1. Let the function values f(0), f(1), f(2) and f(3) be given. We want
to estimate

3
£(0.5), (1) and /0 f(x)dx.

(i) Let p be the cubic polynomial that interpolates these function
values, and then approximate by

3
p(0.5), P (1) and /p( )dx.
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(ii) Using the Lagrange formula, show that every approximation is a
linear combination of the function values with constant coefficients

and calculate these coefficients.
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(iii) Show the approximations are exact if f is any cubic polynomial.
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(iv) Carry out this procedure for the function f(x) = sin(7x/6).

julia> (17-5*sqrt(3))/32-sin(pi/12)
10.001798016214842213

julia> (-5+6*sqrt(3))/12
0.449358737117772

julia> (-5+6*sqrt(3))/12-pi/6*cos(pi/6)
-0 .004091103940782437




julia> (15+9*sqrt(3))/16-6/pi
0.0019192621547494682




2. We shall approximate f(z) = sin(wz/6) by maping the Chebyshev
nodes onto the interval [0,3] and then constructing the interpolating
polynomial through these nodes.

(i) Find a ¢(z) = az + b such that ¢:[—1,1] — [0,3] is a bijection.
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(i) Take n = 3 and find

|
(%[T) ~ 1[})’)% ¥ julia> x0=3/2*cos(pi/8)+3/2
a 2.88581929876693

julia> x1=3/2*cos(3*pi/8)+3/2
2.074025148547635

julia> x2=3/2*cos(5*pi/8)+3/2
0.9259748514523654

julia> x3=3/2*cos(7*pi/8)+3/2
0.11418070123307

(iii) Let g be the cubic polynomial that interpolates the function values
f(xy) for k=0,...,3, and then approximate by

3
q(0.5), q (1) and / q(z)dzx.
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using Symbolics,SymbolicIntegration

@variables x,f0,f1,f2,f3
X=[3/2*cos(pi*(2*k+1)/8)+3/2 for k=0:3]
m(i)=prod(x-X[j+1] for j=0:3)/(x-X[i+1])
d(i)=substitute(m(1i),x=>X[1+1])

L(i)=m{i)/d(i)

f=(f0,f1,f2,3) WMJ’
g=sum(f[i+1]*1 (1) for 1=0:3) o) ak” L
q05=substitute(q,x=>1//2) c?"ewd““i’?d%p U“
fsin=(x->sin(pi*x/6)). (X) N
fsubs=[f[i]=>fsin[i] for i=1:4] &~ W’hw‘k

approx=substitute(q05, fsubs) oKy WA 0.5
E=approx-sin(pi/12) N & e a?() ‘ i 4 “ )
The Uy oY
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julia> using Symbolics,SymbolicIntegration

julia> @variables x,f0,fl1l,f2,f3
5-element Vector{Num}:
X
fo
fl
f2
f3

julia> X=[3/2*cos(pi*(2*k+1)/8)+3/2 for k=0:3]
4-element Vector{Float64}:

2.88581929876693

2.074025148547635

0.9259748514523654

0.11418070123307

julia> m(i)=prod(x-X[j+1] for j=0:3)/(x-X[i+1])
m (generic function with 1 method)

julia> d(i)=substitute(m(i),x=>X[i+1])
d (generic function with 1 method)

julia> 1(i)=m(i)/d(i)
1 (generic function with 1 method)

julia> f=(f0,fl,f2,f3)
(fo, f1, f2, f3)




julia> q=sum(f[i+1]*1(1i) for 1i=0:3)

0.22677536732746076f0*(-0.9259748514523654 + x)*(-0.11418070123307 + x)*(-2.0740
25148547635 + x) - 0.547484167414096f1*(-0.9259748514523654 + x)*(-2.88581929876
693 + x)*(-0.11418070123307 + x) + 0.5474841674140959f2*(-2.88581929876693 + x)*
(-0.11418070123307 + x)*(-2.074025148547635 + x) - 0.22677536732746062f3*(-0.925
9748514523654 + x)*(-2.88581929876693 + x)*(-2.074025148547635 + Xx)

julia> q05=substitute(q,x=>1//2)
0.05866451080128097f0 - 0.21467279915296816f1 + 0.7932402192848067f2 + 0.3627680
6906688053

julia> fsin=(x->sin(pi*x/6)).(X)

4-element Vector{Float64}:
0.9982134165725897
0.8847498580883737
0.4660661847984713
0.059749267564360074

julia> fsubs=[f[i]=>fsin[i] for i=1:4]
4-element Vector{Pair{Num, Float64}}:
fo => 0.9982134165725897
fl => 0.8847498580883737
f2 => 0.4660661847984713
f3 => 0.059749267564360074

julia> approx=substitute(q05, fsubs)
0.2600055422257397

julia> E=approx-sin(pi/12)
0.0011864971232189436
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D(f,x)=expand derivatives(Differential(x)(f))

dg=D(q, x) — e duviratio- gr’w}
dgl=substitute(dqg,x=>1)

approx=substitute(dql, fsubs) qPP{b@.M‘D"\ K\"S"M)

E=approx-pi/6*cos(pi/6)
Pp P p s;-ean“

julia> D(f,x)=expand_derivatives(Differential(x)(f))
D (generic function with 1 method)

julia> dq=D(q,x)

