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CONTINUOUS DATA ASSIMILATION WITH BLURRED-IN-TIME
MEASUREMENTS OF THE SURFACE QUASI-GEOSTROPHIC
EQUATION

MICHAEL S. JOLLY!, VINCENT R. MARTINEZ?, ERIC J. OLSON?, AND EDRISS S. TITI*T

ABSTRACT. An intrinsic property of almost any physical measuring device is that it makes
observations which are slightly blurred in time. We consider a nudging-based approach
for data assimilation that constructs an approximate solution based on a feedback control
mechanism that is designed to account for observations that have been blurred by a moving
time average. Analysis of this nudging model in the context of the subcritical surface quasi-
geostrophic equation shows, provided the time-averaging window is sufficiently small and
the resolution of the observations sufficiently fine, that the approximating solution converges
exponentially fast to the observed solution over time. In particular, we demonstrate that
observational data with a small blur in time possess no significant obstructions to data
assimilation provided that the nudging properly takes the time averaging into account.
Two key ingredients in our analysis are additional boundedness properties for the relevant
interpolant observation operators and a non-local Gronwall inequality.

Dedicated to Professor Andrew Majda on the occasion of his 70th birthday

1. INTRODUCTION

The surface quasi-geostrophic (SQG) equation models the dynamics of the potential
temperature on the two-dimensional horizontal boundaries of the three-dimensional quasi-
geostrophic equations, which, in turn, are approximations to the shallow water equations in
the limit of small Rossby number where the inertial forces are an order of magnitude smaller
than the Coriolis and pressure forces. This is the regime of strong rotation, where the time
scales associated with atmospheric flow over long distances are much larger than the time
scales associated with the Earth’s rotation (cf. [43]). The model of focus in our study of
data assimilation is the subcritically dissipative SQG equation subject to periodic boundary
conditions over the fundamental domain T? = [—m, 7|?. In non-dimensionalized variables, it
is given by

0 + kN0 4+ u- VO = f,

u=PR", 0(z,0)=0(z), (1.1)

where A7 = (—A)/2 corresponds to the Fourier muliplier operator |k|?, Rt = (—Ry, R;)
is the perpendicular Riesz transform, where each R; corresponds to (—ik;/|k|)kez2\ (0}, and
the strength of dissipation satisfies 1 < v < 2. Note that v = 1 gives the critical case
while 0 < v < 1 gives the supercritical case. The scalar function 6 represents the surface
temperature or buoyancy of a fluid advected along the vector velocity field u. The parameter
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k is a fixed positive quantity, which appears due to the phenomenon of Ekman pumping at
the surface. Note, also, that if 6, has zero mean over T?, then the property ﬁ sz O(t)de =0
is propagated for all ¢ > 0, so long as f has zero mean over T? as well.

Since their introduction into the mathematical community by Constantin, Majda, and
Tabak [19], the subcritical, critical and supercritical SQG equations have been thoroughly
studied. Well-posedness and global regularity in various function spaces has been resolved
in all but the supercritical case, (cf. [10, 17, 18, 20, 22, 24, 39, 40, 44]), and also for certain
inviscid regularizations (cf. [38]). The long-time behavior in the subcritical and critical has
been studied as well and in particular, a global attractor theory has been established for
them (cf. [11, 13, 15, 20, 21, 34]). These equations have been used to simulate the produc-
tion of fronts in geophysical flows and in spite of being a scalar model in two dimensions,
possess solutions that behave in ways that are strikingly similar to fully three-dimensional
flows. Therefore, equations (1.1) provide a physically-relevant dynamical context in which
to analyze the performance of our model for data assimilation, that also supplies additional
analytical difficulties that requires us to further develop the theoretical foundations of our
approach.

