Math 466/666 Viscous Burgers’ Equation Project

Viscous Burgers’ Equation Project

Your work should be presented in the form of a typed report using clear
and properly punctuated English. Where appropriate include full program
listings and output.

la. Consider the viscous Burgers equation

Ut — Ugy + 2uu, =0 where z € [0,27] and ¢ > 0

with initial condition u(x,0) = ug(x) and periodic boundary conditions
u(0,t) = u(2m,t). Derive the semi-discrete spectral method

dil min(n,n+k)
d_tk + kQ’LALk + - z(: I ikt —mUm =0

by making the the approximation

n

u(x,t) ~ Z G (t)e™®.

k=—n

b. Find a subroutine for performing a fast Fourier transform. Connect to
the National Institute of Standards and Technology web page at

http://math.nist.qov/|

From this page select the following links in order:

1. Guide to Available Mathematical Software
What Problem it Solves

Taxonomy as a Decision Tree

J Integral Transforms

J1 Trigonometric Transforms

J1la One-dimensional
7. J1a2 Complex

How many routines are there to perform a fast Fourier transform?
Download one of them and print it out.

> U W


http://math.nist.gov/
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c. Let F denote the Fourier transform on the interval [0, 27]. The convo-
lution theorem may be used to obtain that

min(n,n+k)

> ik, = ikF{(F ')},

m=—min(n,n—k)

Compare the number operations needed to evaluate the sum directly
with the number of operations needed to evaluate it by means of a
fast Fourier transform. Note that the Fourier transform method ob-
tains the sum for all values of k simultaneously. How does the total
computational cost of each method depend on n?

d. Write a program to solve
dig o, 2
d——|'l€ ]<;—|-Z]{3Jr{ )}k::O
using Euler’s explicit method. Let @z(0) = F{8¢(™ )}, and draw

accurate graphs of u(x,1/8), u(z,1/4), u(z,1/2) and u(z,1).

e. Consider the semi-discrete central difference method

du, 1 L
i (Az)? (-1 = 2uy 4 tgn) + s (s = u-1) = 0.

By taking uw,, = ug and u_1 = wu,_1 this method may also be used
to compute periodic solutions. Write a program using Euler’s explicit
method to solve these equations. Let u(z,0) = 8¢(™=2)" on [0, 27] and
compare the graphs of u(z,1/8), u(x,1/4), u(x,1/2) and u(x,1) with
those found in the previous step.

f. Replace Euler’s explicit method for the time integration by the explicit
Runga-Kutta method of order four given by

= At F(u™)

= At F(u™ + Ko/2)

= At F(u™ 4+ K1/2)
K3 = ALF(u™ + K»)

1
u™tt =™ E(KO + 2K, + 2K5 + K3)

and find u(37/2,1/8) accurately to 3 decimal places.




/*  vbdiff.c -- Solve viscous Burgers Equation
    Written Apr 6, 2003 by Eric Olson for Mathematics 484
 
    For information about the central finite difference scheme used
    here see chapter 7 in Numerical Analysis for Applied Mathematics
    Science and Engineering by Greenspan and Casulli.  Information 
    about the heat and Burgers equations may be found in 13 and 14 in 
    A First Course in the Numerical Analysis of Differential Equations 
    by Iserles. */

#define N 16
#include <math.h>
#include <stdio.h>

double u[N],f[N],dx;

init(double u[N]){
    int i;
    for(i=0;i<N;i++){
        double x=dx*i;
        double xx=M_PI-x; xx*=xx;
        u[i]=8*exp(-xx);
    }
}

force(double f[N],double u[N]){
    int i;
    for(i=0;i<N;i++) {
        int ip1=(i+1)%N; 
        int im1=(i+N-1)%N;
        f[i]=(-u[i]*(u[ip1]-u[im1])+(u[im1]-2*u[i]+u[ip1])/dx)/dx;
    }
    return;
}

