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Abstract

This paper improves the spectrally-filtered direct-insertion downscaling method for
discrete-in-time data assimilation by introducing a relaxation parameter that over-
comes a constraint on the observation frequency. Numerical simulations demonstrate
that taking the relaxation parameter proportional to the time between observations
allows one to vary the observation frequency over a wide range while maintaining
convergence of the approximating solution to the reference solution. Under the same
assumptions we analytically prove that taking the observation frequency to infinity
results in the continuous-in-time nudging method.

1 Introduction

Our focus is that of a well-posed dissipative dynamical system

where the initial condition Uy is unknown but for which a time sequence of partial observa-
tions of U(t) are available at times t = t,,.

Following [3], [27], related research, the references therein and in particular [6], we con-
sider the concrete setting of the incompressible two-dimensional Navier—Stokes equations.
These equations provide an example of a well-posed dissipative dynamical system of the
form (1.1) that is simpler than atmospheric or ocean models but with similar nonlinear
dynamics. Other systems for which a growing body of analytic and numerical results are
available include Rayleigh-Bénard convection studied by Farhat, Lunasin and Titi in [11] (see
also Farhat, Glatt-Holtz, Martinez, McQuarrie and Whitehead [12]) as well as the surface
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quasi-geostrophic equations studied by Jolly, Martinez and Titi in [20] (see also [21]) among
others. Although our computations and analysis focus on the two-dimensional Navier—Stokes
equations, we hope the resulting intuition and conclusions will apply to operational models
with practical applications.

We begin with the spectrally-filtered discrete-in-time downscaling data assimilation algo-
rithm introduced in [6] in the context of the incompressible two-dimensional Navier—Stokes
equations. This is a direct-insertion method that recovers unobserved lengthscales by insert-
ing new observational measurements as they are available into the current estimate of the
state. The spectral filter helps ensure no high-resolution artifacts are present in the interpo-
lated observational data that might damage the approximation obtained by the numerical
model as it is integrated forward in time. From a theoretical point of view, the filtering is
needed to obtain suitable estimates in the higher Sobolev norms used to show convergence
of the approximating solution to the reference solution over time.

Intuitively more frequent observations should make the predicted state obtained from
data assimilation more accurate. For example, in weather forecasting measuring the state of
the atmosphere more frequently should—provided a reasonable algorithm is used—allow an
approximating solution to track the reference solution more accurately. However, although
more frequent observations represent greater knowledge about the reference solution, Figure 1
shows the spectrally-filtered discrete-in-time data assimilation algorithm introduced in [6]
actually performs worse when data is inserted more frequently into the model.

Figure 1: The error |U(t)—u(t)| for a reference solution U (¢) where the
approximating solution wu(t) was computed for different observation
intervals 9. Large ¢ is shown on the left; small on the right.
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The possibility of this unreasonable behavior was already noticed in the theoretical anal-
ysis presented in [6] and commented on as

[Our analysis makes] use of a minimum distance between t,,1 and t, as well as
the maximum. Measurements need to be inserted frequently enough to overcome the
tendency for two nearby solutions to drift apart, while at the same time the possible lack
of orthogonality in our general interpolant observables means measurements should



not be inserted too frequently.

The present research is motivated by numerical evidence that the above constraint con-
cerning the minimum observation frequency is physical and not merely a limitation of our
analytic techniques. In particular, given the ideal situation of noise-free observations of exact
dynamics in which the approximating solution synchronizes with the reference solution over
time, our computations show that inserting measurements more frequently can worsen the
quality of the approximation to the point where it subsequently fails to synchronize.

Recall the incompressible two-dimensional Navier-Stokes equations given by

%—ng(U-V)U—yAUJer:f, V.U =0, (1.2)

where U is the velocity of the fluid, v is the kinematic viscosity, p is the pressure and f
is a time-independent body force applied to the fluid. Consider the spatial domain €2 with
L-periodic boundary conditions for simplicity.

Recast (1.2) in the functional setting described by Constantin and Foias [8] (see also
Robinson [24] or Temam [25]) as follows. Denote by V the set of all divergence-free L-
periodic trigonometric polynomials with zero spatial averages. Let V' be the closure of V in
H'(©,R?) and H be the closure of V in L*(€2, R?). Denote the dual of V' by V*.

Let A: V — V*and B: V xV — V* be continuous extensions of the operators given by
Au = —PyAu and B(u,v) = Pg(u - Vv) for u,v € V where Py is the orthogonal projection
of L?(Q2) onto H. Let D(A) = {u € V : Au € H} be the domain of A into H. Applying Py
to both sides of (1.2) then expresses the Navier—Stokes equations as

aU
—HvAU+BUU)=f  where  Ulto)=Up € V. (1.3)

Note in the periodic case A = —A and that we have assumed Py f = f.
Along with the above functional notation the following a priori bounds also appear
in [8], [24] and [25] for the incompressible Navier-Stokes equations:

Theorem 1.1. Let U be a solution to (1.3) with f € V and initial condition Uy € D(A).
There exist bounds p, and p, depending only on dmax, v, || f|| and Uy such that

|A2U| < po  for a=0,1,2 (1.4)
and

tnt1 1/2
(/ |A°‘/2U|2dt> <P. for a=1,23. (1.5)
tn

Furthermore, (1.3) posses a unique global attractor A bounded in D(A). Moreover, if U lies
on that global attractor, then the constants p, and p, may be taken independent of Uy.

The spaces H, V and D(A) can be characterized in terms of Fourier series as H = Vj,
V =V; and D(A) =V, where

Vaz{Zukeik'x:2|k|2“|uk|2<oo, k-u,=0 and u_k:_k}.

keJ keJ



Here J = {2nn/L:n € Z?\ {0}} and w;, € C? are the Fourier coefficients for the velocity
field u. The zero spatial average along with Parseval’s identity implies the norms and inner
products for the V,, spaces are equivalent to

1/2
lullo = (L2 DIk fanf?) — and (@ o)a = L2 K u .

keJg keJg

Recall that V,, C V3 for 8 < a with corresponding Poincaré inequalities
AN TNallf < Hlullz for uwe Vo, (1.6)
where \; = (27/L)?. Denote the norms corresponding to H, V and D(A) by
uf = {lullo, — flull = ully  and  [Auf = [Jull;
and the inner products by
(u,v) = (w,0)o,  (w,0) =(wv) and  (Au, Av) = (u,v))2.

We pause to remark that a well-posed dissipative dynamical system of the form (1.1) may
now be obtained by taking F(U) = f — B(U,U) — vAU.

Let S be the solution operator such that S(t)Uy = U(t), where U (t) is the unique solution
to (1.3) with initial condition Uy at time t; = 0. Well-posedness along with the fact that the
dynamics are autonomous implies S(t + ) = S(6)S(¢) for t > 0 and 6 > 0.

The spectral filter appearing in [6] is given for u € H as

Py = E ure™*  where u:E upe®®. (1.7)
0<|k[2<A keJ

Note the interpolation property
k2
ju—Pul’ =L > |u* <L ) %MF <A Yul? for weV, (1.8)
[k[2>A |E[2>X

and the smoothing properties

[Pl = L2 ) kP> < AL2 Y Jul* < M fuf for uwe H. (1.9)

0<|k|2<A 0<|k|2<A

In particular note that ||Pyul|*> < Aul?* and |APyul? < A\?|ul?. Similarly |APyul? < Jul|?.
Assume the observations are interpolated back into the phase space of U by a linear
operator I,: V — L*(Q) that satisfies

U — PyLLU? < ch?||U|)*> forevery U €V and h>0. (1.10)

Here h is a length scale that reflects the resolution of the observations. Note (1.10) provides
a bound on the relative error in the spirit of the Bramble—Hilbert Lemma and that there is
no requirement on I, or Pyl; to be a projection. Linearity, however, is important.
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The operators I, were introduced in [3] as type-I interpolant observables and generally
result from spatially-averaged observations, for example, the determining volume elements
of Jones and Titi [22]. Note that observations which result from point measurements are
classified as type-II and rely on higher norms such as |Au| to obtain inequalities similar
to (1.10). Although the treatment of point measurements is out of scope for the present
research, we remark that a physically motivated type-I interpolant involving locally averaged
approximations of point measurements in space is described in Appendix B of [5].