Given a geophysical equation that describes some aspect of reality, the ability to predict
the future using this equation requires an initial condition that accurately represents the
current physical state. Although weather data has been collected nearly continuously in
time since the 1960s, this data represents, at best, an incomplete picture of the current state
of the atmosphere. Thus, rather than an exact initial condition, in practice one has a time
series of low-resolution observations. Moreover, due to the nature of the measuring devices,
the data itself may contain noise as well as systematic errors. Of particular interest to our
present study is the fact that nearly all physical instrumentation produces measurements
which are manifestly blurred in time. For example, the heat capacity of a thermometer
naturally averages temperatures as they change over time while the rotational inertial of
an anemometer similarly averages velocities. Time averages in satellite images result from
finite shutter speeds and further averages result when satellite data is obtained by comparing
two subsequent images. Blocher [7] shows both analytically and computationally that noisy,
blurred-in-time observations of the X variable can be used to synchronize two copies of the
three-dimensional Lorenz system of ordinary differential equations (ODEs) up to a factor
of the variance of the noise, see also [8]. As the analysis of the SQG equation is more
complicated, we do not consider noise or systematic errors in this work, as this was studied
in [6] and [29], but instead focus solely on how to assimilate data that has been subject to
a moving time average.

The idea of finding the current physical state by combining a time-series of partial obser-
vations with knowledge about the dynamics dates back to a 1969 paper of Charney, Halem,
and Jastrow [12]. Doing this optimally is the subject of data assimilation. Data assimilation
has received considerable attention in both its theoretical development and practical use for
the prediction of the weather (cf. Kalnay [35] and references therein). The approach of
interest in this article computes an approximation using a “auxiliary system” obtained by
taking the original model, which is assumed to coincide with the observations in the absence
of measurement error, and applying feedback control based on the observations. This feed-
back control serves to nudge the solution towards the unknown but observed solution no
matter what original initial condition was chosen for it. In theory, one could then integrate
the approximate solution forward in time to obtain a good approximation of the current
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physical state. This approximation would then serve as an initial condition for subsequent
forecasts.

The auxiliary system described above was first proposed as an approach to data assimila-
tion for the model problem of the two-dimensional incompressible Navier—Stokes equations
by Azouani, Olson, and Titi in [3]. In that work, exponential convergence of the approxi-
mating solution to the observed solution was shown under general conditions in which the
observations were assumed to be taken continuously and instantaneously in time. By now
this approach has been studied for several other physical systems such as the one-dimensional
Chaffee-Infante equation, the two-dimensional Boussinesq, the three-dimensional Brinkman-
Forchheimer extended Darcy equations, the three-dimensional Bénard convection in porous
media, and the three-dimensional Navier—Stokes a-model (cf. [1, 2, 3, 25, 26, 27, 41]). No-
tably, Farhat, Lunasin, and Titi in [28], recently verified, in the case of the three-dimensional
planetary geostrophic model, an earlier conjecture of Charney that posited that in simple
atmospheric models, the temperature history determines all other state variables. The ef-
fects of noisy data were studied by Bloemker, Law, Stuart, and Zygalakis [9] and Bessaih,
Olson and Titi [6]. A case related to the study undertaken by this paper, where observations
are taken at discrete moments in time, rather than continuously, and with systematic deter-
ministic errors, was studied in [29], while fully discretized versions were considered in [32].
Postprocessing methods were also applied to further ameliorate errors in this downscaling
algorithm and in particular, obtain error bounds which are uniform-in-time (cf. [42]). See
also [5] for a study into the continuous-time extended Kalman-Bucy filter in the setting of
stochastic nonlinear ODEs. Observational measurements that have been blurred in time are
studied here.