euler(double u[N],double tn,int n){
    double dt=tn/n;
    int i,j;
    for(j=0;j<n;j++) {
        force(f,u);
        for(i=0;i<N;i++) {
            u[i]=u[i]+dt*f[i];
        }
    }
    return;
}

vectwr(double u[N],double t){
    int i;
    printf("\n\n#At time %g...\n",t);
    for(i=0;i<N;i++){
        printf("%g %g\n",dx*i,u[i]);
    }
}

main(){
    double t;
    int i;
    dx=2*M_PI/N;
    printf("#prog2b.c -- Compute viscous Burger's Equation\n");
    
    init(u);
    vectwr(u,0.0);

    t=0.0;
    for(i=1;i<=8;i++){
        euler(u,0.125,4096);
        vectwr(u,i*0.125);
    }
    return 0;
}



C   vbdiff.f -- Solve viscous Burgers Equation
C   Written Apr 6, 2003 by Eric Olson for Mathematics 484
C
C   For information about the central finite difference scheme used
C   here see chapter 7 in Numerical Analysis for Applied Mathematics
C   Science and Engineering by Greenspan and Casulli.  Information
C   about the heat and Burgers equations may be found in 13 and 14 in
C   A First Course in the Numerical Analysis of Differential Equations
C   by Iserles.

      program main
      implicit none

      include "vbdiffinc.i"
C   vbdiffinc.i contains the following lines uncommented
C     integer N
C     parameter(N=16)

      real*8 u,t,dx,m_pi
      integer i
      common /soln/u(N)
      common /c_dx/dx
      data m_pi/3.14159265358979323D0/
      dx=2*m_pi/N
      write(*,10)
10    format(1X,'#prog2b.f -- Compute viscous Burger''s Equation')
      call doinit(u)
      call vectwr(u,0.0D0)
      t=0.0
      do i=1,8
        call euler(u,0.125D0,4096)
        call vectwr(u,i*0.125D0)
      enddo
      stop
      end

      subroutine doinit(u)
      implicit none
      include "vbdiffinc.i"
      real*8 u,dx,x,xx,m_pi
      integer i
      dimension u(N)
      data m_pi/3.14159265358979323D0/
      common /c_dx/dx
      do i=1,N
        x=dx*(i-1)
        xx=M_PI-x 
        xx=xx*xx
        u(i)=8*exp(-xx)
      enddo
      end

      subroutine force(f,u)
      implicit none
      include "vbdiffinc.i"
      real*8 f,u,dx
      common /c_dx/dx
      dimension f(N),u(N)
      integer i,ip1,im1
      do i=1,N
         ip1=mod(i,N)+1
         im1=mod(i+N-2,N)+1
         f(i)=(-u(i)*(u(ip1)-u(im1))+(u(im1)-2*u(i)+u(ip1))/dx)/dx
      enddo
      end

      subroutine euler(u,tn,m)
      implicit none
      include "vbdiffinc.i"
      real*8 u,f,tn,dt
      integer m,i,j
      dimension u(N)
      common /fvect/f(N)
      dt=tn/m
      do j=1,m
        call force(f,u)
        do i=1,N
            u(i)=u(i)+dt*f(i)
        enddo
      enddo
      end

      subroutine vectwr(u,t)
      implicit none
      include "vbdiffinc.i"
      real*8 u,t,dx
      integer i,k
      dimension u(N)
      common /c_dx/dx
      write(*,20) t
20    format(1X,//,1X,'#At time ',F8.5,' ...')
      do i=1,N
        write(*,30) dx*(i-1),u(i)
30      format(1X,2E14.5)
      enddo
      end



      integer N
      parameter(N=8)



/* vbfft.f -- translated by f2c (version 19950110).  */

typedef long int integer;
typedef float real;
typedef double doublereal;
typedef struct { double r, i; } doublecomplex;
typedef long int logical;

double d_sign(double *a, double *b) {
    double x;
    x = (*a >= 0 ? *a : - *a);
    return(*b >= 0 ? x : -x);
}

