)

follows from 8+ v > 1.
Now recursively define the sequence {a;} by

a1 =1,
S
Aokt1 = [%Ek - Ok-‘ +1, (51)
and Qokt2 = ’VﬁOkJrl - ek—‘ +1 (52)

for k € N, where o}, = Zk azj—1 and ey = 2?21 as; are the sums of the odd

j=1
and of the even terms of a; respectively. Observe that
azkt2 2 75 0k41 — €k + 1= 175 (azk41 +0k) — e + 1
>

1 ( ek—i—l)—ek

- ( 8 1) er + 15
and similarly

a2k+3 2 (%) Ok+1 + %7

from which, with (50), a straightforward inductive argument shows that the a;
are positive integers with unbounded odd and even terms.

Now, let the pair of generalised Cantor sets (C, D) be generated from (2*1/0‘, a).
From Theorem 4.1 we obtain

dimLB (O X D) = dimB (O X D) = dimA (O X D) =«

and from Theorem 4.3 that dima C' = dima D = « as required. Further, from
Theorem 4.2,

Zk+1 a9i_1
dimp C = alimsup =451 21—

2k+1
keN 2,
. Ok+1 .
= alimsup = alimsup
keN Oky1 + eg ken 1+

0k+1
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and from (51) it follows that

1-8 e < <1—ﬂ e
B ek+2%_0k+1_ B ek+%

)

so we conclude that dimp C' = 5. A similar argument using (52) shows that
dimp D = . As in Lemma 4.4 the lower box-counting dimensions are obtained
from the chain of dimension inequalities (9). O

In conclusion we have introduced the notion of equi-homogeneity, which
roughly is the property that at each length-scale the range of the cardinality of
local covers of a set is uniformly bounded. We have further shown that gener-
alised Cantor sets are equi-homogeneous, and have used this fact to demonstrate
that the class of generalised Cantor sets include natural, elementary examples of
sets for which the Assouad dimension product inequality is strict and maximal
in the sense that the upper bound

dima (C X D) < dimp C 4+ dimpa D < 2dimy (C X D)

is actually an equality. Further, inside this class of sets are examples that, in
addition, have box-counting dimensions with arbitrary values satisfying

dimg C,dimg D < dimp (C X D) < dimg C' + dimg D,
and

0 < dimp C, dimp D < dimgp (C X D) < 1.

A Box-counting dimensions of self-products

The following product dimension equality is interesting, particularly in the light
of the parallel result for the Assouad dimension presented here in Lemma 1.6.
However, since it falls outside the main scope of this paper we give it in this
brief appendix.

Lemma A.1. Let (X,dx) be a metric space and equip the product space X x X
with a metric satisfying (5). For all totally bounded sets FF C X

dimg (F x F) = 2dimg F/
and dimLB (F X F) = 2dimLB F.

Proof. Let F,G C X be totally bounded sets. Recall from (11) that for all§ > 0

N(F,46/m)N(G,45/m1) < N(F x G,8) < N(F,5/ma)N (G, §/m3)
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Consequently,

log N(F x G, 0) < log N (F,é6/m2)  log N (G,d/ms)

—logé - —logd —logd
B log N'(F, & /m3) log N(G, 6/m3)
—log (6/m2) +log (ms2) = —log (§/m2) + log (ms)
and
log N(F x G,8) _ log N'(F,45/m;) N log N(G,46/mq)
—logd - —logé —logé
log N (F, 46 /my) log N (G, 46 /m1 )

—log (40/mq) +log (m1/4) ~ —log (40/my) + log (m1/4)

These upper and lower bounds have the same limit superior and the same limit
inferior as § — 04, so we obtain

log N(F x G,4) — limsup (log]\/(F7 5) N logN(Gﬁ)) (53)
§—0+ —logé —logd

lim su
5a0+p —logd

and

lim inf log./\f(F—xG,5) = lim inf
50+ —logd 50+

log N(F,8) logN(G,9)
( “logs | —logo ) (54)

Consequently, in the case F' = G

. log N(F x F,0) ) log N(F, 6)

limsup ————— = 2limsup ————
S0+ —logd 50t —logd

and lim inf W—XM = 9lim inf M_
00+ —logd 650+ —logé

O

We remark that the general box-counting dimension product inequalities
follow from (53) and (54) and the fact that taking limits superior is subadditive
whilst taking limits inferior is superadditive.

References

[1] P. Assouad. Etude d’une dimension métrique liéea la possibilité de plonge-
ments dans R". C.R. Acad. Sci. Paris Sér. A-B 288 (1979), A731-A734.

[2] A.S. Besicovitch P.A.P. Moran. The measure of product and cylinder sets.
J. Lond. Math. Soc. 20 (1945), 110-120.

[3] G. Bouligand. Ensembles impropres et nombre dimensionnels. Bull. Sei.
Math. 52 (1928), 320-344.

25



[4]

K.J. Falconer. Fractal geometry (2nd edition). (John Wiley & Sons, Eng-
land, 2003).

J. Fraser. Assouad type dimensions and homogeneity of fractals. Trans.
Amer. Math. Soc. 366, (2014), 6687-6733.

A.M. Henderson, E.J. Olson, J. C. Robinson, N. Sharples. Equi-
homogeneity, Assouad dimension and non-autonomous dynamics. (Submit-
ted).

J.D. Howroyd. On dimension and on the existence of sets of finite positive
Hausdorft measure. Proc. Lond. Math. Soc. s3-70 (1995), no. 3, 581-604.

D.G. Larman. A new theory of dimension. Proc. Lond. Math. Soc. s3-17
(1967), no. 1, 178-192.

J. Luukkainen. Assouad dimension: antifractal metrization, porous sets,
and homogeneous measures. J. Korean Math. Soc. 35 (1998), no. 1, 23-76.

E.J. Olson. Bouligand dimension and almost Lipschitz embeddings, Pacific
J. Math. 202 (2002), no. 2, 459-474.

E.J. Olson J.C. Robinson. A simple example concerning the upper box-
counting dimension of a Cartesian product. Real Anal. Exchange (2014),
(to appear).

J.C. Robinson. Infinite-dimensional dynamical systems: an introduction to
dissipative parabolic PDEs and the theory of global attractors. (Cambridge
Texts in Applied Mathematics, Cambridge University Press, 2001).

J.C. Robinson. Dimensions, embeddings, and attractors. (Cambridge Tracts
in Mathematics, no. 186, Cambridge University Press, 2011).

J.C. Robinson N. Sharples. Strict inequality in the box-counting dimension
product formulas. Real Anal. Exchange 38 (2013), no. 1, 95-119.

26