Since Pgl;, may not be an orthogonal projection, lack of orthogonality complicates the
use of PyI,U for data assimilation. Another difficulty is the possible roughness of Ij,. Such
roughness may be characterized as the case when Py, U ¢ V. This difficulty was mediated
in [6] by the use of P\ as a smoothing filter. To this end set J = P\Pyl, where P, is the
spectral filter defined by (1.7) and consider the smoothed observations given by JU.

This results in an interpolant that satisfies

U~ JUP? =|U - P\UP + |PA(U — PgL,U)> < (At 4 eth?)|| U2 (1.11)
and
|U = JUIP = lU = BUI? + [P\(U - PalD)[? < (L4 Aedk®) U2 (112)
which has the continuity properties
U= U = JU+ U] < A7+ k)20 + AT U] < ]l U]] (1.13)

and

ITUI = U = JU|| + U]l < (L +Acth®) (U + U] < es|U]| (1.14)

where o = (A1 + ¢1h2)V2 + A7 and ¢35 = (14 Aeyh?)V2 + 1.

To focus on the situation when subsequent observations become more frequent, we assume
tat1 — tn < Omax for all n. We now describe main theorem proved in [6] for the spectrally-
filtered discrete-in-time data assimilation algorithm whose improvement is the purpose of
the present paper.

Definition 1.2. Given an increasing sequence t,, of observation times, the approximating
solution u(t) obtained by spectrally-filtered discrete-in-time data assimilation is

u(t) = St —tn)uy, for t € [ty tnst),

where

Ug = JU(tO),
Un+1 = (_[ — J)S(tn+1 — tn)un + JU(tn+1>

We remark taking J = P, leads to the discrete-in-time data-assimilation method studied
in [18] based on observation of the Fourier modes. In this case the quality of the approxima-
tion u(t) does not worsen when measurements are inserted more frequently in time. Thus,
lack of orthogonality and smoothness in J appear to be important considerations.

When t,, = tg + dn for some period d, the main result from [6] may be stated as
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Theorem 1.3. Let U be a solution to the incompressible two-dimensional Navier—Stokes
equations and u(t) be the process given by Definition 1.2. Then, for every 0 > 0 there exists
h >0 and A > 0 depending only on ¢y, f and v such that

lu(t) — U(t)] = 0 exponentially in time as t — oo.

In the presence of model error and noise the synchronization given by Theorem 1.3 as
t — oo would be only approximate. While it seems reasonable that observing the reference
solution less frequently in time with larger § can be compensated for by requiring higher
resolution observations with smaller h, the difficulty we address in this paper is that once
the observation period ¢ is chosen, the theory does not allow more frequent observations
without again adjusting the resolution A and filter parameter \.

For simplicity assume as above that the time between subsequent observations is fixed
to be 0. The case where t,,,1 —t,, = 9,, with max, d,, small is interesting and commented on
in the conclusions.

Before introducing a relaxation parameter into Definition 1.2 we first present additional
numerical evidence to illustrate the constraints on the observation frequency suggested by
the proof of Theorem 1.3. Consider a fixed trajectory U(t) on the global attractor of the two-
dimensional Navier—Stokes equations obtained by a long-time integration of (1.3) forward in
time. Next, apply Definition 1.2 to compute wu(t) for different values of 4 while holding all
other parameters and the trajectory U(t) fixed.

The evolutions of |U(t) — u(t)| for the resulting simulations are depicted in Figure 1.
Consider the value of |[U(T) — u(T)| at T" = to + 1024 for the different values of § and the
behavior of each curve leading up to that time. The graph on the left suggests |U(t) — u(t)]
does not tend to zero as t — oo for values of § where § > 3. More surprisingly the graph on
the right suggests |U(t) — u(t)| does not tend to zero when 6 < 0.3. Thus, taking 0 either
too small or too large results in failure of the approximating solution u to synchronize with
U. This is consistent with the proof of Theorem 1.3.

Figure 2: The same calculation as Figure 1 redone for a different
reference solution U (t) lying on the global attractor.
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Note the skill by which Definition 1.2 recovers the reference solution U(t) depends on
the specific trajectory being observed. Some reference solutions may exhibit dynamical
behaviors that are more difficult to recover from the observational data while others are
easier to recover. Figure 2 repeats the calculations of Figure 1 for a different reference
solution on the global attractor. While the size of |[U(T) — u(T')| at T = to + 1024 is four
decimal orders of magnitude larger in Figure 2 compared to Figure 1, the trends of the curves
for large and small values of ¢ are similar. In particular, taking ¢ either too small or too
large results in failure of the approximating solution u to synchronize with U in both cases
while § &~ 1 is a good choice for the observation interval.

Figure 3: The ensemble average and geometric mean compared to
box plots (no outliers removed) of the error |U(T) — u(T')| at time
T =ty + 1024 for 500 simulations varying 9.
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To further characterize the rate at which the approximating solution converges to the
reference solution for different values of 0, the experiments of Figures 1 and 2 were repeated
for an ensemble of 500 reference solutions randomly chosen on the global attractor. Let &
be a fixed ensemble. Compute the ensemble average error for each 9 as

(U(T) = D)) = g SV (T) = u(T)

ve€

and the geometric mean as

M[|U(T) — u(T)]] —exp( > 1og [U(T) = w(T)] ).

UGS

Here |€| is the number of solutions in the ensemble.

Figure 3 reports the ensemble averages corresponding to ¢ € [0.1328125,4.21875] along
with the median and some additional statistics. The whiskers in the box plots are long
because no outliers have been removed. We remark the ensemble average lies above the
median because it is dominated by a the few trajectories in £ that lead to errors at time T
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with large magnitudes similar to Figure 2 while the geometric mean and median are much
closer. Since the median and geometric mean are more robust in the presence of extreme
variations, the 6 which minimizes the error shall be identified using these statistics.

We now address the difficulty that more frequent observations leads to lack of synchro-
nization between the approximating solution and reference solution by introducing a relax-
ation parameter into the data assimilation algorithm given by Definition 1.2. To mitigate
the difficulties that occur when inserting observations of the reference solution too frequently
into the calculation, it intuitively makes sense to insert those frequent observations less force-
fully. We therefore modify the discrete-in-time data assimilation algorithm studied in [6] by
introducing a parameter x which will depend on . In details let x > 0 and replace the
recurrence defining u,,; in Definition 1.2 by

Unr1 = (I — &) S (1 — tn)Uun + KJU (ty1). (1.15)

Taking x = 1 recovers the original algorithm while x < 1 underrelaxes the system. Note
that smaller values of k lead to proportionately smaller updates to the predicted state.

We remark that x plays a role similar to the term used by the Bayesian update for the
ensemble Kalman filter which balances the tradeoff between the accuracy of the predicted
state and the quality of the observations (see, for example, Evensen [10] or Grudzien and
Bocquet [17]). The context considered here, however, is that of noise-free observations with
exactly known dynamics. Thus, it is not noise and model error which lead us to introduce
x but the balance between lack of orthogonality in a rough interpolant and smoothing by
the dynamics. Although noise and model error are important for applications, the present
research studies only the noise-free case to focus on how x and ¢ are related.

