HW3 problems 2.9, 2.10 and 2.12 due Nov 22

29 Prove that, for any nonsingular matrix A € R"*",

A, 1/2
= (3)

where \; is the smallest and \,, is the largest eigenvalue of the
matrix AT A.

Show that the condition number k2(Q) of an orthogonal ma-
trix @ is equal to 1. Conversely, if ko(A) = 1 for the matrix A,
show that all the eigenvalues of AT A are equal; deduce that A
is a scalar multiple of an orthogonal matrix.

Theorem 2.9 Let A € R"*™ and denote the eigenvalues of the matriz
B=AYA by X\;, i=1,2,...,n. Then,
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Let A € R™ ™. Show that if X is an eigenvalue of AT A, then
0< X< [AT][IA],

provided that the same subordinate matrix norm is used for

both A and AT.

Hence show that, for any nonsingular n x n
matrix A,

Ra(A) < {r1(4) roo(A) 17 .
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2.12  Let B € R "™ and denote by I the identity matrix of order n.
Show that if the matrix I — B is singular, then there exists a
nonzero vector € R™ such that (I — B)x = 0; deduce that

||B|| > 1, and hence that, if ||A|| < 1, then the matrix I — A is
nonsingular.

Now suppose that A € R™*™ with ||A|| < 1. Show that
(I-A)'=I+AT-A)",
and hence that
I =AM <1+ AT - A)71.

Deduce that
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