1. [Carrier, Krook and Pearson, Section 3-1 problem 1] Using the contour

show that if a, b and ¢ are real with b? < 4ac, then

/OO dx B 2T
e ar?+brt+c \dac— b2

Let r; and ry be the roots of ax? + bz + ¢ = 0. By hypothesis these roots are complex
conjugates of each other with

—b+ iv4ac — b? —b — ivV4ac — b?
ry = g and ro — g .

Setting C' = I'y + I's we obtain
/R dx 1 / dz / dz
_par?+br+c  ajo(z—r)(z—r2) Jp, az?+bz+c
iRe® i R
. - dt < dt
aR?e? + bRe' + c‘ - /0 la|R? — |b|R — |¢|

First note that
[aritire =)
— | <
r, az2+bz+c| = )y
B TR
~ JalRZ IR~ |a

—0 as R — o0.

Now, when a > 0 and R > |ry| then r; is enclosed by the contour C' and ry is outside it.
Cauchy’s formula yields

1 / dz _2m 1 B 2w

a o (z—=11)(z—12) a r—ro  Jdac — b2’
Similarly, when a < 0 and R > |ry| then ry is enclosed by the contour C' and r; is outside
it. Cauchy’s formula yields

1/ dz B 271 1 B —27
a o (z—r1)(z—r2) a ro—1r1 Jdac — b2

It follows that

2
— fora>0
/OO dx ) Vdac—b?
2 o -2
oo @x* + b+ C ™ for a < 0.

V4dac — b?

Note that the formula given in the text is only correct when a > 0.



2. [Carrier, Krook and Pearson, Section 3-1 problem 2] Evaluate the integral

* rsinz
I:/ ﬁd:c where acC
0o a°+zT

using the contour in the previous problem and Jordan’s lemma where needed.

We first consider the case a > 0. Since the integrand is even, then
I:—/ —x281nm2dlem (—/ —Qme de)
2 ) _a*+zx 2 ) _a*+zx

— Im —/%dz——/ SCLa—E
2 Joa?+z 2 Jr, a® + 22

Since sint > 2t/x for t € [0,7/2], by Jordan’s lemma we obtain

ReiteiR(cos t+isint)

Zeiz ™ ) ™ RQefRsint
————dz| < . Re't|dt < —dt
‘/112612-}—22 Z_/O a? + R2et?t e _/0 R2 — a?
2R2 w/2 ) 2R2 w/2
_ = / G_Rsmtdt < = / e—ZRt/ﬂdt
- 0 - 0
2R?
:W%(l—e_QR)%O as R — oc.
—a

Now, provided R > a we obtain

iz iz S p— @
/ %dz = / =C —dr = 2mi s = e
ca’+z c (z —ia)(z +ia) 2ia

Consequently,
1
I = 3 Im (m’e‘“) = ge

—a

In the general case write a = o + 3. Since a® = (—a)? we may assume without loss

of generality that o > 0. Thus, setting £ = —x we obtain

1 [ z(e™ —e7i7) 1 [ ze® 1 [ ge @
I:4_z' a’ + z? T a2—|—x2da:_4_i a2—|—a;2dx
— 0o —0o0 — o0
1 00 xeia: N 1 —00 (_é)eig dé 1 /oo xei:z: p
= — ——dr + — ————df = — ———dr.
4i J_ o a® + x? 4i Joo a4+ (—=€)? 2i J_o a? + a2

When « > 0 the analysis of this integral is exactly the same as above. Consequently

1 - 1 s
Y (s—a—ifY _ (o~ e _ T —a
I= - (me ) 5 (me (cos B — isin ﬂ)) 5 " cos B.



When o = 0 and 8 # 0 then ia = —f and the singularities occur along the real axis and
the integral must be interpreted as the Cauchy principle value integral. In particular, as
the contour along the real axis is differentiable, equation (2-12) in the text yields that
ze'? BeB Be~B
PV/ dz:m(—+ )zm’cosﬁ.
c (24 8)(z—B) 20 2p

Consequently
1
I = Q—Z,(m'cosﬁ) = gcosﬁ.