0.22677536732746076f0*(-0.11418070123307 + x)*(-2.074025148547635 + x) + 0.22677
536732746076f0*(-0.9259748514523654 + x)*(-0.11418070123307 + x) + 0.22677536732
746076f0*(-0.9259748514523654 + x)*(-2.074025148547635 + x) - 0.547484167414096f
1*%(-0.9259748514523654 + x)*(-0.11418070123307 + x) - 0.547484167414096f1*(-0.92
59748514523654 + x)*(-2.88581929876693 + x) - 0.547484167414096f1*(-2.8858192987
6693 + x)*(-0.11418070123307 + x) + 0.5474841674140959f2*%(-0.11418070123307 + Xx)
*(-2.074025148547635 + x) + 0.5474841674140959f2*(-2.88581929876693 + x)*(-0.114
18070123307 + x) + 0.5474841674140959f2*(-2.88581929876693 + x)*(-2.074025148547
635 + x) - 0.22677536732746062f3*%(-0.9259748514523654 + x)*(-2.074025148547635 +
x) - 0.22677536732746062f3*(-0.9259748514523654 + x)*(-2.88581929876693 + x) -
0.22677536732746062f3*(-2.88581929876693 + x)*(-2.074025148547635 + Xx)




julia> dgl=substitute(dq,x=>1)
-0.21891174322642004f0 + 0.955097231599766f1 - 0.3265578705450566f2 - 0.40962761
7828289163

julia> approx=substitute(dql, fsubs)

0.4498289700043638

julia> E=approx-pi/6*cos(pi/6)
-0.0036208710541906775
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Ig=integrate(q,x) <« onitkaivod e ¥ -

Ig03=substitute(Iq,x=>3)-substitute(Iq,x=>0)

approx=substitute(Iqg03,fsubs) = X 3

E=approx-6/pi ._ & aggrmiinatin & 5, Fmdda
Ermr

julia> Ig=integrate(q,x)

0.22677536732746076f0*(-0.21928348052506014x + 1.1315186162670383(x"2) - 1.03806
02337443567(x"3) + (x™4) / 4) - 0.547484167414096f1*(-0.3051132241299661x + 1.55
37147127611153(x~2) - 1.3086582838174552(x"3) + (x"4) / 4) + 0.5474841674140959f
2*(-0.6834013893654373x + 3.2757901584040194(x"2) - 1.691341716182545(x"3) + (x*
4) / 4) - 0.22677536732746062f3*(-5.542201905979539x + 5.288976512567828(x"2) -
1.9619397662556437(x"3) + (x~4) / 4)

julia> Iq03=substitute(Iq,x=>3)-substitute(Iq,x=>0)
0.3964466094067268f0 + 1.103553390593276f1 + 1.1035533905932717f2 + 0.3964466094
067293

julia> approx=substitute(Iq03, fsubs)
1.9101233432005016

julia> E=approx-6/pi
0.0002640260977575526




(iv) Compare the approximations obtained from p in question 1(i) to
the approximations given by ¢ in 2(iii) above.
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(v) Graph p, ¢ and f on the same plot over the range [0, 3].

G RYPRAGTY
using Plots U’m‘”{:%’“ 5\3\)6‘/'\ BHr
gsub=expand(substitute(q, fsubs)) -E G.UﬂMPﬂ£A bumckiv.
gsin=eval (build function(gsub,x))

m(i)=prod(x-j for j=0:3)/(x-1) reem \ umi
d(i)=substitute(m(i),x=>1) & o 1 %“\Tw\ka
L(i)=m(i)/d(1i)

psub=expand(sum(sin(pi*i/6)*1(1i) for i=0:3))

psin=eval(build function(psub,x)) g tsww/¥ % Wf;\d Yoot
plot(x->sin(pi*x/6),0:0.01:3,label="F")

plot!(psin,0:0.01:3, label="p")

plot!(qsin,0:0.01:3, label="q") ‘;‘Fmﬂ’«u YdﬂﬂﬁM&ﬁe.




julia> using Plots

julia> qsub=expand(substitute(q, fsubs))
-0.0011308810662045143 + 0.5354860519997273x - 0.018225345748676514(x"2) - 0.016
402130166003503(x"3)

julia> gsin=eval(build_function(qsub,x))
#11 (generic function with 1 method)

julia> m(i)=prod(x-j for j=0:3)/(x-1)
m (generic function with 1 method)

julia> d(i)=substitute(m(i),x=>1i)
d (generic function with 1 method)

julia> 1(i)=m(i)/d(1)
1 (generic function with 1 method)

julia> psub=expand(sum(sin(pi*i/6)*1(1i) for 1i=0:3))
0.534295227656675x - 0.017949192431122585(x"2) - 0.01634603522555267 (x"3)

julia> psin=eval(build_ function(psub,x))
#17 (generic function with 1 method)

julia> plot(x->sin(pi*x/6),0:0.01:3,label="f")

julia> plot!(psin,0:0.01:3,label="p")

julia> plot!(qsin,0:0.01:3,label="q")
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Bpd= 0 -8 ond  Fyh) = 1) - 1
plot(x->psin(x)-sin{pi*x/6),0:0.01:3,label="p-f)

plot!(x->gsin(x)-sin(pi*x/6),0:0.01:3,label="q-f",
framestyle=:origin)

julia> plot(x->psin(x)-sin(pi*x/6),0:0.01:3,label="p-f")

julia> plot!(x->qsin(x)-sin(pi*x/6),0:0.01:3,label="q-f",
framestyle=:origin)
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3. The functions pg, p1,p2 ... are generated by the Rodrigues formula

n
xr d n_—&

Pn{L) = € ~(T € .
Pa(@) = "o (a"e™)

(i) Show that these functions are polynomials.
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(ii) Prove by integration by parts that for every polynomial p of degree

less or equal n — 1 we have the orthogonality condition (p,,p) =0

with respect to the scalar product given by

(f.g) = / et fa)g(a)da.

Thus, these polynomials are the Laguerre polynomials.
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iii) Calculate p3, p4 and ps from the Rodrigues formula.
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