In continuation of the work in [33], we combine a feedback control based on time-averaged
modal observables with the dynamics of the 27-periodic subcritical SQG equation to obtain

{am + kN 0V = f = p(J3(n) — J5(9)),

(1.2)
v=RE, (@8] a5 = (@),

Here p is a relaxation parameter, JJ () represents an idealized interpolant based on modal
measurements with observation resolution h along with a moving time average over intervals
of width ¢ that represents the blur intrinsic to the measuring device used to obtain the data.
It is natural to suppose that the observed solution, @, represents the long-time evolution
of the SQG equations, which is to say that € belongs to the global attractor and therefore
exists backward in time for all ¢ < 0. For our analysis, however, it is sufficient to go back
only as far as t = —20. We therefore make the milder assumption that 6(-, —29) belongs to
an absorbing ball for (1.1) with a sufficient regularity. Note also that in order to construct
the data assimilation algorithm given by (1.2), we have assumed that the SQG equation
is known in addition to the exact value of k. What is not known, of course, is the initial
condition for 7 represented by the function g(z,t). Theoretically speaking one might as well
take g(x,t) = 0; however, any 27-periodic function with with mean zero that lies in the
aforementioned absorbing set would be fine. Therefore, there may be better choices for g
in practice. In particular, if we take g(z,t) = (x,t) for t € (=26,0], then J2(n) = J2(0)
in (1.2), so that n(z,t) = 6(x,t), for all £ > 0; we refer the reader to Section 4.1 to help
clarify this fact. Although there would be no need for data assimilation if 0(x, t) were already
known, this cancellation is necessary to obtain the important mathematical property that,
in the absence of noise or model error, n exactly synchronizes with 6 over time.
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We will assume that equation (1.2) governs the evolution of the approximating solution, 7,
used in our analysis of data assimilation for the SQG equation with observations that have
been blurred in time and with 27-periodic boundary conditions over T?. We will treat the
subcritical case, when v € (1,2). Our main results consist of the following two theorems:

(1) The data assimilation equations given by (1.2) are well posed (Theorem 1);

(2) For h sufficiently small, there exists a choice of p and ¢, for which the differences
between 7 and 6 vanish over time (Theorem 2).

Note that treating the critical case v = 1 would, of course, also be very interesting for any
type of observational data. However, this is beyond the scope of our present analysis.

We defer formal statements of our theorems to Section 3, after we have defined the math-
ematical setting of our problem in Section 2. Let us point out, however, that the presence
of the moving time average introduces certain analytical difficulties. Firstly, it is difficult
to control temporal oscillations in the approximating solution that arise due to deviations
of the blurred-in-time observations from the exact values of the reference solution. For this,
we must especially make use of more delicate boundedness properties of the interpolant op-
erator, which we identify and prove in Section 2.2 and Appendix B, respectively. Second,
a suitable non-local Gronwall inequality is required to control the difference between the
approximating solution the observed solution. Theorem 2 shows that these obstacles can
indeed be surmounted provided that § is small enough. In this regime, (1.2) achieves exact
asymptotic synchronization at an exponential rate and therefore performs similarly to the
case studied in [33], where the observations are not blurred in time. Lastly, we emphasize
that our approach to the analysis of this problem renders transparent which errors arise
from the delay and which arise from the blurring, as well as the manner in which these
errors transfer from one time-window to the next. Because of this, we are able to capture
mathematically the role of the size of the averaging window.

2. PRELIMINARIES

2.1. Function spaces: L., V,, H% , H° , C®. Let 1 < p < 00, 0 € R and T? =

per? per? per? per*
R?/(27Z) = [—7,7]*. Let M denote the set of real-valued Lebesgue measurable functions
over T?. Since we will be working with periodic functions, define

Mper = {p € M : d(x,y) = ¢(z + 27,y) = ¢(x,y + 27) = ¢(z + 27,y + 27) ae.}.
Let C*(R?) be the class of functions which are infinitely differentiable on R?. Define C\2,(T?)
by
Coo(T?) == C®(R?) N M,

For 1 < p < oo, define the periodic Lebesgue spaces by
Lger(r]ra) = {¢ € Mper . ||¢||LP < OO},
where

1/p
Jollri= ([t de) . 1<p<o0 and Jollie i= ess sup oo

z€T?2

Let us also define

Z:={¢€l,: /1r2 o(z) dx = 0}. (2.1)
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For ¢ € L., (T?) let ¢(k) denote the Fourier coefficient of ¢ at wave-number k € Z2, i.e.,
~ 1 .
o(k) = — [ e ™*¢(x) da.