The role & plays in (1.15) may be compared as follows to the role of y in the continuous
nudging approach of [3] given by

dv

pris vAv + B(v,v) = f+ puJ(U —v), where v(ty) = up. (1.16)

Note the effect of the nudging over the interval [t,, t,1] is approximately

/t I — )t~ o (U (L) — v(t)). (1.17)

Since at the beginning of the same interval (1.15) kicks the approximation by
—kJS(ty = tn1)un—1 + £JU (t,) = &J (U(tn) — u(ty,)),

it is natural to identify x with d. The numerical and theoretical analysis of this identification
is the main focus of the present paper.

After setting k = pd it follows that Kk — 0 as 0 — 0. Thus, the more frequent the
observations the smaller the update based on them. Our research begins by studying how
the optimal value of x depends on ¢ numerically. These simulations suggest k = pd is
reasonable. To further this connection between x and § we then prove analytically that
the k-relaxed discrete-in-time data assimilation algorithm with £ = du converges to the
continuous nudging approach as § — 0.

In particular, our main theoretical result is



Theorem 1.4. Given a reference solution U lying on the global attractor of the incompress-

ible two-dimensional Navier—Stokes equations, let u be the approzimating solution obtained

by (1.15) with kK = pd and let v be obtained by (1.16). Then, for every T > tq it follows that
sup {|lu(t) —v(t)|| : t € [to, T} = 0 as d— 0.

Moreover, the above result holds for every J = PyPyl, independently of whether h and A
have been chosen so ||u(t) — U(t)|| — 0 or even |[v(t) — U(t)|| — 0 as t — occ.

The above result allows us to take 0 — 0; however, we were unable to obtain suitable
choices of h, A and p such that |u(t) — U(t)| — 0 for all § sufficiently small. Instead we have

Theorem 1.5. There exists h, A\ and p such that for every e > 0 there corresponds T large
enough and oy > 0 such that

|lu(T)—-U(T)| <e forall  0<d <
and every reference solution U lying on the global attractor.

The above result is a consequence of Theorem 1.4 combined with Theorem 2 in [3] using
the triangle inequality. We state the proof here to illustrate the limits of our present theory.

Proof of Theorem 1.5. From Theorem 2 in [3] there exists h, A and p such that
lv(t) = U(t)|| — 0 as t — 00.
Let € > 0. Therefore, there exists T' large enough such that
llo(t) = U@)| <e/2 for all t>T.
Now choose ¢y > 0 in Theorem 1.4 such that
sup { [lu(t) —v(t)|| : ¢ € [to, T]} < /2 for all 0 < < dp.

It follows that
Ju(T) = U] < [u(T) = o(T)| + [o(T) = U(T)| < e.

This finishes the proof. O

This paper is organized as follows. In Section 2 we study how the optimal value of &
depends on § numerically and find that k = pd is reasonable. Section 3 begins with some
theoretical preliminaries and ends with the proof of Theorem 1.4. Concluding remarks and
directions for future work appear in Section 4. Also included is Appendix A which provides
explicit bounds on v in terms of T that are used in Section 3.
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2 Numerical Results

This section describes the computations which appear in the introduction. We then present
numerical evidence that taking the relaxation parameter s proportional to ¢ results in nu-
merical synchronization of the approximating solution with the reference solution over a wide
of values for § where § < 0.5 is not too large.

All simulations are performed for a 2w-periodic domain discretized on a 512 x 512 spatial
grid using a dealiased spectral method with 115599 active Fourier modes. Integration in time
was by means of the fourth-order exponential time-differencing method introduced by Cox
and Matthews [7] with step size At = 0.0078125. To avoid loss of precision the coefficients
for the time-stepping method were obtained as in Kassam and Trefethen [23].

The computer program that performs the data assimilation experiments presented in this
paper is written in the C programming language by the authors and compiled with GCC [16].
This same code was previously used in [5] to study the effects of noise in time-delay nudging.
An overview of how this program works follows. The MPICH MPI library [1] distributes
the computation of the reference and corresponding approximating solutions among the
computational nodes. Each MPI rank is threaded using OpenMP and the Fourier transforms
performed using the FFTW library of Frigo and Johnson [13]. While running, our simulations
compute the reference solution using MPI rank 0 and every m time steps where mAt = ¢ send
the observational measurements of U to the remaining ranks. Those ranks then construct
for different values of k the corresponding approximating solutions.

We remark the one-way flow of observations from rank 0 to the other MPI ranks mimic
real-world data gathering. This one-way flow of information also means network communi-
cation latency does not significantly affect the performance of our simulations. As a result
the data-assimilation experiments could be parallelized across a loosely-coupled cluster of
available machines using relatively low-speed gigabit Ethernet.

We now describe further details of the data assimilation experiments. The observational
measurements are given by local spatial averages around the points

pi = (l2:1(256/m) 4+ 0.5], [2;2(256/7) + 0.5])
on a 512 x 512 grid where
zi € { ((2n1 + 1)7/9, (2no + 1)7/9) : ny,ny =0,...,8 }.

The spatial averages are computed as

1
|Bi|

U; ~ ZU(pﬂ/QE)G) where  B;={peZ’:|p—p|* <24}

pEB;

The condition |p — p;|? < 24 corresponds to an averaging radius of about /247 /256 ~ 0.06
in the 27-periodic domain. Note there are 81 local averages and |B;| = 69 grid points in
each average. Since the grid consists of 5122 = 262144 points total, the local averages cover
about 2.13 percent of the physical domain. This percentage may be interpreted as how well
the spatial averages reflect point observations of the velocity fields.
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As the MPI ranks used for computing an approximating solution receive the observational
data it is interpolated as

JU(p) = P\Py Z Uixi(p)

i=1
where y; is the characteristic function for the square centered at p;.

To identify the relationship between k and § we performed data-assimilation experiments
for sampling intervals of

3
§=mAt  where m= {228(1—&1 for  p=0,1,...,17 (2.1)
and the relaxation parameters
3\ ¢/3
K= (Z) for which K € [0.0056, 56 and q€Z. (2.2)

In all we consider 873 choices for § and k. For each choice multiple simulations were per-
formed corresponding to an ensemble £ of 500 different reference solutions U lying on the
global attractor. This resulted in a total of 436500 data assimilation experiments.

Figure 4: The geometric mean of ||U(T") — w(T")||2 at T =ty + 1024
for varying values of § and .
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The ensemble £ was obtained from the long-term evolutions of randomly-chosen points
in phase space. In particular U € & implies U(tg) = Uy where Uy = 5(10240)Z, and Zj is
a random velocity field with energy spectrum similar to a point on the attractor. Although
Zy is unlikely to be on the global attractor, the evolution time of 10240 is long enough that
large scale structures have appeared in the velocity field and further undergone more than
300 large eddy turnovers. We remark that the energetics of each flow appear to enter into
a statistically-steady state while continuing to undergo complex fluctuations. This suggests
the initial conditions Uy for each of the trajectories in &£ lie very near the global attractor
and that this attractor is nontrivial.
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After every 3200 time steps the reference and approximating solutions were compared.
After 131072 time steps the final value of |U(T") —u(T)| at T = ty+1024 is returned. We note
the available hardware—mostly Xeon and Epyc servers—typically performed from 10 to 30
time steps per second depending on the exact processor and memory speed. On average each
run about took two hours. To facilitate scheduling the runs were partitioned into batches
that computed the reference solution and corresponding approximating solutions for seven
parameter choices at a time.

Figure 5: Box plots (no outliers removed) depicting the values of
that minimize ||U(T)—u(T)||z2 when T' = ty+1024 for each trajectory
in the ensemble. Note k = ud was fitted for § < 0.5.
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Figure 4 plots the geometric mean of the error at time T for each § € [0.0078125, 1.78125]
as a function of k where x € [0.0056,5d]. Note that additional runs when 6 = 0.0078125
were performed with x € [0.00317,0.0056) to ensure that small enough values of xk were
considered for this smallest value of §.