/* Subroutine */ int fft_(x, n, k)
doublecomplex *x;
integer *n, *k;
{
    /* Initialized data */

    static doublereal pi2 = 6.283185307179586477;
    static doublereal gain = 1.;
    static integer no = 0;
    static integer ko = 0;

    /* System generated locals */
    integer i__1, i__2, i__3, i__4, i__5, i__6, i__7;
    doublereal d__1, d__2;
    doublecomplex z__1, z__2;

    /* Builtin functions */
    double cos(), sin(), d_sign();

    /* Local variables */
    static integer i, j, l, p, q, s;
    static doublecomplex t, u[16], v, w;
    static integer stage, index, jndex, itemp, k0;
    static doublecomplex xtemp;
    static doublereal im, re;
    static integer l2n;
    static doublereal ang;
    static logical new__;
    static integer sby2;

/* 	FFT COMPUTES THE (FAST) FOURIER TRANSFORM OF THE VECTOR X */
/* 	(A COMPLEX ARRAY OF DIMENSION N). SOURCE: Ferziger; Numerical */
/*       methods for engineering applications. */

/* 	X = DATA TO BE TRANSFORMED; ON RETURN IT CONTAINS THE TRANSFORM. */
/* 	N = SIZE OF VECTOR. MUST BE A POWER OF 2 (<32769). */
/* 	K = 1 FOR FORWARD TRANSFORM. */
/* 	K = -1 FOR INVERSE TRANSFORM. */

    /* Parameter adjustments */
    --x;

    /* Function Body */

/* 	TEST FIRST CALL? */

    new__ = no != *n;
    if (! new__) {
	goto L2;
    }

/* 	IF FIRST CALL COMPUTE LOG2 (N). */

    l2n = 0;
    no = 1;
L1:
    ++l2n;
    no += no;
    if (no < *n) {
	goto L1;
    }
    gain = (float)1. / *n;
    ang = pi2 * gain;
    re = cos(ang);
    im = sin(ang);

/* 	COMPUTE COMPLEX EXPONENTIALS IF NOT FIRST CALL */

L2:
    if (! new__ && *k * ko >= 1) {
	goto L4;
    }
    d__1 = (real) (*k);
    d__2 = -d_sign(&im, &d__1);
    z__1.r = re, z__1.i = d__2;
    u[0].r = z__1.r, u[0].i = z__1.i;
    i__1 = l2n;
    for (i = 2; i <= i__1; ++i) {
	i__2 = i - 1;
	i__3 = i - 2;
	i__4 = i - 2;
	z__1.r = u[i__3].r * u[i__4].r - u[i__3].i * u[i__4].i, z__1.i = u[
		i__3].r * u[i__4].i + u[i__3].i * u[i__4].r;
	u[i__2].r = z__1.r, u[i__2].i = z__1.i;
/* L3: */
    }
    k0 = *k;

/* 	MAIN LOOP */

L4:
    sby2 = *n;
    i__1 = l2n;
    for (stage = 1; stage <= i__1; ++stage) {
	i__2 = stage - 1;
	v.r = u[i__2].r, v.i = u[i__2].i;
	w.r = (float)1., w.i = (float)0.;
	s = sby2;
	sby2 = s / 2;
	i__2 = sby2;
	for (l = 1; l <= i__2; ++l) {
	    i__3 = *n;
	    i__4 = s;
	    for (i = 1; i__4 < 0 ? i >= i__3 : i <= i__3; i += i__4) {
		p = i + l - 1;
		q = p + sby2;
		i__5 = p;
		i__6 = q;
		z__1.r = x[i__5].r + x[i__6].r, z__1.i = x[i__5].i + x[i__6]
			.i;
		t.r = z__1.r, t.i = z__1.i;
		i__5 = q;
		i__6 = p;
		i__7 = q;
		z__2.r = x[i__6].r - x[i__7].r, z__2.i = x[i__6].i - x[i__7]
			.i;
		z__1.r = z__2.r * w.r - z__2.i * w.i, z__1.i = z__2.r * w.i + 
			z__2.i * w.r;
		x[i__5].r = z__1.r, x[i__5].i = z__1.i;
		i__5 = p;
		x[i__5].r = t.r, x[i__5].i = t.i;
/* L5: */
	    }
	    z__1.r = w.r * v.r - w.i * v.i, z__1.i = w.r * v.i + w.i * v.r;
	    w.r = z__1.r, w.i = z__1.i;
/* L6: */
	}
/* L7: */
    }

