restart;

# Determine all two-stage IRK methods of order greater or equal 3
with(LinearAlgebra):
m:=4;
m:=4
# Since order 3 then can check only for autonomous equation
f:=(t,y)->9(y);
fi=@y —ay
A:=Matrix([[all,al2],[a21,a22]]1);
11 12
A a a
all a22
b:=Vector([bl,b2]);
b1l
b=
b2
c:=Vector([all+al2,a21+a22]);
all + al2
c:=
all + a22
n:=Dimension(b) ;
n:=2
onesvector:=Vector(n,1);

fxi:=Vector(n):
for j from 1 to n do

fxi[jl:=FCt+c[jI1*h,xi[3]1);

od:
fxi;
xirhs:=y(t)*onesvector+h*Multiply(A, fxi);

1
onesvector := [ ]
1

g(ﬁl)
g(ﬁz)
Y + h(all g&;) + al2 g(&»))

Xirhs :=
YO + h (a2l g&) + a22 g(&y))



> T:=y(t+h)-y(t)-h*Multiply(Transpose(b), fxi);
for j from 1 to m-1

do
T:=subs(xi=xirhs,T);
od:
T:= y(t+ h) - y(t) - h(g(&;) bl + g(&) b2
—; T;

Vt+ h) - (0 - h (g0 + h(all giy(0)
+ h(all gt + h(all g&p) + al2 gEy) + al2 gD + h (a2l g&;) + a22 g(£»))) +

al2 g(y(1

+ h (a2l gyt + h(all g&y) + al2 g(&»)) + a22 gy(t) + h (a2l g(&;) + a22 g(&»))))))
bl + g(0 + h (a2l g(y(t)

+ h(all g(y() + h(all g&)) + al2 g(&p)) + al2 gly(t) + h (a2l g&;) + a22 g(&»))))) +

a2z g(y(o
+ h (a2l gy(t) + h(all g&;) + al2 g(&»))) + a22 g)y(v) + h (a2l g(&;) + a22 g(E»)))))))

b2)

—$ S:=series(T,h,m);
S:= (-gy(v) bl - g(y() b2 + D(y)1) h
1 _(2)

+ ( -D(g@((0) g(0) (a21 + a22) b2 - D(g)(M(1) gy(V) (all + al2) bl + > D

h2 + {

[ a22 D(GD)° gD) a2l + a22° D@D)* gD) + a2l Dg)D)° goiD) all

()/)(t)]

+ al2DQOND)? gD) a2l + %D(Z)(g)()/(t)) a21? go()°>

(2) (2)

+ D 7 (g)((D) a2l él()’(t))2 a2 + % D " (g)((D) a22* g(y(l‘))ZJ b2 - [ al2? D(g)(y(t))2 g

)2 D) a22 + all® D(@(D)* gD) + all D(g)D)° gD) al2
@ @010y ar1 g0 a1z

D) a2l + al2D(g)((b

+—%De%mou»au2gwmf+-n

+%Ifmumﬂ0wﬂ22ﬂﬂ0f)lﬂ+—%D6%wﬂq n® 4 on®

> eq[1]:=D(t->y(t)) ()=F(t,y(t));
eqy = D(y)(0) = g(y(1)

_> for j from 1 to m-2
do
eq[j+1]:=simplify(subs(seq(eq[i],i=1..3j),DCunapply(eq[jl,t)) (1)));
od;




edy = D20 = DA gD

(3) (2)

eqs =D ())() = D )

(@OAD) (D) + D@D gy (D)

_} T:=simplify(subs(seq(eq[i],i=1..m-1),S));
T:= (-g(0) bl - gy() b2+ g(y(1)) h + ( -D(g)(y(0) gx(1)) b2 a2l

- D(g)(y(0) g(D) b2 a22 - D(g)(y(t)) g(y() bl all - D(g)(y(1) g(y(t) bl al2
+ % D(g)((D) g(y(t))j he + ( b2 a22 D(g)D)* gv) a2l - b2 a22* D(@(MD)* gunD)