The value ki, of k that minimizes the geometric mean along the corresponding curve
for each 0 in Figure 4 was obtained using a least-squares quadratic fit of points near the
minimum. To illustrate how ,;, depends on § the points (§, £min) are plotted in Figure 5 as
circles. Note for 9 < 0.5 the relationship between k,;, and § appears linear. This linearity
is our primary numerical result and the focus of the theory in the following section.

Figure 5 further characterizes the relationship between s and § by considering each
reference trajectory U € & separately to obtain 500 different minimizing values of s for each
0. The distribution of the minimizing values of x are then displayed in quartiles for each
value of 0 considered. Finally a least squares fit of kK = pd for & < 0.5 was performed to
obtain p ~ 0.966. We remark p is not universal but a tuning parameter that depends on the
viscosity v, body forcing f, spatial domain and the interpolant observable J among others.
In particular, the value of p obtained above is only coincidentally close to one. What is
important for the present research is that the relationship between x and 6 appears linear.
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3 Theoretical Results

In this section we prove our main theoretical result given as Theorem 1.4 in the introduction.
Begin by translating the a priori bounds of Theorem 1.1 into bounds on the interpolated
observations represented by JU.

Proposition 3.1. Suppose U lies on the global attractor of (1.3) and f € V. There exists
constants py and pg depending on A, v, ||f|| and h such that

U <ps  and U] < p (3.1)
Proof. Estimate using (1.11) followed by (1.4) as
[JU = U = JU| + U] < (A7 + eh®)2|U| +|U]
to obtain p; = (A™' + c1h?)2p; + po. Similarly use (1.12) to estimate
1T = IU = JU[ + U] < (1 + Aerh®)2|U]| + U]
Thus, px = (1 + Aerh?)Y2p) + pr. O

Our estimates make use of the following version of Theorem 5 from [3] that removes the
condition on h and p but applies only on a finite time interval [t, 7.

Theorem 3.2. Suppose f € V and vy € D(A). Let v be the solution obtained from (1.16).
There exists bounds R, and R, depending on T, to, v, || f|| and vy such that

|vlla < Ra for  t €[ty T) with a=0,1,2 (3.2)

and

tnt1 1/2 ~
(/ [ol2dt) " < Bo for [t tun] C 0. T] with a=123.  (33)
tn

The proof of Theorem 3.2 is provided in Appendix A. We note here that the smoothness of
the interpolant J as well as f constrains the regularity of v.

We remark that vy = up in (1.16) where ug = JU(ty). Since J = P\Py 1}, then Pyvy = vy.
Consequently (1.9) followed by Proposition 3.1 yields the bound

| Avo| = || Pyvollz < Alvo| = ALJU(to)| < Apy.

In particular, we may assume vy € D(A) in the proof of Theorem 1.4. Moreover, since the
reference solution U lies on the global attractor A we may further assume the bounds R,
and R, to be independent of Uj.

Now use (1.11) and (1.12) as in the proof of Proposition 3.1 to obtain bounds on |Jv|
and ||Jv||. Thus, there exists R; and Ry further depending on h and A such that

|Jv| < Ry and |Jv|| < Rg-. (3.4)
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A number of inequalities involving the non-linear term are summarized in Chapter II
Appendix A of Foias, Manley, Rosa and Temam [14]. We recall here for reference

|(B(u,v), w)| < clulu]]2||v]|'/2] Av|*/2|w] (3:5)
forueV,veD(A) and w € H as well as
|(B(u, ), w)| < clu|'/?|Aul"?||v]l]w] (3.6)

for u € D(A), v € V and w € H. Note that the above inequalities hold for a suitable
constant ¢ depending on the domain §2 which in our case is L-periodic.
It follows from (3.5) that

|B(u,v)| < clu|"?|Ju|V/?||v]|/?| Av|/? for u €V and v € D(A) (3.7)
and from (3.6) that
|B(u,v)| < c|u|"?|Aul?||v|| for u€D(A)and v e V. (3.8)
Again from (3.7) it follows that
1B, v)[| < ellul | Aul2|jo]| /2| Av"2 + clul2 u|]/?| Av| V2| A 20|12 (3.9)
for u € D(A) and v € D(A%?). Setting u = v and interpolating then yields
| B(u, w)|| < c|ul*?||ul|*?| Au|?| A3/ 2|12 for u € D(AY?). (3.10)

For simplicity the ¢ appearing above and in (3.11) below will denote a single constant chosen
suitably large so all of the inequalities hold.

We shall also employ an estimate appearing in [5], Foias, Mondaini and Titi [15] and
Titi [26] based on the Brezis-Gallouét inequality which we state here as

Proposition 3.3. If v and w are in D(A) then

A 1/2
(Bw.0) + Blow), Aw)] < ol +10g)\1|/2—|1|j|\|> Aul, @1
1 v

where ¢ is a non-dimensional constant depending only on the domain.

Fix T' > tg. To study the limit on the interval [ty,T] as the time between observations
0 — 0 define t,, = tg+n forn =0,..., N where N is the greatest integer such that ty < T.
Assume § < Oy Where 0 < T — tg; otherwise, if 6 > T — tg, then no observational mea-
surements would occur during the interval [ty, T] and there would be no data to assimilate.
Upon substituting £ = dp into (1.15) and using the fact that ¢,.1 — t, = 0, the relaxed
version of Definition 1.2 becomes

14



Definition 3.4. Assume 0 < T — ty and define t,, = ty + én for n = 0,..., N where N is
the greatest integer such that ¢ty < T'. The relaxed direct-insertion method is defined as the
approximating solution u(t) for t € [to,T] given by

(t) = S(t—ty)u, for te€[ty,tpyr) with n=0,...,N—1,
St —ty)uy for telty,T]

where

Ug = JU(to),

In preparation to prove Theorem 1.4 let w,, = v(t,) — u, and w(t) = v(t) — u(t). Here
v(t) is the approximating solution obtained by (1.16). Definition 3.4 implies

u(t,,) = lim wu(t) = S(6)un,.

t/‘tn+1
Therefore
Wni1 = V(tps1) — (1= dpd)ult, 1) — OpJU (tnsr)

= w(t;-i-l) - 5MJ(U<tn+1) - U(thrl) + w(t;+1)>
(T S yultr) — S (Ultin) — vltne).

Consequently w satisfies

d
d—qf + vAw + B(v,w) + B(w,v) — B(w,w) = pJ(U —v) on t€ [ty thi1) (3.12)

with initial condition
wy, = (I —opd)w(t,) — ouJ(U(t,) — v(t,)) for n >0 (3.13)

and wy = 0 since we use the same initial state for both data assimilation methods. For
notational convenience we define w(t;) = 0 so that (3.13) also holds when n = 0.
Continue with the following estimate on the integral of L? norm of Aw.

Theorem 3.5. There exists My, M, and M, depending only on T, to, v, || f|| and the domain
Q) such that

|w| < My and |lw]| < M forall  telty,T]
and
tnt1 1/2 —
( / AwPar) " <My for [t tun] € o, T] (3.14)
tn
Proof. Let N be the greatest integer such that ty < 7. By Theorem 3.2 there exists R,
such that ||v]|, < R, for t € [to,T] and o = 0,1,2. Since the reference trajectory U lies
on the global attractor and vy = JU(ty) than these bounds can be taken independent of vy.

