
Math 285: Sample Final Version A

1. State the order of the given ordinary differential equations and whether
the equations are linear or nonlinear.

(i) y′ = (1− y)y

(ii) y′′ + 11y′ − 6xy = sinx

2. Given A =

[
−1 0
0 3

]
find eAt.
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3. The direction field for the differential equation dy/dx = xe−y2/2 is
given. Sketch a solution curve passing through the point y(0) = −1.
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4. Find the unique solution to the separable initial value problem

y′ = xy3(1 + x2)1/2 where y(0) = 1.
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5. Find the general solution to the linear differential equation

dy

dx
− y = cos 2x.

6. Determine the integrating factor µ depending only on y so the equation

y dx+ (2x− yey) dy = 0

is exact. Find µ only; do not solve the differential equation.
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7. Consider the differential equation

y′ = 3x2 + y with y(0) = 1.

(i) Compute one step of Euler’s method with h = 0.1 to obtain a
four-decimal approximation of y(0.1).

(ii) Compute one step of the improved Euler’s method with h = 0.1
to obtain a four-decimal approximation of y(0.1).

(iii) [Extra Credit] Compute one step of the fourth-order Runge–Kutta
method with h = 0.1 to obtain an approximation of y(0.1).
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8. Find the general solution to y′′ − 4y = 0.

9. Find the general solution to x2y′′ + xy′ + 4y = 0.
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10. Find the following Laplace and inverse Laplace transforms:

(i) L
{
t2 + 2e−3t − 5

}
(s)

(ii) L−1
{ s+ 4

s2 + 9

}
(t)

(iii) L
{
e−t sin 3t

}
(s).

(iv) L−1

{
e−s

s(s+ 1)

}
(s).
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11. Use the Laplace transform to solve

y′′ + 16y = f(t) where f(t) =

{
cos 4t for 0 ≤ t < π
0 for t ≥ π

subject to the initial conditions y(0) = 0 and y′(0) = 1.
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12. The matrix

A =

[
−3 2
−1 −1

]
has eigenvectors

K1 =

[
1

1/2 + i/2

]
and K2 =

[
1

1/2− i/2

]
with corresponding eigenvalues λ1 = −2 + i and λ2 = −2− i.

(i) Find the general solution to dX/dt = AX. Use Theorem 8.2.3 to
express your answer as a real soluton with real constants.

(ii) Find the unique solution to the corresponding initial value problem
where X(0) = (1, 2).
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13. Consider the linear differential system dX/dt = AX + F (t) where

A =

[
1 3
3 1

]
and F (t) =

[
−5t
t+ 5

]
.

(i) Use the fact that A has eigenvectors

K1 =

[
1
−1

]
and K2 =

[
1
1

]
with eigenvalues λ1 = −2 and λ2 = 4 to find a general solution
Xh to the homogenous problem dX/dt = AX.

(ii) Use the method of undetermined coefficients to find a particular
solution Xp to the original system dX/dt = AX + F (t).
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Summary of Numerical Methods

Euler’s Method:
yn+1 = yn + hf(xn, yn).

Improved Euler’s Method (RK2):

k1 = f(xn, yn)

k2 = f(xn + h, yn + hk1)

yn+1 = yn + (h/2)(k1 + k2).

Fourth-order Runge–Kutta Method (RK4):

k1 = f(xn, yn)

k2 = f(xn + 1
2h, yn + 1

2hk1)

k3 = f(xn + 1
2h, yn + 1

2hk2)

k4 = f(xn + h, yn + hk3)

yn+1 = yn + 1
6h(k1 + 2k2 + 2k3 + k4).
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Note that equation (22) reads as

and equation (22) is dX/dt = AX.


