
Math/CS 466/666 Poisson Programming Project

Poisson Programming Project

Your work should be presented in the form of a typed report using
clear and properly punctuated English. Where appropriate include
full program listings and output.

1a. Write a program to find the numerical solution to the Poisson
equation with Dirichlet boundary conditions{

∆u = f on Ω
u = ϕ on ∂Ω

using the five-point finite difference formula

ui,j−1 + ui−1,j − 4ui,j + ui+1,j + ui,j+1 = h2fi,j

and Gauss-Seidel iteration.

b. Note that if ∆ϕ = f then u = ϕ is the exact solution on all
of Ω. Using this observation, test your program for f = 0 and
ϕ(x, y) = x− 2y on the domain Ω whose boundary ∂Ω consists of
the triangle whose vertices are (0, 0), (7, 0) and (0, 7). Try values
of h equal to 2, 1, 1/2, 1/4 and 1/8.

c. How do the approximations of u found in the previous step depend
on grid spacing? Explain your results in terms of the order of
accuracy in the five-point formula and the specific form of ϕ used.

d. Now consider f(x, y) = sin
(
xy(x + y − 7)

)
and ϕ = 0. Let Uh

be the approximation of u(2, 2) obtained using a grid spacing of
size h. Plot log |Uh −Uh/2| versus h for values of h between 2 and
1/32. Verify the order of the numerical method.

e. Estimate the value of u(2, 2) accurately to 3 decimal places.

f. Modify your program to use successive over-relaxation. Determine
the optimum value of the relaxation parameter ω for a grid spacing
of size h = 1/32. Does the optimal value of ω depend on f or ψ?
How does the optimal ω depend on h?



      integer N
      parameter(N=10)



/*  poisson.c -- Solve Poisson Equation
    Written Feb 25, 2003 by Eric Olson for Mathematics 484

    For information about the five-point formula for solving the Poisson
    equation see Chapter 7 in A First Course in the Numerical Analysis
    of Differential Equations by Iserles.  For information about the
    Gauss-Seidel iteration method used to solve the resulting system of
    finite differences see Chapter 10 in the same reference.  */

#include <stdio.h>
#include <math.h>

#define N 10
const double h=8.0/N;
const double eps=0.001;
const double etol=0.001/N/N/N;
double u[N][N],hhf[N][N];
int cmax=0;
struct intpt {
    int i,j,n;
} ipts[2*N];

/*  Determine if a point (x,y) is an interior point in the domain.
    Returns 1 if an interior point 0 otherwise */
int isint(double x, double y){
    if( (x>0.0+eps) &&
        (y>0.0+eps) &&
        (x+y<7.0-eps) ) return 1;
    else return 0;
}

/*  Specify the Dirichlet condition at (x,y) on the boundary */
double psi(double x, double y){
    return x-2.0*y;
}

/*  Specify the forcing term at (x,y) in the domain */
double f(double x, double y){
    return 0.0;
}

void printu(){
    int i,j;
    /*  Print the matrix u */
    for(i=0;i<N;i++){
        for(j=0;j<N;j++){
            printf("%5.1f ",u[i][j]);
        }
        printf("\n");
    }
}

void doinit(){
    int i,j,c;

    /*  Locate the domain */
    for(i=0,c=0;i<N;i++){
        ipts[c].n=0;
            for(j=0;j<N;j++){
            if(isint(i*h,j*h)){
                u[i][j]=1.0;
                if(!ipts[c].n){
                    ipts[c].i=i;
                    ipts[c].j=j;
                }
                ipts[c].n++;
            } else {
                u[i][j]=0.0;
                if(ipts[c].n){
                    c++;
                    ipts[c].n=0;
                }
            }
        }
    }
    cmax=c;

    /*  Initialize the exterior points */
    for(c=0;c<cmax;c++){
        int jmax=ipts[c].j+ipts[c].n;
        i=ipts[c].i;
        for(j=ipts[c].j;j<jmax;j++){
            if(!u[i+1][j]) u[i+1][j]=psi((i+1)*h,j*h);
            if(!u[i-1][j]) u[i-1][j]=psi((i-1)*h,j*h);
            if(!u[i][j+1]) u[i][j+1]=psi(i*h,(j+1)*h);
            if(!u[i][j-1]) u[i][j-1]=psi(i*h,(j-1)*h);
        }
    }

    /*  Initialize the interior and forcing points */
    for(c=0;c<cmax;c++){
        int jmax=ipts[c].j+ipts[c].n;
        i=ipts[c].i;
        for(j=ipts[c].j;j<jmax;j++){
            u[i][j]=0.0;
            hhf[i][j]=h*h*f(i*h,j*h);
        }
    }
}

void gauss_seidel(){
    /*  Solve the problem */
    int n;
    for(n=0;n<100000;n++){
        int i,j,c;
        double uerr=0.0;
        for(c=0;c<cmax;c++){
            int jmax=ipts[c].j+ipts[c].n;
            i=ipts[c].i;
            for(j=ipts[c].j;j<jmax;j++){
                double unew=(u[i][j-1]+u[i][j+1]+u[i+1][j]
                    +u[i-1][j]-hhf[i][j])/4.0;
                double udif=unew-u[i][j];
                u[i][j]=unew;
                uerr+=udif*udif;
            }
        }
        if(uerr<=etol*etol) break;
    }
    printf("Convergence after %d iterations\n",n);
}

main(){
    doinit();
    gauss_seidel();
    printu();
    exit(0);
}



C   poisson.f -- Solve Poisson Equation
C   Written Feb 25, 2003 by Eric Olson for Mathematics 484
C
C   For information about the five-point formula for solving the Poisson
C   equation see Chapter 7 in A First Course in the Numerical Analysis
C   of Differential Equations by Iserles.  For information about the
C   Gauss-Seidel iteration method used to solve the resulting system of 
C   finite differences see Chapter 10 in the same reference.