15



Multiply (3.12) by Aw and use the fact that (B(w,w), Aw) = 0 in two-dimensional periodic
domains to obtain
Ld|w|]
2 dt

+ v|Aw|* + (B(v,w), Aw) + (B(w,v), Aw) = u(J(U — v), Aw). (3.15)

From (3.11) it follows that

A 1/2
!(B(v,w),Aw)+(B(w,v),z4w)!SCIIwHHvH(lHOg Ao ) | Aw|

Aol
2R R
< eRYPR wl | Aw] € —=EfJwl? + 7| Aw] (3.16)
where .
R.=R <1+log—2).
L 1 /\}/ZRl
Also
p? 2V 2 0 2V 2
u(J(U —v), Aw) < 7|J(U — )]+ Z|Aw| < 701 + Z|Aw| (3.17)

where 01 =pj+ RJ.
Combining (3.16) and (3.17) with (3.15) yields

djwlf?
dt

262R1RL
v

2 2
+ v|Auf? < lwlP + =2-C2 < Gollull” + Cy. (3.18)

Here Cy = 2Ry Ry, /v and C3 = 2u2C? /v. Now multiply (3.18) by e~“2! and integrate from
t, to t where t € [t,,t,11) forn=0,1,...,N —1and t € [ty,T] for n = N. Thus,

t
C
|w(t)]]* + 1// 29| Aw(s)|?ds < @2 ||, |12 + é(ecﬂt’t") —1). (3.19)
tn

We obtain after applying (1.12) that

lwnll = (1 = dpT)w(t,) — ou(U(t,) — v(tn))]]
< [T =dplllw(t)]| + oull(l = J)w(t)| + opullJ(U () — v(ta))]l-

Therefore
[wnll < (1 + 0pCy)lw(t,)|| + 6uCs (3.20)

where Cy = 14++/1 + Ac1h? and Cs = pig+ Rk. Consequently, under the assumption § < 0pax
it follows that

Jeal® < (1 + 61002 leo(t) |2 + 201(1 + 5uCy)Cs ity )| + 6%122C
< (14 0uCa 2 w(t) 12 + 5u{ (1 + 6uC0)? ()| + C2} + 8242C2
= (1+ 3)(1+ SuC)? (e, I + Sp(L + ) C2
< (14 0uCo) Juo(t;) )| + 6uCs
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where Cg = 204 + OmaxtC7 + (1 + dpaxtCy)? and Cr = (1 + Opaxpt) C2.
Substituting into (3.19) and dropping the integral on the left results in

Cs
Jw(®] < {1+ uCollult I +5uCs} + e 1), (321)
Subsequently for n = 0,1,..., N — 1 taking the limit as ¢ — ¢,,,; obtains

Cs
lw(ta )l < € (1 + 0pCe)llw(t,)[I* + oue™Cr + = 27— 1),
2
Setting y, = ||w(t,)||* gives the inequality y,11 < ay, + 8 where a = °“2(1 + §uCs) and
B = 0pe®2Cyr + (Cs3/Cq) (2“2 — 1). By induction

< ay+ 3
yggay1+ﬁ§a2yo+(1+a)ﬁ

Yn < @ y0+2 004]5<04 Yo+ %5 —1
Using the fact that x < e* — 1 < ze” for x > 0 we obtain
a—1=e"% 14 6ue’2Cqs > 6(Cy + pue’2Cs),

o = en502(1 + 5N06)n < e(tn—t0)(C2+1Cs)

and

B = 6ue’@2Cr + (C3/C) (€772 — 1) < 62 (uCr + Cs).
Consequently, for n = 1,2,..., N it follows from § < .., that
e(tn—=t0)(Co+pCs) _

Cy + ued©:Cy
e mdx(C2+MC€)) _1 s

lw(E)][? < el el (t5) |2

< s ) 1)

< + (Co+ 11Co) =2 (uCr + C).
Since ||w(ty)]| = 0, there is a constant Cy independent of ¢ such that
|w(t;)|| <Cs  for  n=1,...,N.
It follows from (3.20) that
[wnll < (14 0uCa)lw(t,) | +6uCs < (1 4 dnaxptCs)Cs + dmaxiCs
and so there is also a constant Cy independent of § such that

llwn|] < Co for n=1,...,N.

Now use (3.19) to show there is M; such that ||w(t)|| < M, for t € [ty,T]. Note that

M2 = Cobman 2 4 gi (cCobmx _ 1),
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The Poincaré inequality (1.6) stated as A\j|w|?* < ||w||? immediately implies
w(t)] < AP lut)]| < My for t€ [t T)

where My = A; /2 M.
To obtain (3.14) suppose n = 0,1,..., N — 1 and integrate (3.18) from ¢, to ¢t. Then
taking the limit as ¢ — ¢, yields

tn+1 tn+l
)P = el v [ awpde < o [ Julfae + 8Ca
tn tn
Thus
tn+1
V/ |AwPdt < ||wp]]* + Omax(CoM?E + Cs)
tn

or equivalently

tn+1 1/2 — o 02 C M2 C,
</ |Aw|2dt> < M, where MZ==4 §max21—+5'
tn v

v
Finally, noting that My, M; and ]\72 depend only on T', ty, v, || f|| and €2 finishes the proof. [J
Corollary 3.6. There exists constants M; and Mg such that

|Jw| < M, and |Jw|| < Mg forall  t € [ty, T).

Proof. This follows at once from Theorem 3.5 applied to (1.11) and (1.12) exactly analogous
to the way (3.1) and (3.4) were obtained. O

The next step is to bootstrap Theorem 3.5 to obtain bounds which tend to zero as § — 0.
In order to do this we first prove the following two lemmas.

Lemma 3.7. There exists Mp independent of & such that
tn+1
/ w(t) — waldt < 8PMp  for  [twstara] € lfo T
tn
Proof. Estimate as

tnt1 tht1 s dw(t tnt1
/ |w(t)—wnydt§/ / M‘dtdsgé/
tn tn tn dt tn

< 5/t {V)Aw] + | B(v,w)| + [B(w,v)| + |B(w, w)| + ulJ(U - v)[}.

dw(t)
—=|dt
i

By the Theorem 3.5 we have
tnt1 tnt1 1/2 —
/ v|Aw| < 1/51/2(/ |Aw|2> < 620 M. (3.22)
tn tn
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Using (3.7) we have

tn+l tn+l 1/2 1/2 1/2 tn+1
/ B, w)| < / o 2ol [ V2] Awl 2 < cRY2RY2 ] |Auw|'?
tn tn

tn

tn+l 1/4 —~
< cRé/QR}/QMf/Qa?’/‘*( / |Aw[2> < 51 eRYPRY MMM
t

n

and from (3.8) it follows
tnt1 tnt1 1/2 5 T51/2
/ |B(w,v)| < c/ lw[/2| Aw| 2 ||v]| < 8¥*e My Ry M,?.
tn tn
as well as
tn+1 tn+1 1/2 ~1/2
[ B < [ ol Pl 2] < 8 M 3T
tn tn

Finally,
tn+1
/ WlT(U =) < 5u(py + Ry).
tn

Upon collecting the above estimates together we obtain
tn41
/ lw(t) — wy|dt < 6*>Mp
tn

where

MD = I/]/\>[/2+51/4

max

{RVERYAYE £ MRy + MYV 4 2 s + ).

rnax/j’
Noting that Mp is independent of ¢ finishes the proof.