We finish, by treating the case where a = 0. In this case the original integral reduces to

I:/ Sm“’dx:—,Pv/ ¢ dz.
0 x 21 T

— 00

As shown in the solution of item D of the contour integral problems for final exam, in this
case I = 7/2. In summary, for a = a +i8 € C we obtain

* xsinz T _jaf
——dr= e cos 8
0o a°+x 2

where the integral is interpreted in the sense of Cauchy’s principle value when o = 0.



3. [Carrier, Krook and Pearson, Section 3-1 problem 8] Evaluate

2m
I= / log(a + bcos6)db for a>b>0.
0

First note that

I= / log(a + bcos0)do = / log (a + g(ei(? + e—i0)>d0

U 2 . .
= 2 log (g) —1—/ log (Ta +e¥ 4+ 6_19>d9.

T

By definition
log(re'?) = logr + 6 for r>0 and 0 € (—m, 7).

Since a > b then

. 2
b +6_19=§+2C089>0.

Consequently
log ((2?@ + e+ e_w)ew> = log <27a + e 4+ e_i9> + 6.
It follows that
/7r log (%“ +e e*i">d0 _ /7r log (%“ew + 20 4 1>d0 _ i/ﬂ 0do

2 d
:7{ log<z2+—az+1>.—z-
|z|=1 b 1z

To determine where the logarithm is analytic solve the inequality p(z) < 0 where

2
p(2) :z2—|—?az+1.

Setting z = = + 1y we obtain

. . 2a ) 2a , 2a
p(x-l—zy):(x-l—zy)2+?(m—i-zy)-l—l:xQ—y2+Fx+1+zy<2x+?>.

Therefore, the p(z) € R if and only if

T = —% or y = 0.
In the case z = —a/b we obtain that
a? 9
p(—a/b+iy)=—b—2—y +1<0 forall yeR.



On the other hand, if y = 0 then completing the square yields

2a a\ 2 a®
p(x) =x2+7x—|—1 = (m-l-g) —|—1—b—2 =(z—r1)(z+mr)
where
a a? a a2
?”1:—5— b_2_1 and 7"2:—54— b_2_1
Note that 71,72 € R and 1y < —1 < ry < 0. Therefore, it is also the case that p(z+iy) <0
when
x € [r1, 2] and y = 0.

We therefore consider the following contour

A
B %
v

Since log p(z) is analytic inside the contour, we have that

1
/ Mdz = 27log p(0) = 27 log 1 = 0.
1 +T2+T3+1y z

Choose 1 > 0 so small that |z| < 1+ n implies « + a/b > 0. Therefore

Imp(z):2y<x+%) >0 when x| <1+n and y>0.

It follows for |z| < 1+ n that

lim logp(x + iy) = logp(x) + iw
y—0t

and similarly that

lim logp(z +iy) = logp(x) — im.
y—0—



Consequently, upon setting £ = —z we obtain

/ logp(z )d _ /”_E log p(x) +mdaz—|—/_1 log p(x) —z'7rd$
T'a4Ty ) r -

iz 1 i e i
T —€ 1
= 27?/ de = —27r/ &
-1 L —ro+te é-
a a?
=2rmlog(—r2+¢) — 27log (Z A\ 1) as ¢ — 0.
Finally,
1 —T . —Tr
/ ng;(z) dz = / log p(ee™)dt — / log p(0)dt =0 as e — 0.
I's s T
It follows that
2
I—27r10g( )—ZWlog(g Z_Q_1>
a+ —b?
— rlog (“F YT



4. [Carrier, Krook and Pearson, Section 3-1 problem 10] If o and § are real and positive,

show that
/OO Cosozmdx _ /OO xe_aﬁj .
0o T+pB o L+

Which of these two would be easier to compute numerically?