/* 	REORDER THE ELEMENTS BY BIT REVERSAL */

    i__1 = *n;
    for (i = 1; i <= i__1; ++i) {
	index = i - 1;
	jndex = 0;
	i__2 = l2n;
	for (j = 1; j <= i__2; ++j) {
	    jndex += jndex;
	    itemp = index / 2;
	    if (itemp + itemp != index) {
		++jndex;
	    }
	    index = itemp;
/* L8: */
	}
	j = jndex + 1;
	if (j < i) {
	    goto L9;
	}
	i__2 = j;
	xtemp.r = x[i__2].r, xtemp.i = x[i__2].i;
	i__2 = j;
	i__4 = i;
	x[i__2].r = x[i__4].r, x[i__2].i = x[i__4].i;
	i__2 = i;
	x[i__2].r = xtemp.r, x[i__2].i = xtemp.i;
L9:
	;
    }

/* 	FORWARD TRANSFORM DONE */

    if (*k > 0) {
	return 0;
    }

/* 	INVERSE TRANSFORM */

    i__1 = *n;
    for (i = 1; i <= i__1; ++i) {
	i__2 = i;
	i__4 = i;
	z__1.r = gain * x[i__4].r, z__1.i = gain * x[i__4].i;
	x[i__2].r = z__1.r, x[i__2].i = z__1.i;
/* L10: */
    }
    return 0;
} /* fft_ */




	SUBROUTINE FFT (X, N, K)
C	FFT COMPUTES THE (FAST) FOURIER TRANSFORM OF THE VECTOR X
C	(A COMPLEX ARRAY OF DIMENSION N). SOURCE: Ferziger; Numerical
C       methods for engineering applications.
C
C	X = DATA TO BE TRANSFORMED; ON RETURN IT CONTAINS THE TRANSFORM.
C	N = SIZE OF VECTOR. MUST BE A POWER OF 2 (<32769).
C	K = 1 FOR FORWARD TRANSFORM.
C	K = -1 FOR INVERSE TRANSFORM.
C
	IMPLICIT INTEGER (A-Z)
	INTEGER SBY2,S
	REAL*8 GAIN, PI2, ANG, RE, IM
	COMPLEX*16 X(N), XTEMP, T, U(16), V, W
	LOGICAL NEW
	DATA	PI2,GAIN,NO,KO /6.2831853071795864770D0, 1., 0, 0/
	save
C
C	TEST FIRST CALL?
C
	NEW = ( NO .NE. N)
	IF ( .NOT. NEW) GO TO 2
C
C	IF FIRST CALL COMPUTE LOG2 (N).
C
	L2N = 0
	NO = 1
    1	L2N = L2N + 1
	NO = NO + NO
	IF (NO .LT. N) GO TO 1
	GAIN = 1./N
	ANG = PI2*GAIN
	RE = COS (ANG)
	IM = SIN (ANG)
C
C	COMPUTE COMPLEX EXPONENTIALS IF NOT FIRST CALL
C
    2	IF (.NOT. NEW .AND. K*KO .GE. 1) GO TO 4
	U(1) = DCMPLX(RE, -SIGN(IM, DBLE(K)))
	DO 3 I = 2,L2N
  	   U(I) = U(I-1)*U(I-1)
    3	CONTINUE
	K0 = K
C
C	MAIN LOOP
C
    4	SBY2 = N
	DO 7 STAGE = 1,L2N
  	   V = U(STAGE)
  	   W = (1., 0.)
  	   S = SBY2
  	   SBY2 = S/2
  	   DO 6 L = 1,SBY2
		DO 5 I = 1,N,S
		   P = I + L- 1
		   Q = P + SBY2
		   T = X(P) + X(Q)
		   X(Q) = ( X(P) - X(Q))*W
		   X(P) =T
    5 		CONTINUE
		W = W*V
    6	   CONTINUE
    7	CONTINUE
C
C	REORDER THE ELEMENTS BY BIT REVERSAL
C
	DO 9 I = 1,N
	   INDEX = I-1
	   JNDEX = 0
	   DO 8 J = 1,L2N
		JNDEX = JNDEX+JNDEX
		ITEMP = INDEX/2
		IF (ITEMP+ITEMP .NE. INDEX) JNDEX = JNDEX + 1
		INDEX = ITEMP
    8	   CONTINUE
	   J = JNDEX + 1
	   IF (J .LT. I) GO TO 9
	   XTEMP = X(J)
	   X(J) = X(I)
	   X(I) = XTEMP
    9	CONTINUE
C
C	FORWARD TRANSFORM DONE
C
	IF (K .GT. 0) RETURN
C
C	INVERSE TRANSFORM
C
	DO 10 I = 1,N
	   X(I) = X(I)*GAIN
   10  	CONTINUE
	RETURN
	END