47T2 T2

For any real number o > 0, define the homogeneous Sobolev space, ngr(TQ), by

Hy(T) = {p € BTN 21 [¢]l40 < o0}, (2.2
where
1% == 47> > k™ |o(k)[. (2.3)
kez2\{0}

Similarly, for o > 0, we define the inhomogeneous Sobolev space, H,,(T?), by

per

HY(T%) = {6 € L (1) 9]l < o0}, (2.4
where
617 == 47> > (1 + [k[*)7|d(k) . (2.5)
keZ?2

Let Vy C Z denote the set of trigonometric polynomials with mean zero over T? and set

v, =V, (2.6)
where the closure is taken with respect to the norm given by (2.5). Observe that the mean-
zero condition can be equivalently stated as ¢(0) = 0. Thus, ||- || 7o and |- || g- are equivalent
as norms over V,. Moreover, by Plancherel’s theorem we have

191l 7o = 1A% 2.

Finally, for o > 0, we identify V_, as the dual space, (V,)’, of V,,, which can be characterized
as the space of all bounded linear functionals, ¢, on V, represented by the Fourier coefficients

~

(k) with duality paring
(.0) =4 Y P(k)-o(k) such that [[¢5-. =47 Y |k[*|o(k)| < oo
kEZ2\0 keZ2\0

Given our use of non-dimensional variables and the 27 spatial periodicity of our functions,
the Poincaré inequality may be written with a non-dimensional constant equal to one as

19l gor < 10l e for o' <o (2.7)
Moreover, we have the following continuous embeddings
Vo= Vo= Vo= V.=V, when 0<o' <o.

Remark 2.1. Since we will be working over V, and || ||g», || ||ue determine equivalent
norms over V., we will often denote |- || 7o simply by ||- ||go for convenience. Similarly, we
will often abuse notation and denote LP, (T?) simply by LP.

per
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2.2. General Interpolant Observables. We will consider general interpolant observables,
Jp, which are defined as those which satisfy certain boundedness and approximation-of-
identity properties. The canonical examples of such observables include projection onto
local spatial averages or projection onto finitely many Fourier modes. It was shown in [33]
that such projections do in fact satisfy the properties we impose on J,.

Let 0 <h <7/3and 1 < q<p<oo LetJ,: LP(T?) — LP(T?) be a linear operator
satisfying

supl|Ju¢| r < Cl¢]lLr, (2.8)
h>0
1Iagllze < CRZP=D] 6] 1, (2.9)

where C' > 0 represents a constant independent of ¢, h. Note that 1/p—1/q < 0 when ¢ < p
in which case the bound in (2.9) gets worse as h becomes smaller. In addition to (2.8) and
(2.9), we will also suppose that .Jj, satisfies the following approximation-of-identity properties

l¢ = Tnéllzz < CRO|l6ll s, and |6 — Judllg-s < CRO|I6llz2, B € (0,1 (2.10)

We will also require .Jj, to satisfy some boundedness properties. We verify in Appendix B
that these properties hold for local spatial averages. They also hold for spectral projection,
that is, projection onto finitely many lowest Fourier modes (see Remark B.1). To state
these boundedness properties, we will adopt the following notation. For (; and [ non-
negative integers we let D% := 8f 18252 where 3; + B = [, while if 3; > 0 are real then

DP .= 8}5 IJGQLB 2 AB=1B1=182) | Here | 3] represents the greatest integer less or equal 8. Finally,
if 3 € (—2,0), then D? := AP i.e., the Riesz potential.

