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Type 3 Integrals

This class is similar to the previcus one, but with a trigonometric function in-

volved in the integrand:
[= f+-='= trig fn dr

-0 polynomial
In this case we have to take special care over the choice of the complex function, in
other words the continuation of the trigonometric function away from the real axis.
The three functions cos z , (¢**) and (e™*?) all have the same real parts on the real
axis, but are different elsewhere. In particular, when z = iR and R — oo the first
and last become infinite, while the second tends to zero. Consequently the meth-
ods described for Type 2 integrals will work only if we adopt the second continuation.

Example:

+x cos Tdx
—— T2+ o2

For the reasons just described we find this by contour integration of

I=

Eiz
2?2+ a?

ircosf —run@

and since in polar coordinates e = ¢ e the numerator tends to zero as r
becomes large everywhere in the upper half-plane where sin 4 is positive. Using the
same D-shaped contour as before, the semi-circular arc contributes

[ e2dz . +x o3 Re'?d@ _

—— = lim - =
e 22 + a2 R—=ocJo R 4 g2
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FLZUHY Solving a Oirichlet Problem

The function TG, v} = (1/) Arg w is harmonic in the upper hall-plane v > ( since it is the
imaginary part of the analytic function g(w) = (1/7) Ln w. Use this function to solve the
Dirichlel problem in AGURE 202 5{a).

Solution The analytic function f{z) = sin z maps the original region to the upper half-plane
v = 0 and maps the boundary segmenis Lo the segments shown in Figure 20.2.5(b}. The har-
monic function U(u, v) = (1/m) Arg w satisfies the transferred boundary conditions U(u, 0) = 0
for u > 0 and Uin, 0) = 1 foru < 0. Therefore, u(x, y) = U{sin 7} = (Liw) Argisin 2} is the
solution to the original problem. If tan~'{wu) is chosen to lie between 0 and #, the solution
can also be wrilten as

I _,fcosxsinhy
u(r,¥) = —tan~ | ~————= .
L sin x cosh ¥

B ¥ E
u=1 u=0
A D_,
Ea=10| y=0 & °
2 2
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