Homework 2 Math 467/667

Exercise 2.1 Derive the three-step and four-step Adams—Moulton meth-
ods and the three-step Adams—Bashforth method.

Solution: For the three-step Adams—Moulton method set p(w) = w?(w—1)
and look for the polynomial o(w) of degree 3 such that

p(w) — o(w)logw = O(|jw — 1[*).

Substituting £ = w — 1 yields

plw) _ p(1+8) _ (1+8)%
logw  log(14+¢&) & — 362+ 56 — 364+ 0(8)
_ 1426 +¢°
R e Xl
Next, since )
! —l+a+a+a®+—
l—a l -«

then setting
a=36— 38+ 38+ 0
0? = 1e —Let L ofe
of = 58+ 0(g")

yields
§ o q4le_ 121
g1 +8) 1+ 56— 158 + 5:8° + 0(&Y).
Consequently,
P (1426 +€) (14 b - B+ Je +O(6h)

=14+ 36+ 52+ 384+ 0(¢Y)
and we take

w—1)+ B(w—-1)*+ 2(w—1)3

w—1)+ B (w? - 2w+ 1) + 3(w? - 3w? + 3w — 1)
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Therefore the 3-step Adams—Moulton method is

Ynts = Ynt2 + R[2f(tngs, Ynts) + 52/ (Ent2, Ynt2)
- %f(tn+1ayn+1) + if(tna yn)]

The four-step Adams—Moulton method is similar. Set p(w) = w3(w—1)
and look for the polynomial o(w) of degree 4 such that

p(w) — o(w)logw = O(|lw — 1]°).
Substituting & = w — 1 and taking all expansions one step further
plw) _ p(1+8) _ (L+€)%
logw log(l+€) - le 11— leiy 1o+ 0@
B 14364362 + &7
I—fe+3@ 18+ e+ o)

Next, since
ab

=l+a+a®+a’+a*+
l—« l—«

then setting
a=fe-3et+1e0 - et + 0
0 = dg ey et e
o’ = §& — 1+ 0(&°)
of = &1+ 0(¢°)

yields
m = 14 56 — 158 + 556° — 75pe" + O(E).
Consequently,
W) (14 3e 4 ge2 4 E)(1+ 36 — 758 + 5;8% — 756" + 0(8?))
logw B ? . - 720
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and we take

olw)=1+ %(w— 1)+ %(w— 1)? + %(w— 1)3 + %(w —1)4
_251.4 , 323,3  11..2 , 53 19

Therefore the 4-step Adams—Moulton method is
Yn+4 = Yn+3 + h[%f(twrah Ynta) + %f(tn—i-?n Yn+3)
- %f(tn—i—%yn—i&) + %f(tn—l-layn—l-l) - %f(tn7yn)]

The last is the three-step Adams—Bashforth method. In this case
p(w) = w?(w — 1) as for the three-step Adams—Moulton method but o(w)
is now chosen to be the second degree polynomial such that

p(w) — o(w)logw = O(jw — 1]*).

Therefore, everything can be computed using fewer terms. Substituting
& =w — 1 yields

plw)  p(1+8) _ (1+8)%
logw  log(1+§)  &— 362+ 363+ 0(¢Y)
B 1426+ &2
L@+ 0
Next, since
L o itata?e
1l -« 1l -«

then setting ) )
a= 56— 38 +0(&)
o = 362+ 0(8%)

yields
§  _
Tog(1+8) 1+ 56— 58 +0(8°).
Consequently,
P (1426 +€)(1+ b - 5E +O(E)

=14 36+ 35824087

3



Homework 2 Math 467/667

and we take

|c.o

c(w)=1+3(w—-1)+ Z(w—-1)?
=1+3(w-1)+Z(w?—2w+1)

:E’w ——w+—

Therefore the 3-step Adams—Bashforth method is

Yn+3 = Yn+2 T+ h[—;f( n+2, yn+2) 4f<tn+17 yn+1) f)_gf(tna yn)]

As a remark, it seems odd to me that this problem ends with the 3-step
Adams—Bashforth method which is the easiest to derive scheme.
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Exercise 2.4 Determine the order of the three-step method

Ynt3 — Yn = b2 f(tnss, Un+3) + 3f (bng2s Ynv2) + 3F (bng 1, Ynt1)
+ 3 f(tn, yn)],
the three-eights scheme. Is it convergent?

Solution: The truncation error is

Un = Y(tnys) — y(tn) — B[2 F(tnss, y(tns3)) + 2 f (Ent2, y(tny2))
+ 8 f(tng1, y(tns1)) + 2 f (tns y(tn))]
= Y(tnts) = y(tn) — h[3Y (tnts) + 59 (tnt2)
+ 29 (tnt1) + 2/ (t0)].

Taylor series imply

y(tn-i-?») o y(tn)

— 3hy/(tn) + (BZ)Qy"(tn) + @y(?’) (tn) + %y(‘l) (tn) + O(R%)

2 3 4
= 3hy' (tn) + Ly (t,) + Loy (t,) + Ly (2,) + O(h®)

and also
3h)? 3h
(ts) =/ (t) + 3y (0) + Sy ) 1+ B0, 1 ogut)
2h)? 2h
V(ts) = (t) + 2 (0) + g0 )+ B0, 1 ogut)
h? h3
() = 0/ (1) by () + oy 1) + Ty 1) + 00
Since
%y/(tn+3) _ %y'(tn) + %y"(tn) 27h y(S)(tn) 27h3 (tn) + O(h4)
8 (tnsa) = 29/ (tn) + Ly (tn) + 2oy (t,,) + Shgy(4 (tn) + O(h*)
%y,(tn+1) = %y/(tn) + %y”(tn> + Wy(:s) (tn) + 3h3 y(4> (tn) + O(h4)
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then

%y/(tn+3) + %y/(tn+2) + %y/(tn+1) + %y/<tn)
2 3
=3y (tn) + Ly" (tn) + Ly®(t,) + 2oy (t,) + O(h*).