      program main

      implicit none

      include "poissinc.i"
C   poissinc.i contains the following lines uncommented
C     integer N
C     parameter(N=10)

      real u,hhf,h
      real eps,etol
      integer ipts_i,ipts_j,ipts_n,cmax
      common /soln/u(N,N),hhf(N,N),h
      common /tolr/eps,etol
      common /ipts/ipts_i(2*N),ipts_j(2*N),ipts_n(2*N),cmax

      h=8.0/N
      eps=0.001
      etol=0.001/N/N/N

      call doinit
      call gauss_seidel
      call printu
      stop
      end

C   Determine if a point (x,y) is an interior point in the domain.
C   Returns .TRUE. if an interior point .FALSE. otherwise
      logical function isint(x,y)
      implicit none
      real eps,etol
      common /tolr/eps,etol
      real x,y
      if( (x.gt.0.0+eps).and.
     *    (y.gt.0.0+eps).and.
     *    (x+y.lt.7.0-eps)) then 
        isint=.TRUE.
      else
        isint=.FALSE.
      endif
      end

C   Specify the Dirichlet condition at (x,y) on the boundary
      real function psi(x,y)
      implicit none
      real x,y
      psi=x-2.0*y
      end

C   Specify the forcing term at (x,y) in the domain
      real function f(x,y)
      implicit none
      real x,y
      f=0.0
      end

C  Print the matrix u
      subroutine printu
      implicit none
      include "poissinc.i"
      real u,hhf,h
      common /soln/u(N,N),hhf(N,N),h

      integer i,j;
      character*30 fmt
      write(fmt,'(A,I0,A)') '(1X,', N, 'F6.1)'
      do i=1,N
         write(*,fmt) (u(i,j),j=1,N)
      enddo
      end


      subroutine doinit
      implicit none
      include "poissinc.i"
      real u,hhf,h
      integer ipts_i,ipts_j,ipts_n,cmax
      logical isint
      real psi,f
      common /soln/u(N,N),hhf(N,N),h
      common /ipts/ipts_i(2*N),ipts_j(2*N),ipts_n(2*N),cmax

      integer i,j,c,jmax
C  Locate the domain
      c=1
      do i=1,N
        ipts_n(c)=0;
        do j=1,N
          if(isint((i-1)*h,(j-1)*h)) then
                u(i,j)=1.0
                if(ipts_n(c).eq.0) then
                    ipts_i(c)=i
                    ipts_j(c)=j
                endif
                ipts_n(c)=ipts_n(c)+1
           else
                u(i,j)=0.0
                if(ipts_n(c).gt.0) then
                    c=c+1
                    ipts_n(c)=0
                endif
           endif
        enddo
      enddo
      cmax=c-1

C  Initialize the exterior points
      do c=1,cmax
        jmax=ipts_j(c)+ipts_n(c)-1
        i=ipts_i(c)
        do j=ipts_j(c),jmax
            if(u(i+1,j).eq.0.0) u(i+1,j)=psi(i*h,(j-1)*h)
            if(u(i-1,j).eq.0.0) u(i-1,j)=psi((i-2)*h,(j-1)*h)
            if(u(i,j+1).eq.0.0) u(i,j+1)=psi((i-1)*h,j*h)
            if(u(i,j-1).eq.0.0) u(i,j-1)=psi((i-1)*h,(j-2)*h)
        enddo
      enddo

C  Initialize the interior and forcing points
      do c=1,cmax
        jmax=ipts_j(c)+ipts_n(c)-1
        i=ipts_i(c)
        do j=ipts_j(c),jmax
            u(i,j)=0.0
            hhf(i,j)=h*h*f((i-1)*h,(j-1)*h)
        enddo
      enddo
      end


C  Solve the problem
      subroutine gauss_seidel
      implicit none
      include "poissinc.i"
      real u,hhf,h
      real eps,etol
      integer ipts_i,ipts_j,ipts_n,cmax
      common /soln/u(N,N),hhf(N,N),h
      common /tolr/eps,etol
      common /ipts/ipts_i(2*N),ipts_j(2*N),ipts_n(2*N),cmax
      integer k,i,j,c,jmax
      real uerr,unew,udif
      do k=1,100000
        uerr=0.0;
        do c=1,cmax
            jmax=ipts_j(c)+ipts_n(c)-1
            i=ipts_i(c);
            do j=ipts_j(c),jmax
                unew=(u(i,j-1)+u(i,j+1)+u(i+1,j)
     *              +u(i-1,j)-hhf(i,j))/4.0
                udif=unew-u(i,j);
                u(i,j)=unew
                uerr=uerr+udif*udif
            enddo
        enddo
        if(uerr.le.etol*etol) goto 20
      enddo
20    continue
      write(*,30) k 
30    format(' Convergence after',i7,' iterations')
      end