Consider the following contour
iR

Iy={t:t€[0,R]}
I'y={Re":te(0,7]} r
I'3={i(R—t):tc[0,R]}

0

Since the mapping z — e“*/(z 4 () is analytic on a neighborhood of the area enclosed by
this contour, it follows that

eiozz eiaz eiozz
dz = —/ dz — / dz.
/Flz‘f‘ﬁ r, 2+ 8 r, 2+

By Jordan’s lemma

eiaR(cos t+isint)

iz /2
e .
dz| < . i Re™|dt
/sz-l—,Bz_/O Ret 4+ 3 e
/2 e—aRsint R /2
— — Rdt S —/ 6—2aRt/7Tdt
/0 |Re' + B R—pJo

R
T 1 _O‘R)—>0 as R — oo.

R Bl ¢
Setting R —t = (s so that —dt = Bds yields

etaz R e—a(R—t) R/B e—aﬁs
| gt | gdt= i [ s
ry 2+ 0 o (R—1t)+p o s+l

. /R/ﬁ (1—is)e % /R/ﬂ (s +i)e
= —1 ————as = — —————4as.
0 1+s2 0 1+s2

It follows that

o) oz
/ R jr = lim Re / _d

R/pB -\ —afs 0o —afz
_ Jim Re / (si)e ™2 o / e

As the integrand in the last integral decays exponentially to zero as x — oo, it would be
easier to evaluate numerically.



5. [Carrier, Krook and Pearson, Section 3-1 problem 14] Evaluate

T rsinx
sdx
o 1—2acosz+ a

for a real and for each of the two cases |a| < 1 and |o| > 1.

Since zsinx and cosz are even, then

T rsinx 1 [ xrsinx
I: d([,‘:— dl‘.
o 1—2acosz+ a? 2 ). 1—2acosz + a?

Consider the contour I' =I'y + I's 4+ I'3 + I'4y where

y={e":tel-mn|}

Ly ={t+i0%:te[-1,—¢]}
Iy3={ce:te[-mn|}
Ly={—t+i0" :tele1]}

Writing z = €** yields that

Therefore

1 —i(logz)g: (2 —27") dz 1

I:§/F1 ].—205%(2"_2_1)—{—0[25_4_7:/1"1 1—oz(z+z—1)—|—oz27

1/ (logz)(—27") 1/ logz)(z—27")

T4 Loz —(14+a2)z 4+« T4 (az —1)(z — )

—(logz)(z—271) dz

Provided o € (—00,0] and || # 1 we may choose € so small that either o or 1/« is inside
the region bounded by I'. In this case

1 (logz)(z — 27 1) p

I - -/
4i F-To—T35-T4 (042' - 1)(Z - a)

z

8



Now

( 7log(a)(a—a™t)
- ‘ ]
1 / (log z)(z — zfl)d 2 a2 — 1 or |af <
— o
4 r (az — 1)(2 — a) T log(ofl)(ofl . a)
5 for |o| > 1
\ 2 ala™! — a)
( l —1
_ ) 2
1
_mlog(a) ol > 1.
\ 2 «
Moreover, since
1/ (logz)(z—z7Y) 1/ (log [f] +im)(t = t71)
4i Jp, (az—1)(z—a) ~ 4i ), (at — 1)(t — )
1 M (logt| 4 im) (¢ — )dt
S 4i). (at+D)(t+a)
and
1 / (logz)(z — Z_l) B 1 1 10g |t| — T (_ t +t_1) P
G Jo, 0z -D-0) " 4 ). T (Cat-1)(~t-a)
1 /1 (—log|t| +im)(t7F — )dt
i . (at + 1)(t +a) ’
we obtain
| — 1 1 t—l —t
l/ (logz)(z — 2 )dzzf/ ( ) »
4i Jr,ir, (az—=1)(z — ) 2 ). (at+1)(t+a)
1
™ 1 1 1
= 90 i dt
04/5 (t t+a! +t+a)
— l _ —1y 1
= 2a<log(t) log(t+a™ ") log(t—|—a)>‘tza
— %(10@;(6—1) +log(e + a™') —log(1l + o) + log(e + a) — log(1 + a)>
Also
1 1 — 1 1 ™ (1 — it it _ ~—1_it '
—./ (logz)(z — 27 1) Z:_./ (loge .z)(se le )(—iee_”)dt
4i Jr, (az —1)(z — ) 4i | (ace it —1)(ce i — q)
1 T —it(se_it — 5_leit) )
=J. + — ' ‘ Ciee—itdt
4 ), et Dt —a) )
where
PRy ) A e L) BV [
43 s (CYZ — 1)(2 - Oé) 41 T, (az — 1)(z — a)z 20




