The Inverse Function Theorem Math 311 Alternative Proof

Lemma 0.1. Let f: R™ — R" be continuously differentiable with D f(a) non-singular for
some point a € R™. For every ¢ > 0 there exists r > 0 such that B,(f(a)) C f(Be(a)).

Proof: Choose § > 0 such that § < € and
|z —al| <& implies ||[Df(a)”"|||Df(z) — Df(a)| <1/2.

Set r = 26/||Df(a)~t||. For y € B,(f(a)) we solve for = such that f(z) = y using a pseudo
Newton method. Let g(x) = f(x) — y and define

ro=a and xpy1 =xx — Dgla) tg(xp).

Claim that ||z — al| < 6 and ||zp11 — k|| < 6/2% for all k € N. We prove this claim by
induction. For & = 0 we have ||zg —al| =0 < § and

lz1 — @0l = [lzo — Dg(a)~"g(xo) — woll < [[Dg(a)~ [ f(a) — yll < [ Dg(a)~*||lr = 6/2.
For the induction hypothesis suppose that the claim holds for k¥ < K. Then

K K
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lern—al <D llowpr — ol <) omg =0(1—1/2") <6
k=0 k=0

Let vk = g(xx+1) —9(zx) — Dg(a)(zk+1 —rx ). By the intermediate value theorem there
is cx lying on the line segment between zx 1 and xx such that

(9(zk+1) — 9(zK)) - vi = Dg(ck)(Tk+1 — TK) - VK-
Therefore,
lv || = v - vi = (9(zK+1) — g9(zK) — Dg(a)(rx+1 — TK)) - VK
= (Dy(cx) — Dg(a))(xk+1 — 2K) - vK
implies by the Cauchy inequality that
l9(zk+1) — 9(zx) — Dg(a)(xk+1 — k)| < [|[Dg(ex) — Dg(a)|l|[rx+1 — k||
Since ||cx — a|| < ||lxx4+1 — al| < 6 then
lzks2 — 2|l < [l — Dg(a) " g(ekt1) — zx + Dg(a) ™ g(zx )|
< [|1Dg(a) " [llg(zx+1) — 9(zx) — Dg(a)(wx+1 — wx) |
< | Dg(a)" | Dg(cx) — Dg(a)|[|zx+1 — x|

1
< 5”37}(—1—1 — QZKH < 5/2K+1.

This completes the induction and proves the claim. We now show that xj is a Cauchy
sequence. Let p,q € N with p > ¢. Then

= kg 11
lp — a4l < Z||93k+1 — gl < 5227 :25<2—q - 2—p) — 0 as p,q — oo.
k=q k=q
Thus, there is x € R such that x — x as k — oo. Therefore
v = lim p4y = lm @, — Dg(a) " g(zx) =z — Dg(a) " g(x)

implies g(x) = 0 or that f(z) = y. O
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Lemma 0.2. Let f: R™ — R" be continuously differentiable with D f(a) non-singular for
some point a € R™. Then there exists ¢ > 0 such that f is one-to-one on B.(a). Moreover

there is A > 0 such that

|xe — z1|| < Al|f(x2) — f(z1)|| forall z1,z2 € Be(a).

Proof: Choose € > 0 so that x € B(a) implies ||Df(a)t||||Df(z) — Df(a)|| < 1/2. Let
x1,T2 € Be(a), vo = Df(a)(xy —x1) and wy = Df(x1 + t(x2 — 1))(x2 — x1). Then

[w: = voll < [ Df(x1 + t(x2 — x1)) = Df(a)l[||z2 — 1
< | Df(z1 +t(z2 —z1)) = Df(@)[[[|IDf (@)~ [woll < zlvoll-

It follows from .
[w|? — 2wy - vo + [Jvol|* = lwe — voll> < = [lwoll?

that 2wy - vo > 3lvo||2. Let g(t) = f(x1 + t(z2 — x1)) - vo. Then ¢'(t) = w; - vo and

1£(@2) — F@) leoll = (Faz) — F@1)) - vo = g(1) — g(0) = / g (t)dt = / w; - w

3 ! 2 3 2
> = _ .
= 8/0 [|vol| 8||Uo||

Therefore
1 (@) — )] = SIDf(@) (@2 — o)l > = mmo s — 1]
z2) — f(@ = a)(xre — T —
Yo S T O
shows f is one-to-one. Taking A = (8/3)||Df(a)~?!| finishes the proof. O

Lemma 0.3. Let V C R"™ be open and a € V. Let f:V — R" be one-to-one and
continuous and let b = f(a). If f has continuous inverse f~1: B,.(b) — R™ for some r > 0,
then

lim g(y) exists if only if lir%g o f(x) exists.

y—b xT—

Moreover, if the limits exists they are equal.

Proof: “—” Suppose lim,_.;, g(y) = L exists. Then for every ¢ > 0 there exists §; > 0
such that y € D(g) and 0 < ||y — b|| < &1 implies ||g(y) — L|| < €. Since f is continuous
there is 0 > 0 such that x € V and ||z — a|| < § implies || f(z) — b|| < 1. Moreover, since
f is one-to-one 0 < ||z — a|| implies 0 < ||f(z) — b||. It follows that 0 < ||z — a| < § and
x € D(go f) imply f(x) € D(g) and therefore ||g o f(z) — L|| < e.

“—” Suppose lim,_,, go f(z) = L exists. By the previous part lim,_,; go fo f~!(y) = L.
Therefore for € > 0 there is 6; > 0 such that y € D(go fo f~!) and 0 < ||y — b|| < &,
implies ||go fo f~(y) — L|| < e. Let § = min(d;,r). Then y € D(g) and 0 < ||y —b]| < §
implies y € D(f~!) and therefore ||g(y) — L|| = |lgo fo f1(y) — L|| < e. O
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Corollary 0.4. Let f:R"™ — R"™ be continuously differentiable with D f(a) non-singular
for some point a« € R™ and let b = f(a). Then there is 7 > 0 such that f has an inverse
function f~1: B,.(b) — R™ and f~! is differentiable with derivative Df~1(b) = Df(a)~*.

Proof: Let € > 0 be chosen as in Lemma 0.2 and » > 0 be chosen as in Lemma 0.1. Then
f is one-to-one on B.(a) and B,.(b) C f(Bc(a)). It follows f~1: B,.(b) — B.(a) exists.

Let y € B,.(b) and # = f~'(y). Then z € B.(a) and Lemma 0.2 implies

1~ ) = 7O = [z = all < Ml f(2) = f(a)]] = Ay — bl

Now since f~1: B,.(b) — R™ is one-to-one and continuous then Lemma 0.3 implies

o 1L ) = 171 0) = DI (@) = b))

y—b ly — ol
exists if and only if
Lz —a = Df() () — f@)]
z—a 1f(z) — fla)ll

exists. Estimating gives

lz —a— Df(a)"* (f(z) — f(a))ll

7@ — @]
(@) — fa) - Df(@)(e — a)|
< I1Pfa)| 7@~ @]
S )\HDf(a)—lH ||f(33) _f(jix__zlﬁ(a)(x_a)” _

as * — a, which implies f~! is differentiable.



