Let B = {b;,bs}and C = {¢,, ¢»2} be bases for a vector space
V', and suppose b; = 6¢; — 2¢; and b, = 9¢

— 4c¢;.

a. Find the change-of-coordinates matrix from B to C.
b. Find [Xx ], for x = —3b; + 2b;. Use part (a).
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If ad — be = 0, then A is not invertible.
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b. Find [x], for x = —3b; + 2b,. Use part (a).
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by = 6¢; —2¢; and By = 9%¢; —4¢s.  x = —3b; + 2bs.
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~ Let H be a subspace of a finite-dimensional vector space V. Any linearly inde-
pendent set in H can be expanded, if necessary, to a basis for H. Also, H is
finite-dimensional and

A

| Ay o

\
&
7
§

dimH <dimV
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& PROOF IfH = {0}, then certainly dim H = 0 < dim V. Otherwise, let § = {u,....,
u; } be any linearly independent set in H. If § spans H, then § is a basis for H.
Otherwise, there is some ug 4 in A that is not in Span S. But then {u,,..., Uy, Wit )
—— will be linearly independent, because no vector in the set can be a linear combination of

vectors that precede it (by Theorem 4).
So long as the new set does not span H, we can continue this process of expanding
S to a larger linearly independent set in A . But the number of vectors in a linearly
— independent expansion of § can never exceed the dimension of V', by Theorem 10.

So eventually the expansion of § will span H and hence will be a basis for H, and
dimH <dimV. =
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