We obtain that

, (logz)(z — 271
Eh_r}x%) (% /1“2—1—1"4 (af— (1)(2' — 03 dz+ JE)

_ T
T 2

m -1
:—%log@—i—a—f—a )

<log(a_1) —log(1+a™ 1) +log(a) — log(1 + a))

Finally, since

™ —it —it _ —1_it ) T _it( — it )
i - [ e Z o) (ieeminar= L [T ) iy

e=04i | . (age~it —1)(ce~it — q) T4 ) (-1 (~w)
1 ™
=—— [ tdt=0
i¥%e%)

—Tr

it follows for
acC\({z:2<0}u{z:|z|=1})

that | .
. g% for |of <1
Ia)=-—log(2+a+a') -
20 7 log(a)
- for |o| > 1.
2
It remains to consider the cases when o < 0 and o« = 1 or in general when « is real.
If « = —1 then .
1 )
I(—l):—/ ey
2 )y l+cosx
If « =1 then

1 [T zsinzx 1 [T zsinz
(1) == —dr = — —— dx = mlog 2.
(1) 2/0 1—cos:cx 4/7T1—cosx$ o8

If @ = 0 then the integral can be done by parts as

T

I(O)z/ xsinzdr = —x cosx +/ cosxdr = T.
0 0

0

if « <0 and o # —1 then define f = —« to obtain

s . 0 .
xsinx xsinx
() /0 1+ 2Bcosx + 32 o /_w1+2ﬁcosx+52 v
:/O —zsin(x + ) dx:—/ﬂ (r —m)sinx dx
_r 1 —2Bcos(x+7)+ 2 o 1—2Bcosz+ (2

T sin
=1 d
(ﬁ)+7r/0 1—2Bcosz + B2 o

10



Substituting u = 1 — 2B cosx + 52 so that du = 283 sin x dx we obtain

1—2Bcosz+ 32 28 (1-g)2 U I64

/7T sin 1 [OH8° gy ~ In1+ 8| —In[l - 3
0

Consequently, when o < 0 and o # —1 then

1 -1
. 1—a gM for a € (—1,0)
I(a):—{log(Z—a—a_l)—Qlog‘ ’}— @
2« '

Finally, it is worth noting that, given the definition of principle value for the logarithm,
the original formula for I(«) is consistent with the above special cases when a < 1.
Therefore, in general

1 -1
. g% for |a| <lora=1
Ia)=-—log(2+a+a™ ') -
2 ™ log(a) for |a] > 1
5 :

11



6. [Carrier, Krook and Pearson, Section 3-2 problem 1.] Replace the denominator of the

integrand in
1 d&
I, =— e -
271 /Cn £(&—2)sing (3-55)

by (£ — 2)?sin¢ so as to obtain an expansion for (cot z)(csc 2).

Define
1 d&

taking the contour C), to be the square with corners at
(n+ ) (£l £4i)m where n € N.
For the same reasons that I,, — 0 as n — oo we have that J,, — 0 as n — 0o. Recall that
siné = (=1)¥sin(€ — kn) = (=1)*(€ — kn) sinc(€ — k).