- b2 a21 D(g)(D)° gD) all - b2 al2 D(GHD)° goxD) a2l
_ % b2 DD @010y a21? go10) - b2 DPGoD) a2l g0)? a2z

(2) )2 = b1 al2D(g)(D)°* g) a2l

- % b2 D) a22? g

- b1 al2 D(g)((D)° gD) a22 - bl all® D(G(D)° ghD)
_ b1 all DOO1)? goAD) al2 - % b1 D2 (g)0) al1® o
2) )

)2

~ b1 DY) all g(H)” a12 - % b1 D' “(g(D) al2® g

. %D(z)(g)()/(T)) g2 + %D(g)(y(t))2 g(y(r))} n3 4 om?)

> Tl:=coeff(T,h,1);
eql:=simplify(T1/g(y(t)))=0;
T1:= -g(y(0) bl - g(y(1)) b2 + g(y(1)
I eql:= -bl1-b2+1=0
_} T2:=coeff(T,h,2);

eq2:=simplify(T2/D(g) (y(t))/g(y(t)))=0;
T2 := -D(g)(y(1) gy(0) b2 a2l - D(g)(y(1) gy(0) b2 a22 - D(g)(y(1) g(y(t)) bl all

- D(g((1) g(y(0) bl al2 + % D(g)(»(1) g(y(0)
eq2:= -b2 a2l - b2a22- bl all - bl al2 + % =0

_} T3:=coeff(T,h,3);
T3:= -b2 a22 D(g)D)° gOD) a2l - b2 a22® D(g(H1)° giy(D)
- b2 a21 D(g)(D)* gD) all - b2 al2 D(GHD)° goD) a2l

_ % b2 D@ (1) a21% g) - b2 D2 GoA) a1 gD az2




(2) )2 = b1 al2D(g((D)° gb) a2l

- % b2 D WG(0) a22® g

- b1 al2 D(g)(D)° gxD) a22 - bl all® D(gD)° gD)
_ b1 all DOOD)? goAD) al2 - % b1 D2 (g0) al1® s
2) 2)

)2

_pID (@OA0) al2® gonD)°

L Lp
6

(@OXD) all gy(D)* a12 - % bID
(@OA(D) I + é D(g)(0)? gOi(D)

T3a:=coeff(T3,g(y(t)),1);
eq3:=simplify(T3a/D(g) (y(t))A2)=0;

T3a:= -b2 a22 D(g)/(0)* a2l - b2 a22° D(g(D)° - b2 a21 D(gOAD)° all
_ b2 al2D(g(D)? a2l - bl al2D(GOD)* a2l - bl al2 D(g)(D)* a22
_ bl all® D@D)* - b1 all D(G)D)* al2 + % D(9)((D)°

eq3ﬁ:—b2a22a21—-b2a222—-b2a21a11—-b2a12a21—-b1a12a21—-b1a12a22
_blall®-blallal2+ é: 0

T3b:=coeff(T3,g9(y(t)),2);
eq4:=simplify(2*T3b/D(D(g)) (y(t)))=0;

(2) (2) (2)

(9(() a2l “_p2D )0%¢), a22°

(2)

T3b:= —-% b2 D
(2)

(@OAD) a2l a22 - % b2D

(2)

—%bw @010) al1? - b1 DG o) azzazz—%bw (@N0) a12°

; % D@(g)0)

eqd:= -b2a21° - 2 b2 a22 a2l - b2 a22° - bl all® - 2 bl all al2- bl al2* + %: 0

solve({eql,eq2,eq3,eqd4},{all,al2,a21,a22,bl,b2});
30 +8allal2-4al2+ 4all®+ 4 al2”° - 4 all)

b2 ,
4(3al2®+3all®-3al2-3all+ 6allal2+ 1)
21 - - 2all-1+ alf 2 ’
3(1+8allal?2-4al2+ 4all” +4al2” -4all
oy Gall’-5all+12allal2+ 1+ 6al2” - 6al2

3@ all+ 2 al2-1)°



1
bl = ,all = all, al2= al2

43 al2’+3all®-3al2-3all+ 6allal2+ 1)