Corollary 3.8. There exists Mg independent of & such that
tn+l
/ lw(t) —wt;))|dt < &2 Mg  for  [tw, tnia] C [to, T).
tn
Proof. Since w,, — w(t;) = —6pJ (w(t,) + U(t,) — v(t,)) then
tn+l
/ o — w(t)|dt < O2u(M, + py + Ry).
tn
It follows from Lemma 3.7 that

lnt1
/ lw(t) —w(t;)|dt < &**Mp + 6*u(My + ps+ Ry) < 6**Mp
tn

where ME = MD—{—(Srln/azX,u(MJ—FpJ—FRJ)
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Lemma 3.9. There exists pp and Rp independent of 6 such that for [t,,tni1] C [to, T] holds

tn41 tn+1
/ | J(U(t) = Ut,)||dt < 6*2pp  and / 1T (v(t) — v(tn))||dt < 83*Rp.
tn tn

Proof. Estimate using (1.14)

tn+1

tnt1 tn+1
[ - vl < e [T 100 - Ut lde < e
tn tn

‘ﬁd

tnt1
<y / AU + IBW,U)|| + IIfII}
tn

By the Cauchy—Schwartz inequality and (1.5)

tnt1 tnt1 1/2
v [l < e [T javie) " < o
tn tn

Similarly (3.10) implies

tni1 tnt1
/ IBUU)| < c / U202 AU V2 A2 ]2
tn tn

et 1/2 1/2 1/2) 23/27711/2 1/2 ~ ~\1/2
<c po Py |AUZ[AYRULE < 67 c(poprpaps) '~
tn

Therefore,
pp = cs(vps + clpoprpaps) ' + OS2I F1])-
The proof of the second inequality is similar except there is one more term which we
estimate using (3.1) and (3.4) as

tn+1

tnt1 tn+1 s dv(t)
1T ((t) = v(ta))|dt < e lu(t) — v(ta)||dt < c3 ‘THCM‘S
tn tn t tn

tn41
<ot [ Al + 1B o)+ 171+l S0 )]} < 82 Ro
t

n

where Rp = ¢3(vRs + ¢(RoRy Ry Rs)'/? + dutex (|| f| + poxc + pRxc)). O

We are now ready to prove our main theoretical result stated as Theorem 1.4 in the
introduction. Namely, under the above hypotheses we prove

Theorem 3.10. For every T >ty that
sup {|lw(®)| : t € [to, T]} — 0 as d— 0.

Proof. Fix T > ty. Let t, = tg+0n where § < dax and dpax < T'—ty. Let N be the greatest
integer such that ¢x < T and consider the interval [¢y, T]. Taking the inner product of (3.12)
with Aw as in the proof of Theorem 3.5 we obtain

1al||w||2 CQRlRL
2 dt 2v

M 2 < ——ZJw|* + p(J(U —v), Aw). (3.23)
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Note the factor-of-two improvement in the coefficient of ||w||* on the right comes from a
different application of Young’s inequality. In particular, rather than (3.16) we estimate

C2R1RL

|(B(v,w), Aw) + (B(w,v), Aw)| < 5,

v
lwl* + 5 Awl*.

2
Upon applying the Poincaré inequality (1.6) written as A ||w]||? < |Aw|* we obtain

dffwi*

o < Ciollw|)?® + 2p(w, AJ(U —v)). (3.24)

where Cig = 2R1 Ry /v — vA;.
Recall that w(t,) = w,. The definition of w,, given in (3.13) implies

= (L= dp)w(t,) + op(l — J)w(t,) — opJ (U(tn) — v(tn)).

Therefore,

Jewall® = (1 = 82llew(t, )2 + 262l(T = Dw(ty) = JU(ta) = v(ta))]?
T 200(AV2(1 = Sty ), AT — J) (t; >>
— 200(1 — o) (AYw(t, ), AV (U )
< (14 0uCu) ()| — 20wt >AJ<U< > 0(ta)) + 6% Cha

where
Cll =2+ 6max,u + 263(1 + 5max,u)

and
Cio = (M1 + Mg + pPK +RK>2 +2M1(pK + RK)

Note for the above estimates we have used
(1= 06p) < 1+ 60(2 + Omaxht),

(I = Nw(ty) = J(U(ta) — v(ta))|I* < 0°p* (M + M + px + R)*,

2(AY2(1 = dp)w(t,), AL = w(t,)) < 201+ dmaxt) [w(t) I (1 = T)w(t,)]
< 2(1+ Bmaxtt) (1 + Aerh®) 2 w17 < 263(1 + dunaxpt) [0 (E,) |

and
20° 2 (AYPw(t,), AV2I(U(t,) — v(ta))) < 28%° Mi(pic + Rg).
Multiply (3.24) by the integrating factor e~“1¢ to obtain

d, _ _
E(e Dotl|p||?) < 2e=0 p(w, AJ(U — v)). (3.25)
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Now, integrate over [t,,t,.1) to obtain

lw(t, )7 < D flwn|* + 2 /ttn+1 0170 (w(t), AT(U(t) — v(t)))dt
< e {(1+ 5M011)||w(t;)\|;— 20p(w(ty), AJ(U(t,) = v(tn))) + 0*4*Cia}
+ 2u /ttn+1 eCroltnar=t) (1), AJ(U(t) — v(t)))dt
< PO (14 Cuudp)[w(ts) | + 643Ci)
%%{ATH{e@“”“_”@LﬂU@)—v@»ﬂMﬂ)

— (AU () ~ vlta)), w(ty)) el
< 60105{<1 + Clléu)Hw(t;)HQ + (52/L2012 + 2/1([1 + 1L+ I3+ I4)}

where
I = /t " (eColtn=h — 1) (AV2J(U(t) — v(t)), AYV*w(t))dt,
b= [ ATU0 = o). w(t) - i)
h:/%HMWﬂU@—U%»AWMQDﬁ
and

I =— /tn+1 (A2 J(0(t) — v(tn)), AYw(t,))dt.

Let us estimate I; first. Using (3.1) and (3.4) followed by (€100 — 1) < C156e°10° yields
tni1
I < / (1= DN IO E) = v(®)||lw(t)]dt
tn
tn41
< (px + RK)MﬂiCmé/ (60106 — 1>dt < §Cy3
tTL

where C13 = (px + Rx ) M;Cho.
Second estimate 5. Using J = PyJ and (1.9) with a = 2 followed by Corollary 3.7 yields

&gZWHMﬂU@—U@mw@—w@Mﬁ
< / AR ) — o) |lwt) — wit;)dt
< [ NI = o)l - wiey L

tnt1
tn
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where 014 = /\1/2(,0]( + RK)ME
Finally estimate I3 and I, using Lemma 3.9 as

QSKHWNww—WMWWWNﬁ
<M / IO = U |t < 6720

where C'5 = Mipp and similarly

ASZMWNW%meWNMW
<M, / ) = ot [t < 672Chg

where CI6 = MlRD.
It follows that

lw(t, DI? < {1+ duCu)llw(t,)I? + 6% Cir }

where C7 = 5r1n/azx(,u2012 +2pCi3) + 2p(Chry + Ci5 + Cig).
Setting v, = ||w(t;)||? gives the inequality y,.1 < ay, + B8 where a = (1 + 6uCy;)
and B = §%/2¢°“10Cy,. Note that

a—12>§(Co+ u66010011) and a < eltn=t0)(Crot+pCu)

Therefore, by induction

(tn—t0)(Cro+uC11) _ 1

Cho + pedcCyy
6261113,){(010“!‘,“011) _ 1

Cio + nChi

|w(t,)] < e(tn—to)(010+MC1l)||w(ta)” + §1/265C0

< 2ma(Cro O |l (1) +

51/266max010 017

Since [|w(ty)|| = 0 it follows there is C}g independent of ¢ such that
lw(t;)|| < 0Y%Chs for n=1,...,N.

Again from (3.20) we have
[wnll < (14 6puCh)8"*Crs + 6uCs < 6'/2Cig

where Chg = (1 + OpmaxtCy)Cis + 51111/32X/¢C5. Finally, (3.19) implies
C
lw(®)I < e0CT + 22 (e = 1) < eP*0CF, + Ca0e™® < 30
2
where Cyy = e29max(C2 4 (). Therefore ||w(t)|| — 0 as 6 — 0 uniformly on [to, T). O
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4 Concluding Remarks

In the context of the incompressible two-dimensional Navier—Stokes equations we have in-
troduced a relaxation parameter x depending on the time ¢ between successive observations
into the update step of the spectrally-filtered direct-insertion method. This overcomes the
lack of synchronization when the observations are inserted too frequently. The relationship
between k and d may be obtained numerically by varying these parameters independently
and then minimizing the average error about an ensemble of reference solutions. It turns
out that the relation k = pd for a particular fixed p works well over a wide range.
Analytically we have shown as é — 0 that the approximation corresponding to the x-
relaxed discrete-in-time method converges to the solution obtained by continuous nudging
on any finite time interval. Although this does not imply ||u(t) — U(t)|| — 0 as t — oo
for all sufficiently small 9, the numerics suggest for suitable h, A and p that u does indeed
synchronize with U. A complete analysis proving such a result would be of great interest.
Data assimilation for the two-dimensional magnetohydrodynamic equations studied by
Biswas, Hudson, Larios and Pie [4] and Hudson and Jolly [19] provide an opportunity to
further test the scaling k = du. Let S be the semigroup corresponding to the evolution of
the two-dimensional magnetohydrodynamic equations and X = (Uy, Us, By, By) be the state
of the velocity and magnetic fields. Given the free-running solution X(¢) = S(¢)X, consider
interpolated observations JX(t,) at times ¢, taken on one component of each field. Thus,

J(“’l? Ug, bl; b2) = (Ju17 07 Jb17 O)

where Ju; and Jb; could be projections onto the N lowest Fourier modes or interpolants of
the form PyPgI, as in (1.10). The analysis step corresponding to (1.15) then becomes

Xpt1 = (L = 0pd)S(tnr1 — tn)xn + opuIX(t,).