When n is large enough z is inside the contour. In addition the points

In

km for k=-n,—n+1,...,n

/ T )

1 d€ _i 1 .
%/635(2) —(5 —2siné  désiné .. = —(cot z)(csc 2).

Cauchy’s formula applied to the other terms yields

are also inside the contour. Therefore

n

1
211 8B (z) Z

k=—n

L/ i L/ de
2mi Jop. by (€ —2)2sin€ 20 Jop_(gm) (€ — 2)2(=1)%(€ — k) sinc(€ — k)
(—1)* (=P

B (km — 2)2sinc0 (2 — k)2

Therefore

k—z—n 2mi /535(!%) (€—2)?sing k_z_:n (z — km)?

= 2_12 + Z(_l)k<(z —lk:7r)2 e +1k7r)2>

k=1

1 ~ p 22+ k2r?
==t 22(_1) (22 — k2m2)2
k=1

Taking limits as n — oo yields that
1 = p 22+ k2r?
(COt Z)(CSCZ) = 2_2 +2];:1(—1) m

12



7. [Carrier, Krook and Pearson, Section 3-2 problem 2.] Show that

oo

1 s ((—1)”(n—|— 1/2) (3.60)

oS 2 n+1/2)%72 — 22

Consider the contour C), = Cy, 1 + Cy 2 + C, 3 + C), 4 given by

nn(-1+i) 1 nn(1+i)
L
Cpa={nr+itn:t €[-n,n]} |
Crao= { —tm+inw:t € [-n,n] } 3
Cn,B = { —nm—itn:t € [—TL, TL] } —i‘,‘[ —é)‘[ :T[: E g-[ Q-[
C’n74:{t7r—in7r:t€[—n,n]} 2 2 21 2 2 2 c,
3 n=3
Ttn(-1-i) Tin(1-i)
Define
L1 / de
"2mi Jo, (E—2)cosE
Claim that J,, — 0 and n — 0. Note first that
cos(a + ib) = (cosa)(cosh b) — i(sina)(sinh b).
Since
b —b |b| b_ ,—b bl _ 1
| cosh(b)| = % > 67 and | sinh(b)| = i 26 | > £ 5

it follows that
| cos(a 4 ib)|> = (cos? a)(cosh? b) + (sin? a)(sinh? b)
>

> (cos? a)(cosh? b) > 471 (cos? a)e?!”!

and
| cos(a + ib)|?> = (cos? a)(cosh? b) + (sin? a)(sinh? b)

= (cos? a)(cosh? b — sinh? b) + (sin® a + cos? a)(sinh? b) (%)
= cos? a + sinh? b > sinh?b > 471 (el®l — 1)2.
Note also there is ng large enough such that n > ny implies

€ — 2| > (n—no)m for every e dy.

13



Estimate using (x) as

1 de 1 m in
[ nal = 5= | S o - , dt
’ 2mi Jo, , (§—2)cos&| ™ 2w J_, | (nm + itm — z) cos(nm + itm)
1 /M 2dt 2 "
< —/ = / e 1" dt
2 J_,, (n—mng)7|cos(nm)leltl  (n—mng)mw J,
2 .
=— —(1—-e") =0 as n — oo.
(n —ng)m?

and using (xx) as

—T

1 / de 1 /”
— s pwed I : — | dt
2mi Je, , (§—2)cosé 2 J_, | (=tm +inm) cos(—tm + inm)

1 2dt __ 2 " felnml _
=3 /_n (n— o)l —1) (n—no)w/o ( L)dt

2
= %(e'"”' -1)—=0 as n — 0o.
n—ng)m

|<]n,2| =

Similar arguments show that

—0 and

1 / 48 1 / L S N
2mi Je, , (€ —2)cosé 2mi Je, , (€ —2)cos§
as n — o0o. Therefore

Ip = Jn71 + Jn72 + Jn,g + Jn74 —0 as n — 00.