/*  vbfourier.c -- Solve viscous Burgers Equation
    Written Apr 6, 2003 by Eric Olson for Mathematics 484
 
    For information about the Discrete Fourier Transform please see
    Chapter 12 in Numerical Recipies by Press, Flannery, Teukolsky and
    Vetterling.  Information about the heat and Burgers equations may
    be found in chapters 13 and 14 in A First Course in the Numerical
    Analysis of Differential Equations by Iserles. */

/* Note N must be a power of 2 */
#define N 8
#include <math.h>
#include <stdio.h>

typedef struct { double a, b; } complex;
complex u[N],uu[N],f[N];

extern void fft_(complex *,int *,int *);
void fft(complex u[N],int n,int k){
    fft_(u,&n,&k);
}

init(complex u[N]){
    int i;
    for(i=0;i<N;i++){
        double x=2*M_PI*i/N;
        double xx=M_PI-x; xx*=xx;
        u[i].a=8*exp(-xx);
        u[i].b=0.0;
    }
    fft(u,N,1);
}

force(complex f[N],complex u[N]){
    int i;
    for(i=0;i<N;i++) uu[i]=u[i];
    fft(uu,N,-1);
    for(i=0;i<N;i++) {
        uu[i].a*=uu[i].a;
        uu[i].b=0.0;
    } 
    fft(uu,N,1);
    for(i=0;i<N;i++){
        int k;
        if(2*i>N) k=i-N; else k=i;
        f[i].a=-k*(k*u[i].a-uu[i].b);
        if(2*i==N) f[i].b=0.0;
        else f[i].b=-k*(k*u[i].b+uu[i].a);
    }
    return;
}

euler(complex u[N],double tn,int n){
    double dt=tn/n;
    int i,j;
    for(j=0;j<n;j++) {
        force((complex *)f,u);
        for(i=0;i<N;i++) {
            u[i].a=u[i].a+dt*f[i].a;
            u[i].b=u[i].b+dt*f[i].b;
        }
    }
    return;
}

vectwr(complex u[N],double t){
    int i;
    for(i=0;i<N;i++) uu[i]=u[i];
    fft(uu,N,-1);
    printf("\n\n#At time %g...\n",t);
    for(i=0;i<N;i++){
        int k;
        if(2*i>N) k=i-N; else k=i;
        printf("%g %g %g %d %g %g\n",
            2*M_PI*i/N,uu[i].a,uu[i].b,k,u[i].a,u[i].b);
    }
}

main(){
    double t;
    complex f[N];
    int i;
    printf("#prog2a.c -- Compute viscous Burger's Equation\n");
    
    init(u);
    vectwr(u,0.0);

    t=0.0;
    for(i=1;i<=8;i++){
        euler(u,0.125,1024);
        vectwr(u,i*0.125);
    }
    return 0;
}



