
Math 466/666 The Heat Equation Project

The Heat Equation Project

Your work should be presented in the form of a typed report using clear
and properly punctuated English. Where appropriate include full program
listings and output.

Consider the heat equation on the domain [0, 1] given by
ut = buxx

u(x, 0) = 0

u(0, t) = sin(t)

u(1, t) = 0

where b = 0.01.

1a. Write a program that uses the explicit finite difference method
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to calculate approximate solutions for the heat equation above.

b. Approximate u(x, t) at t = 2π using ∆x = 1/20 and ∆t = 2π/100.

c. Draw graphs of your approximations to the solutions u(x, t) at t =
2π as functions of x using ∆x = 1/10, 1/20, 1/30, 1/40, 1/50 holding
∆t = 2π/100 fixed. Explain your results in terms of Fourier stability
analysis.

d. Write a program that uses the θ method method

Un+1
j − Un

j

∆t
= θb

Un+1
j+1 − 2Un+1

j + Un+1
j−1

(∆x)2
+(1−θ)b

Un
j+1 − 2Un

j + Un
j−1

(∆x)2

to calculate approximate solutions for the heat equation above.

e. Verify your program gives the same answers as part b when θ = 0.

f. The Crank-Nicolson method may be obtained by setting θ = 1/2. Draw
graphs of your approximations to the solution u(x, t) at t = 2π using
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∆x = 1/20, 1/30, 1/50, 1/100 holding ∆t = 2π/100 fixed. Explain your
results. Repeat holding ∆t = 2π/1000 fixed.

g. Carefully choose θ, ∆x and ∆t to compute the most accurate approx-
imation that you can of u(x, t) when t = 2π.

h. Taking your answer from part g to be the exact solution verify the
order of convergence numerically in ∆t and ∆x for the Crank-Nicolson
method.



% yn=heateq(y0,t0,tn,N)
% 
% Solve the heat equation on the unit interval.
% For more information see Morton and Mayer
% Numerical Solution of Partial Differntial
% equations page 11.
%
%    y0 -- initial distribution of heat
%    t0 -- time of the initial condition
%    tn -- ending time
%    N  -- number of time steps to take

function yn=heateq(y0,t0,tn,N)
    J=length(y0)-1;
    dx=1/J;
    dt=(tn-t0)/N;
    mu=dt/(dx*dx);
    disp(sprintf('mu=%g',mu));
    yn=y0;
    for n=0:N-1
        ynp1(J+1)=0;
        ynp1(1)=0;
        for j=2:J
            ynp1(j)=yn(j)+...
            mu*(yn(j+1)-2*yn(j)+yn(j-1));
        end
        yn=ynp1;
    end