Consider the contour

I'=C,—0B(2) = > 0B((k—3)m) =Y 0B.(— (k- %))
k=1 k=1
where n > ng. Since the function
1
_) -

¢ (€ — z)cosé&
is analytic on a neighborhood of the area enclosed by this contour, Cauchy’s theorem
implies

d
/ A

r (§ —z)cos¢

Therefore

n

1 d§
A TR
2mi\ JoB. () k;{ 0B ((k—3)m)  JoB.(—(k—1)m) } (§ —2)cosé

14



Now Cauchy’s formula implies

1 a1

27 Jop.(») (€ —2)cosE  cosz’

Moreover, since

cos¢ = (—1)" cos(¢ — km) = (—1)"sin (€ — (k — $)7)
— (~1)¥(€ — (k= 1)) sine (¢ — (k — })r)

we obtain that

1 d§
i 9B, ((k—1)m) (§ — 2) cos&
! dg
210 Jop. (k—ym) (€ — 2)(=1)*(€ — (k — 3)m) sinc (§ — (k — 3)7)
(=1)* (= DF

— ((k — 3)m — z) sinc0 a k- Dm—=

Similarly, since
cos§ = —(=1)" (€ + (k — 3)7) sinc (€ + (k — 3)7)

we obtain that

1 dg (=1)* (=D*

20 Jop. (~(erpym (E—2)cosé (= (k—=3)m—2) (h—Hr+2z

It follows that

Taking the limit as n — oo yields

k—- R k:+)
cosz—_2 Z 27r2 n Z k:—l— )2

T2 —

which is the first formula.
We now derive the second formula

[e.¢]

1
tanz=222
2.2 _ .2
— (n+1/2)%72 — 2

15
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using a slight modification of the previous work. Define

1 / sin & d¢
K,=— —_
2mi Jo, (§ —z)cosé
where C,, is as in the previous problem, the square with corners 7n(+1+1i). To show that
K,, — 0 as n — oo we estimate as follows. First note that

sin(a + ib) = (sina)(coshb) + i(cos a)(sinh b).
Therefore
|sin(a + ib)|? = (sin” a)(cosh? b) + (cos? a)(sinh? b)
= (sin? a)(cosh? b) = (cos? a)(cosh? b) 4 (cos? a)(sinh? b) (%)
= cosh?b — cos® a < cosh? b < 210l

When z = nm + ¢tm we obtain

inh® ¢
|tan(nm +it)|* = o 5
cosh” ¢
Therefore
K 1 / sin & d€ 1 /” 1 i(—1)" sinhtr gt
n = — el N 17
1 o Cny (§—2)cos&  2mi J_,, (nm+itm —z) (—1)" coshinm
i /” 1 sinh tmr
= — , dt
2 J_,, (nm+itm — z) coshitr

and similarly

1 i 1 " 1 (—1)™ sinh(—
Koa— L singdf ‘ / ' i(—1)" sinh(—tm) (—im)dt
’ 2mi Jo, , (§—2)cos&  2mi J_,, (—nm —itm — z) (—1)" cosh(—tm)
i /" 1 sinh tmr
= — : dt
2 J_,, (—=nm —itw — z) coshtn
Therefore

Z/”( 1 1 >Sinht7r ;
2 J_,\nm+ilr—z nmw4itm+ z/ coshirn

|Kn,1 + Kn,S‘ =

7 /" 2z sinh tm ,
2 J_,, (nm+itr)? — 22 coshitn
Sy

— J_, Inm+itw]? — |2|?

