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4.2.2. Show that ¢“ has the dimensions of velocity squared.




4.4.1. Consider vibrating strings of uniform density pp and tension Tj.

*(a) What are the natural frequencies of a vibrating string of length L fixed at both
ends?

*(b) What are the natural frequencies of a vibrating string of length H, which is fixed —
at @ = 0 and “free” at the other end [i.e., du/0z(H,t) = 0]7 Sketch a few modes
of vibration as in Fig. 4.4.1.

(c) Show that the modes of vibration for the odd harmonics (i.e., n = 1,3,5,...) of —

part (a) are identical to modes of part (b) if H = L/2. Verify that their natural

frequencies are the same. Briefly explain using symmetry arguments. T
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4.4.2. In Section 4.2 it was shown that the displacement u of a nonuniform string satisfies

2 Y
a°u 9%u

Po Ot? 0 O 2

where Q represents the vertical component of the body force per unit length. If @ = 0,

equation occurs if Q = auw.

(a) Show that if a < 0, the body force is restoring (toward u = 0). Show that if

position u = 0.

Analyze the time-dependent ordinary differential equation.

*(c) Specialize part (b) to the constant coefficient case. Solve the initial value problem

if o < 0: ‘
w(0,¢) =0, wu(z,0)=0

ou

w(L,t) =0, =(z,0)= f(z).

ot

What are the frequencies of vibration?
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the partial differential equation is homogeneous. A slightly different homogeneous

a > 0, the body force tends to push the string further away from its unperturbed

(b) Separate variables if pg(z) and a(z) but T is constant for physical reasons. ————
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4.4.5. Redo Exercise 4.4.3(b) if 472poTo/L? < 3% < 1672 poTo/L2.
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4.4.3. Consider a slightly damped vibrating string that satisfies

?u . 0%u  ,0u
Ny — 0 a0
PO 542 922 " ot -

(a) Briefly explain why 3 > 0. —

*(b) Determine the solution (by separation of variables) that satisfies the boundary
conditions
u(0,¢) =0 and w(L,t) =0 —

and the initial conditions o

u(z,0) = f(z) and %(:zr, 0) = g(x). T

(0458

. . . . . o e . 2 2
You can assume that this frictional coefficient 3 is relatively small (3° < 47*
72 o
poTo/L”).
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4.4.10. What ha-])pens to the total energy Eof ahvi\l‘),l:‘éi/t.ing string (see Exercise 4.4.9)
(a) If u(0,F) = 0 and u(L,t) = 0?
(b) If 94(0,t) = 0 and u(L,t) = 07
(c) If u(().l) =0 and 3%(L,t) = —yu(L,t) with v > 07
(d) If vy <0 in part (c)?
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*5.3.1. Do Exercise 4.4.2(b). Show that the partial differential equation may be put into
Sturm-Liouville form.
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*¥5.3.3. Consider the non-Sturm-Liouville differential equation

d%o do

©2 +a(@) 2 + PM6(@) + (@) =0

Multiply this equation by H(xz). Determine H(z) such that the equation may be
reduced to the standard Sturm-Liouville form:

- [P(T)dQ] [Ao(x) + g(x)]o = 0.

dx dx

Given a-(a) 3(a ) and 7 r), what are p(z),o(x), and g(z)?
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