Math/CS 466,/666 Convergence of Euler’s Method
Theorem. Consider the ordinary differential equation initial-value problem

d )
d_?i = f(y,t) with — y(to) = yo

where || fy(&,t)|| < B for £ € R and t € [ty,T]. Suppose there exists a unique solution y
such that |y"(t)| < A fort € [to, T]. Euler’s method for approximating y is given by

Yk+1 = Yk + hf (yk, tr) where tp =to+kh and h= (T —ty)/n.
Then |y, — y(T)| — 0 as n — oo.

Proof. Define ¢, = yr — y(tx). Taylor’s theorem implies there exists c; € [tg, tx11] such

that
2

(tkon) = ytn +0) = y(te) + by (8) + " ()

and by the Mean Value Theorem there is & between y; and y(t;) such that

Frotr) = F(te), te) = fy(Crstr) (yr — y(tr)) = fy (& tr)er.
Note that |£x — y(tx)| < |ek| for £ =1,...,n. Therefore

2

ekl = Ykt1 — Y(ter1) = yr + 1S (e, tr) — y(te) — hy'(tx) — 79”(%)

2

= e AF e t) — Fo(t).0)) — ()

2

= (L+hfy(&r t))er — %y”(ck)

and consequently
2

h
|5k—|—1| < (1 + hB)’€k| + 714
Since g9 = |yo — y(0)| = 0, then by induction
h? h? h?
el < A, eol (A +hB)-A+ A4,
2 2 2
2

h
les| < (1 +hB)*+ (14 hB) + 1)7/1,

h2
len| < (L+hB)" '+ + (1+hB)+ 1)7A,

(1+hB)™ — 1\ h? hA
= —A=(1+hB)"—-1)—.
< hB ) 7 A= (A+hB)" ~1) 77
Now . .
lim (14 hB)" = lim (1 + ﬂ) _ o(T—t0)B
n—00 n—00 n
implies
(T—to)B 0A
lyn —y(T)| = len] — (P —1) = =0 as n — oo.
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