< || /" sinh t7 ‘dt B 2|z| /" sinh ¢ gt
~ n2n2 — |22 J_, lcoshtr | n2m2 —|z|2 J, coshtn

B 2|z log cosh nw < 2|z| log(e™™ /2)
T 272 — 2|2 T — n?n? —|z|? T

sinh tm ‘

cosh tm

2|z| nm — log 2
= —0 as n — 00.
n2n? — |z]? ™

16



On the other hand
Koo L/ sinfd§ 1 /” ( 1 sin(—tm + inm) (=)t
C

2mi Je, , (§ —2)cos§  2mi —tm + inm — z) cos(—tw + inm)
and
Koy L singdf L /n .1 sin(tm — mw) dt.
’ 2mi Je, , (§—2)cos&  2mi J_, (tm —inm — z) cos(tm — inm)

Therefore using (k%) and (**%) we obtain

I -1 1 sin(tm — inm)
Ko+ Kl =5 [ ( ) )t
K2+ Kol 2 ‘ /_n tm — cos(tm — in) ‘

[ 2z sin(tm — inm)
5 )2 _ L2 St
2] J_, (tmr —inm)? — 22 cos(tm — inm)

cHT
v L,
clnrl

n
< H
—n?r? — 2|2 J_, 127 (el — 1)
|2| 4neln]

= a2 2P (el = 1) — 0 as n — o0.

- + -
nm + 2 tm —anm — 2

sin(tm — in) ‘

cos(tm — inm)

‘dt

It follows that K,, — 0 as n — oo. On the other hand,

1 - sin & d¢
o B s
2mi ( 9B. (=) ; { 0B ((k—1)m)  JoB.(—(k—1)m) } (€ —2)cosg

Now Cauchy’s formula implies

1 sin{df{  sinz

- _ _
2mi JoB.(z) (£ —2)cos&  cosz an =
Also
1 sinédé (=DFsin(k—3)m -1
21 JoB, ((k—1)m) (6 —2)cos¢ ((k— 3)m — 2) sinc0 (k- Dr— 2
and

1 singds _ (~DFsin(—(h-Hm) 1

210 Jop. (—(—ym) (E—2)cos€ (= (k—3)m—2)sinc0  (k—3)m+2

It follows that

n
1
n = tanz + { + }
]; T — 2z (k—%)w—i—z
n
=tanz — 2z .
_ 122 _ 2
— V2w z

17



Taking the limit as n — oo yields

> 1 > 1
tanz = 2z =2z
];(k:—%)?w?—z? ;(k+%)27r2_22

which is the second formula.
We now derive the third formula

1 > 1
tz=—-—+2 _.
cotz=-+22) S

n=1

Using a modification of the the work for the formula for 1/sin z in the book, define

1 cos & d§
Y =

where C,, is the square with corners (n + 1/2)(£1 £ 4)x. In particular,
Cn=T1+T2+T3+T}y

where Py = {(n+1/2)m +itm:te[—n—1/2),n+1/2}
Ty = {—tr+i(n+1/2)m:te[—n—1/2),n+1/2]}
Is={-(n+1/2)r —itr: t € [-n—1/2),n+1/2] }
My={tn—i(n+1/2)r:te[-n—-1/2),n+1/2]}.

Combining the identity
| sin(a + ib)|* = (sin? a)(cosh? b) + (cos?® a)(sinh? b)
= (sin? a)(cosh? b) F (sin” a)(sinh? b) + (cos® a)(sinh? b)
= sin® a + sinh? b
with (xx) yields

> (cos®a) (cosh?b) + (sin® a)(sinh®b)  cos?a + sinh® b

t(a + b - '
| cot(a + )‘ (sin? a)(cosh? b) + (cos? a)(sinh2 b)  sin®a +sinh?b

It follows for points on I'; that

N2 sinh? t7r
| cot((n+1/2)w + itm)|” = Tl <1.
For points on I's; note that
| cot(—tm +i(n + 1/2)77)‘2 = C?Sj fm + S.inhj(n +1/2)m
sin® tm + sinh“(n + 1/2)7
_ 1+ sinh?(n + 1/2)
sinh?®(n + 1/2)

as n — oQ.
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Therefore, there exists ng large enough that n > ny implies

| cot £]? < 2 for every £eC,.

1 2de]|
< N bt N
T 2m /cn E1(lel = [=1)

— 0 as n — 00.