C   vbfourier.f -- Solve viscous Burgers Equation
C   Written Apr 6, 2003 by Eric Olson for Mathematics 484
C
C   For information about the Discrete Fourier Transform please see
C   Chapter 12 in Numerical Recipies by Press, Flannery, Teukolsky and
C   Vetterling.  Information about the heat and Burgers equations may
C   be found in chapters 13 and 14 in A First Course in the Numerical
C   Analysis of Differential Equations by Iserles.

      program main
      implicit none

      include "vbfourinc.i"
C   vbfourinc.i contains the following lines uncommented
C   Note N must be a power of 2
C     integer N
C     parameter(N=8)

      complex*16 u
      real*8 t
      integer i
      common /soln/u(N)
      write(*,10)
10    format(1X,'#prog2a.f -- Compute viscous Burger''s Equation')
      call doinit(u)
      call vectwr(u,0.0D0)
      t=0.0
      do i=1,8
        call euler(u,0.125D0,1024)
        call vectwr(u,i*0.125D0)
      enddo
      stop
      end

      subroutine doinit(u)
      implicit none
      include "vbfourinc.i"
      complex*16 u
      real*8 x,xx,m_pi
      integer i
      dimension u(N)
      data m_pi/3.14159265358979323D0/
      do i=1,N
        x=2*M_PI*(i-1)/N
        xx=M_PI-x 
        xx=xx*xx
        u(i)=8*exp(-xx)
      enddo
      call fft(u,N,1)
      end

      subroutine force(f,u)
      implicit none
      include "vbfourinc.i"
      complex*16 uu
      common /temp/uu(N)
      complex*16 f,u,ik
      real*8 a,b
      dimension f(N),u(N)
      integer i,k
      do i=1,N
        uu(i)=u(i)
      enddo
      call fft(uu,N,-1)
      do i=1,N
         uu(i)=DCMPLX(DBLE(uu(i))*DBLE(uu(i)),0.0D0)
      enddo
      call fft(uu,N,1)
      do i=1,N
        if(2*(i-1).gt.N) then
            k=i-1-N
        else
            k=i-1
        endif
        ik=DCMPLX(0.0D0,DBLE(k))
        f(i)=ik*(ik*u(i)-uu(i))
        if(2*(i-1).eq.N) then
            f(i)=DCMPLX(DBLE(f(i)),0.0D0)
        endif
      enddo
      end

      subroutine euler(u,tn,m)
      implicit none
      include "vbfourinc.i"
      complex*16 u,f
      real*8 tn,dt
      integer m,i,j
      dimension u(N)
      common /fvect/f(N)
      dt=tn/m
      do j=1,m
        call force(f,u)
        do i=1,N
            u(i)=u(i)+dt*f(i)
        enddo
      enddo
      end

      subroutine vectwr(u,t)
      implicit none
      include "vbfourinc.i"
      complex*16 u,uu
      common /temp/uu(N)
      real*8 t,m_pi
      integer i,k
      dimension u(N)
      data m_pi/3.14159265358979323D0/
      do i=1,N
        uu(i)=u(i) 
      enddo
      call fft(uu,N,-1)
      write(*,20) t
20    format(1X,//,1X,'#At time ',F8.5,' ...')
      do i=1,N
        if(2*(i-1).gt.N) then
            k=i-1-N
        else
            k=i-1
        endif
        write(*,30) 2*M_PI*(i-1)/N,uu(i),k,u(i)
30      format(1X,3E14.5,I6,2E14.5)
      enddo
      end



C   Note N must be a power of 2
      integer N
      parameter(N=8)