Now, given o > 1, let €() be as in Proposition B.1.1 (v) when « € [1,2) and identically 0
otherwise. Let C, > 0 be a sufficiently large constant, depending possibly on «, and define

2
Cr(ar, ) = {gz E%zm_e(a), Z; 1 (2.11)
We assume that

110l 1o g2y < Cr(B, WA~ gragrzys (0, B) € [0, 00) x [0,2), (2.12)
118l rogr2y < Ch™P (W2 \16ll g5 + 10ll2(r2)),  (ps B) € [0,00) x (=2, 0], (2.13)
10l o2y < Crllpls VB2 s p2ys (p, B) € (=2,0) x (=00, 0], (2.14)

1D o2y < Crllpls )R~ 2y
(p: B,8) € (=2,0) x (=2,00) x (=00, ], (2.15)
1TnD G|l o2y < Crllpl, AP Gl Lrzy,  (p,€) € (=2,0) X Zso, . (2.16)

We again emphasize that the above properties are consistent with those satisfied by the
projection onto local spatial averages (see (B.11) and (B.12) in Appendix B). Furthermore,
we again point out that they are also consistent with those satisfied by the spectral projection,
up to possibly different constants (See Remarks 2.3 and B.1). For clarity of exposition, our
analysis will be performed with the constants detailed above, though the conclusions are also
true for J;, given by spectral projection.
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Remark 2.2. We are able to prove other boundedness properties in Appendixz B in addition
to the ones shown above. While our analysis requires us only to invoke properties (2.8)-
(2.16), the additional boundedness properties asserted in Proposition B.2.2 may find use in
other applications.

Remark 2.3. In the case where Jy, is given by the Littlewood-Paley spectral projection, i.e.,
projection onto Fourier modes < 2V, then we replace Cr(a, h) everywhere above by Cs(a, h)
according to the rule

C, r >0,

d 5 = C.
ch, r<o. S

Cr(a, h)h" — Cs(a, h)h" := {
Note that o« = a(p) implicitly. One may thus refer to operators Jy, with constants Cy as “Type
I operators” and those with prefactors Cs as “Spectral Type I operators.” Observe that in
general we have Cs < Cf, so all Spectral Type I operators are automatically Type I operators.
We further observe that the Type II operators defined in [3], see also [6], using nodal-point
measurements of the velocity field in physical space do not satisfy the above bounds.

Remark 2.4. Note that in the estimates we perform below, the constant C' > 0 appearing
in (2.11) may change line-to-line when invoking the above properties. Nevertheless, it can be
fized to be sufficiently large in the statement of the theorems where such constants appear.

2.3. Time-averaged Interpolant Observables. Suppose ¢ = ¢(x,t). We define the time-
averaged general interpolant operator, .J, by
t—5

ety =5 [ (ho)a.s) ds (217)

t—25
Due to the time-averaging, one must also control errors that arise from temporal deviations
of the time-average from the instantaneous value value. Indeed, observe that by the mean
value theorem and by commuting 0, with .J, we have

1 t—0 t
¢—Jp=(p— Jnd) + 5/ / JnOrd(z, T) dr ds. (2.18)
t—20 Js
We will make crucial use of (2.18) when we perform the a priori estimates.
Remark 2.5. It may seem more natural to represent blurred-in-time measurements at time
t by an average of the form
t+8/2

Bo)wt)i=5 [ (hol(ws)ds.
t—5/2
However, in this case the corresponding a feedback term obtained by using I (n) in place of
J2(n) in (1.2) would violate causality by introducing an integral over times in the future. We
emphasize that the same interpolant operator must be used in the feedback as used for the
measurements in order to maintain the property that g = 6 for t € (=4,0] implies n = 6 for
all times t > 0 in the future. Therefore, the best we could do is insert the measurement I ()
into the model delayed in time by 6/2. This approach was taken in [7] and [8] for the Lorenz
equations. In the present work, an additional delay has been inserted into the definition of
J0¢ to make the analysis more convenient. This allows the feedback control to be treated as a
time-dependent force, thereby transforming what would have been partial integro-differential
equations into merely partial differential equations. While any additional delay would achieve
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the same effect, for simplicity we choose its order to be §/2 which is the same as the delay
already dictated by causality.

2.4. Calculus inequalities. We will make use of the following bound for the fractional
Laplacian, which can be found for instance in [16, 20, 34].