It follows for n > ng that

1 cos & dé
2mi /c £(€ — ) sing
42n+1)
(n+1/2)7((n+1/2)7 — |z|)

1 " cos & d€
Ly, =— e~ -
2mi (/693€(z) " [ /E)Bg(kw) ) §(§ — 2)siné

By Cauchy’s formula

| L]

1
<=
s

Now

L/ cosfd§ ~ cosz  cotz
210 JoB. () (6 —2)siné  zsinz oz

When k # 0 we obtain

1 cos{d§ 1 / cos & d€
210 Jop. (kry §(§ — 2)8in€ 210 Jop_(kmy §(§ — 2)(—1)k(€ — k) sinc(§ — k)
cos km 1

~ km(km — 2)(—1)*sinc0 - km(km — 2)
Since sinc ¢ is an even function which is differentiable, then

dsinc &
d¢ le=o0

Therefore, when k = 0 Cauchy’s derivative formula yields

= sinc’(0) = 0.

L/ cos & d€
21t Jap. (o) £(§ — 2)sing

1 cos & d€ _d cos &
= omi /m(m =)o e ~ (= ot leco
_ —sing(§ — z)sinc§ — cos&(sincé + (€ — z)sinc’ €) ’ -1

N (& —2)? sinc? & e=0 22

It follows taking n — oo that

cotz 1 1 1 1 < 2km
z _?_Z<lm(lm—z)+kﬂ(lm+z)>_?_;kﬁ(lﬂzﬂ—zz)'
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Consequently

1 > 1 1 > 1
cotz = ;_QZI;—]CZ’JTQ—ZZ = ;+2Z;—22—k27r2'

Next prove the fourth formula

=00

Z (3-63)
SlIl z Z — ?’LT('

Define

1 d
M, = — / —52
2mi Jo,, (€ — 2)sin’¢
where C,, is the contour in the previous problem with corners at (n+1/2)(£1+4)m. Upon
using the estimate

|sin(a + ib)|? > (sin® a)(cosh? b) > 47 (sin? a)el®!
on the vertical boundaries given by I'y and I's and
| sin(a + ib)|> = cosh® b — cos? a > 472l — 1

on the horizontal boundaries given by I'y and I'y, that the same arguments as in the proof
of the formula for 1/ cos z again show that M,, — 0 as n — oo. Cauchy’s derivative formula
yields that

[
9B. (km) (§ — 2)sin® ¢

N i
oB.(km) (€ — 2)(€ — km)?sinc? (€ — k)
d 1
T dE (€ — 2)sincA (€ — k) le=kn
—sinc? (€ — k) — 2(€ — 2) sine(€ — k) sinc’ (€ — k)
(€ — 2)2 sinc* (¢ — kn) E=km

-t
(km —2)%

By Cauchy’s formula we obtain

1 —1
“/177, = _—
i 2 + kz (k7r _ z)2

sm- oz
=—n

Noting that the series is absolutely convergence and taking the limit n — oo yields
oo
1
Z lm—z Z (z — k)2’
k=—o0 k=—o0
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Now prove the fifth formula

oo

1 1
=Y . 3-64
cos?z = (2~ (n+1/2)r) (364

Define

P 1 / d¢
"2mi Jo (€—2)cos2E
where C,, is the contour with corners n(£1+i)m. Again following the proof for the formula
1/ cos z it follows that P, — 0 as n — oo. Cauchy’s derivative formula then implies

b _dae
21 Jop((k-4)m) (€ = 2) cos?&
_ L de
270 Jon((h—1)m) (€ — 2) (€ — (k — L)m) sine? (¢ — (k — L)n)
d 1
T de (& — 2)sinc® (€ — (k— 3)m) ‘E=(’€—%)W
1

((k—Lyr—2)°

It follows that

n

1 -1
P, = + :
cos® 2 k:;l (k= g)m—=2)°

Noting that the series is absolutely convergence and taking the limit n — oo yields

1 1 1
cos2z Z 1 - Z

e (=Yr =2 = (kD)
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