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THEOREM 4.1.1 Existence of a Unique Solution

Let a,(x), a,—(x),...,a(x),ap(x) and g(x) be continuous on an interval / and
let a,(x) # 0 for every x in this interval. If x = x; is any point in this interval,
then a solution y(x) of the initial-value problem (1) exists on the interval and 1s
unique.
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DEFINITION 4.1.1 Linear Dependence/Independence B

A set of functions fi(x), f>(x), . . ., fu(x) 1s said to be linearly dependent on an
interval 7 if there exist constants ¢y, ¢, . . ., ¢,, not all zero, such that —

lel(x) + szz(.\’) +o Cnf;n(x) =0

for every x in the interval. If the set of functions is not linearly dependent on
the interval, it is said to be linearly independent. D

DEFINITION 4.1.2 Wronskian

Suppose each of the functions fi(x), f2(x), ..., f.(x) possesses at least n — |
derivatives. The determinant —

f L - o
W(fofo o f) = | _! L "'; , =

fl(” 1) /'}II! 1) ... f‘l!i 1) .

where the primes denote derivatives, is called the Wronskian of the
functions.

THEOREM 4.1.3 Criterion for Linearly Independent Solutions 7

Let vi, v2,..., ¥, be n solutions of the homogeneous linear nth-order
differential equation (6) on an interval /. Then the set of solutions is linearly
independent on / if and only if W(yy, ya2,..., y,) ¥ 0 for every x in the
interval. —
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