Proposition 2.4.1. Let p >2,0<~v <2, and ¢ € C(T?). Then

2 () s < / 6P2()b(x) A7 (x) d.
P T2

We will also make use of the following calculus inequality for fractional derivatives (cf.
[36, 37] and references therein):

Proposition 2.4.2. Let ¢,vp € C*(T?), 3> 0, and p € (1,00). Then we have that

1A (@9)llzr < Cllllen [A7G ]| os + CUA 125 ]| ]| s,

where 1/p=1/p1+ 1/ps = 1/ps + 1/ps, and p2, ps € (1,00), for a sufficiently large constant
C > 0 that depends only on o, p, p;.

Finally, we will frequently apply the following interpolation inequality, which is a special
case of the Gagliardo-Nirenberg interpolation inequality and can be proven with Plancherel’s
theorem and the Cauchy-Schwarz inequality:

Proposition 2.4.3. Let ¢ € Hf

er

(T?) and 0 < a < 3. Then

a 1_a
1A%l e < CIA%S| L0l (2.19)
where C' depends on «, (3.

2.5. Well-posedness and Global Attractor of the SQG equation. Let us recall the
following well-posedness results of the SQG equation. In [18] it was shown that global strong
solutions exist and that weak solutions are unique in the class of strong solutions.

Proposition 2.5.1 (Global existence). Let 1 <y <2, and o > 2—+. Given T > 0, suppose
that 68y € V, and f satisfies

feL*0,T;V,_, ) N L'(0,T; L2, (T?)),

per
where 1 —o < 2/p <~y —1. Then there is a weak solution 0 of (1.1) such that
0 € L>(0,T;V,) N L*(0,T; Vo o).

Proposition 2.5.2 (Uniqueness). Let T' > 0 and 1 < v < 2. Suppose that 6y € L2, (T*)NZ
and f € L*(0,T;V_,2). Then for p>1,q > 0 satisfying

1 -1

Loy _a-t

P 2q 2
there is at most one solution to (1.1) such that 0 € L9(0,T; LE_ (T?)).

per

Let us recall the following estimates for the reference solution 6 (cf. [20, 34, 44]).
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Proposition 2.5.3. Let v € (0,2], 0 > 2—~, and 0y € V,, f € Vo_yyp N LE, (T?). Then

there exists a constant C > 0 such that for any p > 2 satisfying 1 —o < 2/p < v — 1, we
have

1

1 1
10()]|r < <||90||Lp — 5FLP> e rt 4 aFLp, Frp = EHfHLp' (2.20)

Moreover, if 0y € L2, (T?) and f € V_, )2, then any weak solution 0 of (1.1) satisfies

per
w 1
16ONz2 < (Mol = Frrovsz) €7 + Fryazs - Frmre i= — [ flli=re- (2.21)

It was shown in [34] for the subcritical range 1 < v < 2, that equation (1.1) has an
absorbing ball in V,, and corresponding global attractor A C V., when o > 2 — +. In other
words, there is a bounded set B C V, characterized by the property that for any 6, € V,,
there exists ¢y > 0 depending on ||6|| g- such that S(t)0y € B for all t > t. Here {S(t)}i>0
denotes the semigroup of the corresponding dissipative equation.

Proposition 2.5.4 (Global attractor). Suppose that 1 < v < 2 and ¢ > 2 — . Let
/e VZ_,Y/Q N LP,.(T?), where 1 — o < 2/p <~ — 1. Then (1.1) has an absorbing ball Byo
given by

Bue = {0 € HZ,. - o]l < One}, (2.22)

for some © o < 0o. Moreover, the solution operator S = Sy of (1.1) given by S(t)8y = 6(t)
fort > 0 defines a semigroup in the space V,, and possesses a global attractor A C V,, i.e.,
A is a compact, connected subset of V., satisfying the following properties

(1) A is the mazimal bounded invariant set; '
(2) A attracts all bounded subsets in V, in the topology of HJ,,.

3. STANDING HYPOTHESES AND STATEMENTS OF MAIN THEOREMS
We will work under the following assumptions for the remainder of the paper.