Our conjecture is that x,, will as 6 — 0 converge to the approximating solutions obtained
by the continuous-in-time nudging method given as Algorithm 2.3 in [19].
In the more general case where t,,.; — t, = §, and max, d,, is small (1.17) reads as

/t I — o)t~ ST (U(t) — o(t))

which immediately suggests the time-dependent relaxation parameter x,, = d,u. We expect
similar results to those obtained here also hold when (1.15) is replaced by

Upt1 = (I — 0ppud)S (tns1 — tn)un + S JU (tni1).

We remark that the time between successive observations may not be uniform when there
are missing observations. Thus, it may happen that max, 9, is not small but for most of
the time ¢, is small. In this case taking x,, = min(1,d,u) would avoid overrelaxation where
kn > 1. This suggests another direction for future work: Find conditions on sequences
of d,, which for some values of n are large and for which the approximation u numerically
synchronizes with the reference solution U.
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A Appendix

In this appendix we follow the methods used to prove Theorem 5 in [3] to obtain explicit
bounds on v given by equation (1.16) that avoid imposing additional conditions on h and u
but hold only for a finite time interval [ty, T'|. These bounds depend on 7" and are valid for
the case when v does not synchronize with U.

We begin with the following existence theorem:

Theorem A.l. Suppose J = P\Pyl, where I, satisfies (1.10). Then for any h > 0 and
> 0 the equations (1.16) with f € V and v(ty) € V' have unique strong solutions that satisfy

v € C([to, T); V) N L*((to, T); D(A)) (A1)
and 4
< € L((to.7): H) (A.2)

for any T > t,.

The following analysis makes use of the Aubin Compactness Theorem which we state
here for reference as

Theorem A.2. Consider three separable reflexive Banach spaces X1 C Xo C X_1 in which
the inclusion X, C Xy is compact and the inclusion Xo C X_1 is continuous. If v, is a
sequence such that

H dv,,

and

||UmHL2((tO,T),X1) L2((t0,T),X_1)

are uniformly bounded in m. There there is a subsequence m; and v € LQ((tO,T), XO) such
that

T
V(T) — U, (T > dr =0 as | — 00.
|l = v, @1, ;

to

Details are in Aubin [2], the proof of Lemma 8.2 in [8] or page 224 of [14].

Our analysis also makes use of a particular case of the Lions—Magenes theorem stated as
Theorem 3 in Section 5.9.2 of [9] or Lemma 1.2 in Chapter III of [25]. We state this result
here for reference as

Theorem A.3. Suppose X1 C Xo C X_1 is a Gelfand triple. Thus, X is densely and
continuously embedded in Xy and X_1 is the dual of X1 with a pairing that extends the inner
product on Xo. Suppose u € L*((to,T); X1) with du/dt € L*((to,T); X_1). Then, after
redefinition on a set of measure zero, the mapping

t— u(t)|%,

is absolutely continuous with

Dt g, = 2( 24 o) (A3

for almost every to <t <T.
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We turn now to the
Proof of Theorem A.1. Let g = f + puJU. By Proposition 3.1
gl < [fI+ulJUI <Gy where  Go=|[f[+ upys. (A.4)

Now proceed by the Galerkin method.

Let P,, be the projection onto the m lowest Fourier modes. Note the projection P,
employed in this proof is related to the spectral filter Py introduced in (1.7) such that
P, = Py for m = card{k € J : 0 < |k|*> < A}. Although the Galerkin method could be
carried out using Pj, for consistency with [25], [8], [14] and [24] we shall employ P,,.

Choose m large enough that P,, P, = Py. Thus, P,,J = J. Now, consider the truncation
of (1.16) given by

dv,,

s + VAV, + P BV, V) = Png — pJuy, (A.5)

where v,,(to) = P,,vo and t > ty. Note v,, € P, H is finite dimensional with dimension m.
Our goal is to find bounds on v, which are uniform in m and hence to let m — oo to
obtain a solution for (1.16). Taking inner product of (A.5) with v,, we have

1 %
S Nvml? +vllvnl? = (g,0) = p(Jvm, vm) < ﬂ|9|2 + §|vm|2 — (S Vi, Um). (A.6)

Estimate the last term of (A.6) using (1.11) as

TV, Vm) = (O = TV, Om) = plom|* < vy — T[] — g1l |?

H v o, AT b, 2
S5V — JUm 5 . |Ym| — m
S SO ey v Teml 4 3 v [oml™ = loml™ a7
_v 2 A +ah®)p® 2
= Dol + (S )

Substituting (A.7) back into (A.6) and multiplying by two then yields

d 1
Zloml® vl < ;|9!2+’7\vm|2 (A.8)

where v > (A7 + ¢ h?)p? /v — p. We further assume v > 0. Note the case when v may be
chosen negative was treated in [3] and leads to the synchronization of v with U.
Now, drop the viscosity term v||v,,||* from (A.8) and apply (A.4) to obtain
d G? d Gy -

E|Um|2 - 7|vm|2 < 7 or equivalently %(|Um|2e—’yt) <

Since |vy,(to)| < |v(to)|, integrating from ¢y to ¢ yields
2

G
o ()2 < Ju(t)|2e710) 4 7—/3(@7(’5_“’) —1). (A.9)
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Moreover, v > 0 implies ¥ < 7 for t € [to, T]. It follows that

GQ
lum ()] < Ro where RZ = |u(to)[Pe?T10) 4 Z0((T=H0) 1),
TH
We emphasize that Ry depends on 1" but holds uniformly in m.
Next, integrate (A.8) directly as

T

o (T)[? = [o(to) |* + u/ [0 (7)||2dT < %/

to to to

From this (A.4) and (A.10) imply

v [ () Pdr < (% +VR(2)> (T = to) + [o(to) "

to
It follows that

g 2 1/2 o 2 1 Gg 2 1 9
(/ [[vm (7)) dT) < R; where Rj= » (7 +’YR0) (T —to) + ;Ro-

to

T
glr)Pdr + [ Jouar

(A.10)

(A.11)

(A.12)

To estimate ||v,,(t)]|? and ftf | Av,,, (7)|?d7 take inner product of (A.5) with Av,,. Thus,

1d
5 g llomll* + V1 Avn | + (B(um, vm), Avin) = (g, Avin) = (S0, Avy).