It follows that
2 3 4
Yy = 3hy/(tn> + %y”(tn) + %9(3)(%) + %y(@ (tn) + O(hS)

= h[3y'(ta) + 34" (ta) + %5-y® () + Fg-y W (ts) + O(h*)]

— M) (1,) + O(hP).

As 1), = O(h*) and no more, then the three-eights method is order 3.
The fact that the three-eights method convergent follows from the

Dahlquist equivalence by checking the root condition. In this case

p(w) =w® —1=(w—1)(w* +w+1)

and setting a = 1, b =1 and ¢ = 1 in the quadratic formula yields

_ —bt VB2 —dac  —1+iV3

v 2 2

which are the two complex cubic roots of unity.
As all roots are simple and on the boundary of the unit disk, the root

condition is satisfied. This shows the method is convergent.
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Exercise 2.7 Prove that the backward differentiation formulae

Yn+2 — %yn—kl + %yn = %hf(tn+2vyn+2) (215)

Yn+3 — %yn—iﬁ + %yn—f—l - %yn = %hf(tn-i-?n yn+3) (216)

are convergent.

Solution: By the Dahlquist equivalence theorem it is sufficient to show
that the multistep method is of order p > 1 and the polynomial p obeys the
root condition. From the derivations of (2.15) and (2.16) we already know
the orders of these methods are p = 2 and p = 3 respectively. What’s left
is to check the root condition.

For (2.15) we have

_ 2 _ 4 1
p(w) =w* — 3w+ 3

Since p(1) = 0 as it always will, we know that w — 1 is a factor. Dividing
then yields that

p(w) = (w—1)(w — 3)

and so the roots are w = 1 and w = % The root w =1 is on the boundary

of the unit disk and simple (multiplicity 1) while the root w = % is strictly

inside. Therefore the root condition is satisfied and the method convergent.
For (2.16) we have

In this case dividing by w — 1 yields

p(w) = (w—1)(w* — Fw+ F)

The roots of the quadratic term may be obtained setting a = 1, b = —1—71
and ¢ = % in the quadratic formula as
—b+ Vb2 —dac  T/11E£/(7/11)2 —4(2/11) 7 £i/39
w = = — .
2a 2 22
Since

’7ii\/39‘_\/72+39_\/88_ /3<1
22 a 22 22 V11

the roots of the quadratic factor are strictly inside the unit disc. Therefore
the method is convergent.
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Exercise 2.9 An s-step method with o(w) = Bw*™!(w + 1) and order s
might be superior to a BDF in certain situations.

a Find a general formula for p and 8 as done for the BDF.

Solution: As this is an implicit method, the goal is to find a monic poly-
nomial p(w) such that

p(w) — o(w)logw = O(|Jw — 1*T1).

In order to avoid multiplication of Taylor series we set v = w™!, note that
O(Jw — 1|5 = O(Jv — 1]*71) as w — 1 and write

vip(v™!) = —B(14v)logv + O(Jv — 1|°11).

Since
— _ — - (_1)m—1 _1\m _1|s+1

logv =log(l+ (v —1)) = — (v—1)™+O(Jv— 111,

it follows that

(I1+v)logv= (24 (v—1))logv
=2 Z #(U —1)"+ Z —(_1::_ (v ="+ O(Jv — 1|t
=21+ 3 {F T e o -1
oy 3 {2 o,y
=2(v—-1)+ S 732__”;';1(1 — )™+ O(fu —1+).

m=3
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Therefore

—m

p(w) = BU_S{2(1 —v) + ZS: T:Z;—_Q(l — v)m}
m=3

= 5{2(103 — w4 Z %uﬁ_m(w — 1)m}
m=3

To finish the problem we find the value of 8 so that p(w) is a monic poly-
nomial. Equating coefficients of w?® yields

b Derive explicitly such methods for s = 2 and s = 3.
Solution: If s = 2 then § =1/2 and

p(w) = 28(w* —w) = w? —w.
The resulting method is
Ynt2 = Ynt1 + 2 [f(tns2, Uns2) + Fltng1, Yns)]

which is actually a one-step method and the trapezoid method in disguise.
If s=3then 8 =(2+3)"' = and

p(w) = 2 (w? —w?) + L (w—1)?
= 2(w? —w?) + & (w® - 3w? + 3w —1)
_ .3 _ 15,2 3 1
=W" — FW + JFW— 13-

The resulting method is

Ynts = ToUnt2 — i5Unt1 — 15Yn + %[ f(tnt3, Ynts) + f(tng2s Ynt2)]-
c Are the last two methods convergent?

9
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Solution: When s = 2 the trapezoid method is convergent. When s = 3
we check the root condition. Factoring the root at w =1 yields

pw) = (w — 1)(w? ~ Zuw + &).

The quadratic formula with a =1, b = —% and ¢ = 1—13 yields

b=V —dac  2E£/4-52 14412
B 2a - 26 - 13

w

Therefore

<1

‘I:I:i\/ﬁ’_\/l_B_ 1
13 13 13

and the Dahlquist equivalence implies the s = 3 method is also convergent.
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