Standing Hypotheses. Assume the following:

(H1) 1 <y <2

(H2) o € (2~ 7,7);

(H3) p € [1,00] such that 1 —o <2/p <~y —1;

(H4) f € Vo_yo N LP, time-independent;

(H5) 9_25 c BHU,'

(H6) g€ C((_257 0]7 Vmax{a,’y/2}) N L2((_257 0]7 V0+’y/2);
(H7) 0 < h < /4.

Observe that (H1) expresses the subcritical range of dissipation, while (H2)— (H5) ensure
that we are in a regime of global strong solutions for (1.1) and that the global attractor exists.

Also observe that since v < 2, the range for o in (H2) covers the natural spatial regularity
class for strong solutions, e.g. H".

On the other hand, from (H1) — (H5), Propositions 2.5.3 and 2.5.4 imply that

Oz 1= sup [|0(t)]|z2 < oo and O := sup [|0(t)]|r < 0. (3.1)
>-26 t>-26
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In particular, it immediately follows from (2.8) that

sup [[Jp0(t)[12. < Cs0%s, g € [1,00], (32)
t>—25
and from (2.12) that
sup [|Jp0(t)]| - < C,Op-, (3.3)
t>-25
for some constant C'; > 0. Also, for 1 < g < oo and a € R, let us define
Ire:= sup |lg(t)]|ze and Tpga:= sup |[g(t)| ye. (3.4)
te(—26,0] te(—26,0]

Then for p given by (H3), the Sobolev embedding theorem and (H6) imply
I <00, Tyoe<oo and Ty < oo. (3.5)

Finally, we give exact mathematical statements of our main results.

Theorem 1. Let 0 be the unique global strong solution of (1.1) corresponding to initial data
0_o5 having zero mean over T?. Then under the Standing Hypotheses, for all T > 0, there

exists a unique strong solution n € L>(0,T; H,,(T?)) N L*(0, T} HI2(T?)) satisfying (1.2)

Theorem 2. Under the hypotheses of Theorem 1, there exists constants co, ¢, > 0 such that

if h, 1 satisfy
l <%)7/(7—1—2/p) -

/
o \ K

1
Co

RS

< K, (3.6)
and & > 0 is chosen sufficiently small, depending on h, then the solution n given by (1.2)
satisfies

In(t) = ()72 < O(e™#=2), ¢ > 25, (3.7)
for some constant A\ € (0,1).

Remark 3.1. Note that the condition that 6 > 0 be sufficiently small can be described
precisely by simultaneously satisfying (4.7) and (5.7) below.

Remark 3.2. As we pointed out in Remark 2.3, since Spectral Type I operators satisfy all
the properties of Type I operators, both Theorem 1 and 2 are also valid for Spectral Type I
operators. In particular, they are valid when Jy is given by projection onto finitely many
Fourier modes.

Remark 3.3. The relationship between the full three-dimensional quasi-geostrophic equations
and the SQG equation implies that being able to approrimate 6 by n, as in the conclusion
of Theorem 2, is the same as synchronizing the corresponding three-dimensional solutions in
which the potential vorticity is identically zero and the vertical motion eliminated. Therefore,
in a way analogous to the discussion in [33|, our theorem provides an example where time-
averaged data collected on a two-dimensional surface is sufficient to obtain synchronization
in a three-dimensional domain.

Before we move on to the a priori analysis, we will set forth the following convention for
constants.
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Remark 3.4. In the estimates that follow below, ¢ and C'" will generically denote positive
constants, which depend only on other non-dimensional scalar quantities, and may change
line-to-line in the estimates. We emphasize that in the estimates we perform below, the
constants ¢ and C' may change in magnitude from line-to-line, but as the equations were
fully non-dimensionalized from the beginning they will never carry any physical dimensions.