From (3.5) followed by Young’s inequality with p =4 and ¢ = 4/3 we have

|(B(Um, Um), Avp)| < C|Um|1/2||Um||1/2||vm||1/2|/4vm|1/2|Avm|

61 /s 54 ’
_ /2 3/2 4 |2 4V 2
= <V3/4C|Um’ HUmH> <63/4’AUM‘ ) < 3¢ |V [ vm|” + 8|A'Um’ :

We also have
2 o UV 2
(g, Av)| < JgllAvn] < ZG3 -+ 2| Aun)

and recalling the definition of v that

—p(JVmy Avin) = p(Vim — SO, Av) — NHUmH2
2
L v v
< 7|Um - JUmF + Z|Avm|2 - N||Um”2 < ’y||va2 + Z|Avm|2‘

Substituting (A.14), (A.15) and (A.16) into (A.13) yields

d 108 4G?
vl + v Aol < = E oo + =2 + 29

and consequently

d

108 4G?
lonll? = (S5 e ol lvml? +27) llow|? < =2

14

27

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)



for all ¢ € [ty, T]. Define

onlt) =ew{ = [ (S tonPII +2)ar |

Note that

/to @04'“”* ) llvm (712 +29) dr

108 T 108 ~
< e 432/ lom ()27 +2(T = to)y <~ RERS +29(T — to) < o

to

and therefore
Dim(t) > exp —<Fc R2R? + 29(T — to)) forall  te0,T].

Multiplying (A.18) by ,,(t), integrating and using that ,,(t9) = 1 and ¥,,(to) < 1 yields

SOOI — [lom (1) < 220 / dm(rtr < 27 ). (A.19)

Since v, is decreasing on [to, T, it follows that

lom ()| < Ry where R? =

! 2 ﬁ _
o (et + S - )

On the other hand, directly integrating inequality (A.17) gives us

[ (T)I* = lvm (to) I* + V/ | Avi (7)[*dr

. fo e (A.20)
< [ (PPl +23) fon() P + 2T = o)

Estimate

/ (lom Pl (0P + 23) e

to

T
< (RR? +27) / lom(7)|2dr < (RZR2 + 27) 2.

to
Substituting this into (A.20) yields
T /2 -
([ 1vnirpar)” < R
to

where

~, 108 4G3
R3 = — A(R2R? +27)R? + = —2(T —to) + R2
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Next we obtain uniform bounds on dv,,/dt. Setting R; = (A™' + c;h?)Y2R; + Ry as in
the proof of Proposition 3.1 we obtain that |Jv,,| < R;. From (A.5) and (3.7) holds

dv,,

dt

| < vlAvn] + clom 2lom || Ava |2 + Go + uR,
C2 2
< 2|Av,| + EROR1 + Go+ pRy.

Therefore,

dv, |2 2 2 ¢ 2 2
| < s Avnf + 2(5}?,031 Gt MRJ)

and we obtain

([

Hence dv,,/dt is bounded in L*((ty,T), H) uniformly in m.
At this point we have shown that the solutions u,, satisfy the bounds

dv,,

2\1/2 2 25 c? 2 2
= ) < Ry where RZ=S8vu Rz+2<ERORl+GO+,,LRJ) (T — to).

dv,,

<R and |5

< Ry

H“mHLz((to,T),D(A» L2((to,T),H)

uniformly in m. Since the inclusion D(A) C V is compact and V' C H is continuous, then
by Theorem A.2 there is a subsequence m; and v € L*((ty, T'), V') such that

/ |v(r) — Umj<7')H2dT —0 as J — oo.

to

Taking additional subsequences if necessary we may further suppose v € L*®((to,T); V') and
that the weak time derivative dv/dt € L*((to,T); H).
It follows that

v € L>((ty, T); V) N L*((to, T); D(A)) and dv/dt € L*((to,T); H). (A.21)

Moreover, since J: V' — V is continuous then for every ¢ € H holds

(%2.6) + v(Av,0) + (Bv,v),6) = (9,6) — u(Jv,0) (A22)
for almost every ¢ € [to, T].

It remains to show such solutions are unique, contained in C([to,7T];V) and depend
continuously on the initial data. Let v; and v, be solutions satisfying (A.21) and (A.22).
Choose K large enough such that ||v1|| < K and ||ve|| < K for almost every ¢ € [to, T]. Let
U = v; — v9. Then v satisfies

dv

o + vAD + B(v1,0) + B(0,v9) = —puJ0. (A.23)
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By the Riesz representation theorem every element ¢* € V' can be represented by ¢ € V5
such that (o*, w) = (w, ), for all w € V. Setting ¢, = |k|*¢r we obtain ¢ € H where

(w, ) = L2 Y kPwdhy = L2 Y [kl *wipr = (w,9)2 = (", w).

keJg keJ

This identifies the dual of V, with H in such a way that extends the inner product of V.
Thus, D(A) C V C H is a Gelfand triple.
Now take inner product of (A.23) with A0 and apply Theorem A.3 to obtain

1d ) o
55“6”2 + V|AD? + (B(v1, ), AD) + (B(0,v3), AD) = —u(Jo, AD). (A.24)
Estimate
- - . N 27c4 . v,
(B(o1,5). A < cloa 2ol 21452 < 2o o512 + 5 A5,
. . . . 27¢ B Voo
(B, 02), A45)| < el eal| 4D < Z5 8] + 5| A0
and ) -
—(J5, AD) < plJ5|| 48| < L]0P + S A0 < 202 + S Ao,
Hence,
d ~ 27 4 2.2 ~
ol < (V3;1K4 + %) 52 forall  te [to,T]. (A.25)

Integrating (A.25) yields
27¢ pcl
~ 2 < |5 2 4 2 . .
917 < o) exp { (To K+ 52 ) (6 = to) }

Since 0(ty) = vy (to) — v2(to) this shows strong solutions are unique and depend continuously
on the initial data. [

Note that the proof of Lemma A.1 has already provided the bounds
T /2 -
v < Ry for a=0,1 and </ ||v||3> <R, for a=1,2.
to

To finish the proof of Theorem 3.2 we need explicit formulas for R, and }Nzg. To this end we
further assume vy € D(A) and present the following formal estimates that if desired may be
made rigorous using the same techniques as above.

Provided f € V and U, € V, it follows that g = f+puJU € V for all t > 0. In particular,

lgll < IfIl+pllJUI <Gy where Gy =|[fl| + pok.
Now take the inner product of equation (A.5) with A%v to obtain

1d

2dt|Av|2 + V|A3/2U|2 + (AI/QB<U,U>,A3/2U) _ (Al/Qg,A?’/Qv) _ ,u(Al/2Jv,A3/2v)_
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Estimate using (3.10) as

‘(AI/QB(U v), A3/%y )‘ < ||B(v U)|||A3/2U| < C|U|1/2||U||1/2|AU|1/2‘A3/2U|3/2

9! 24 3/2,12 < 9 2 2 24 3/2,.12
< TPl + KA < T R R v+ Vv
Also
3
(4129, 4%20)| < []gll|AY20] < G2+ 2 AY20f?
14
and

3 2
1 (AV2 T, A320) | < ]| Ju|| A¥20] < %R} + %|A3/2v|2.

It follows that
d
%|AU|2+V|A3/ZU|2 < cq] Av|® + 5 (A.26)

where

934

3
= oYy 3R0R2 and s = ;(G% T NQR%).

Dropping the second term of the left, multiplying by e~“* and integrating over [to,t) yields
|Av|? < ec4(t*t°)|Av0\2 + Z_i(ea;(tto) _ 1)_
Therefore, for t € [ty, T'| holds
|Av|* < Ry where Ry = eT=0)| Ay | + z—i(ec“(TtO) —1).

This is the @ = 2 bound needed for (3.2).
Next, directly integrate (A.26) over [to,T] to obtain

T T
Au(T)J? — |Av0|2+y/ |43/ 2y 2 §c4/ AV + (T — to)cs

to to

so that

4 3/2 21/2 [ 2 1 2 2
(/ | A3/2y| ) < Rj3 where R; = ;(R2+C4R2+(T—to)c5).

to

Finally, note that [t,,t,.1] C [to, T implies

tnt1 ) 1/2 T 9 1/2 ~
()" < ([ we)” <k
tn t

0

Therefore, the bounds éa for @« = 1,2, 3 obtained in this appendix satisfy (3.3).
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