Orthogonal Complements

The orthogonal complement S+ of a subspace S of R™ is defined
SL:{yERm:v-y:0f0rallv€S}.

If v € S then y-v = 0 for every y € S*. Thus S C (S+)*.
Let A consist of columns that form a basis of S. Then S = C(A) and

C(A)L:{yERm:v-y:0f0rallv€C(A)}
:{yERm:Ax-y:0forallx€R"}
:{yERm:x-ATy:0f0rallx€R”}
={yeR":ATy=0} =N(4").

Given v € N(AT)L, consider the m x (n + 1) matrix

B=|Alv

Since ATy = 0 implies v -y = 0, then

NBT)={yeR":BTy=0}
:{yERm:ATy:0andv-y:0}
={yeR": ATy=0} =N(AT).

Therefore,

dimC(A) = dimC(AT) = m — dim M (AT)
=m —dimN(BT) = dimC(BT) = dimC(B).

Since C(A) C C(B), then C(A) = C(B). Therefore v € C(A), and so N'(AT)+ C C(A). Now
(ST = (C(A)T)T =NAT) cC(4) =5 C (1)
implies (S+)+ = S, and in particular N'(AT)L = C(A).

Fundamental Theorem of Linear Algebra

Let A be an m x n matrix. Then
dimC(A) = dimC(AT) =r, dimN(A)=n—7r and dimN(AT)=m —r.
Moreover,

C(A)F =N(AT), (AT =N(4), C(A)=N(AT and C(AT)=N(A) .