4. A PRIORI ESTIMATES

4.1. Initial value problem and Proof of Theorem 1. We recouch (1.2) as a sequence
of initial value problems over consecutive time intervals. Once we have defined the setting
properly, we may immediately prove Theorem 1 by appealing to Propositions 2.5.1 and 2.5.2.
Observe that owing to the delay in the interpolant operator, J¢, we must initialize the
averaging process. By (H1) — (H5) and Proposition 2.5.4, we may assume that 6 is the
strong solution of (1.1) with initial data starting at ¢t = —2§ such that 6_o5 € Byeo.
For any k > —2 set

I o:=0, I.4:=(=20,0], and & :=k0, Iy:= (0k,0ks1], fork >0. (4.1)
Let n=Y(-,t) = g(-,t) for t € I_;. Then we may express a solution, 7, of
O+ kN + 0V = [ = pdp(n—=0), v=Rn, n(xt)|, =gt (4.2)
as the sum
Z N (x, t)xr, (1),
k>—1

where for each k > 0, n(k) satisfies:
Om™ + kA ™ oWy ® = f— (™ —0), tel,
B R, ) g -1y 1), (4.3)

)‘telk,lulk,z =1

Hence, over each interval I, we may view the term, J)n*), in (4.3) as a smooth, time-
dependent forcing term and (4.3) as an initial value problem over I, with initial data ng(z) =
n(x, ;). The proof of Theorem 1 follows readily.

Proof of Theorem 1. We proceed by induction on k. For k = 0, from (H6) we have that
n(-,0) = g(-,0) € V,. Since we assume the Standing Hypotheses, we have that J'g =
S, J30 € L*(0,T;V,_y ) N L0, T; L2,,(T?)) holds for all T > 0 (by (2.8) and (2.12)),
so that we may apply Proposition 2.5.1 and 2.5.2 to deduce existence and uniqueness of
a strong solution, n®, over I, to (4.3). Suppose unique strong solutions to (4.3) exist for
all £ = 0,...,k. Consider (4. 3) over I 1. Observe that by hypothesis n+1 (. 6,,1) =
W (-, 6k41) € Vi and Jin*+D J20 € L2(6)—1, 0k—1+ T Vooryy2) N LY (-1, 651 + T Lger(ﬂ'@))
hold once again by (2.8) and (2 12). Therefore, we apply Proposition 2.5.1 and 2.5.2 to
guarantee existence and uniqueness of a strong solution n(k“) to (4.3) over I}, completing
the proof. O

In the remainder of section 4 we establish uniform-in-time estimates for n in L%, LP,
and H?. As we will see, the synchronization property will rely crucially on these uniform
estimates. To obtain uniform HC estimates, we perform a bootstrap from L? to LP, then
from LP to H?. Once we have collected the requisite uniform bounds, we proceed to section
5 and the proof of Theorem 2.
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4.2. Uniform L? estimates. In this section, we will ultimately obtain L? estimates for the
solution 1 of (4.2) that are uniform in time. In this work, any bound of this type shall be
referred to as a “good” bound. The main result in this section is the “good” bound stated as
Proposition 4.2.1 below. We emphasize that the structure of the analysis in sections 4.2.2,
4.2.3, and 4.2.4 will be mimicked in section 5 when we establish the synchronization property.

We begin by introducing some notation that will be convenient when expressing the nec-
essary bounds in our proofs. Let

~ /{2 K
R3, = EF?,,W +C;0%,, R, = ;F,‘gw +Cy07,, Mp.:=T5,+8R},  (4.4)
where I'y j, is the function of § > 0 given by
o ~
Iy y:=Tp2 and T2, =12,  +C2" (rg e R@) for k>0,  (4.5)
b b K b

Note that I';) and consequently M?, are increasing functions of 6. Therefore, any upper
bounds given by the constants defined in (4.4) and (4.5) for a particular § = Jy continue
to hold when § < d;. We shall immediately make use of this property to show that the
hypotheses on ¢ in Proposition 4.2.1 stated below are not vacuous.

Proposition 4.2.1. There exist constants co,c; > 0, with ¢; depending on cq, such that if
h, v satisfy

1
o

IA

h, (4.6)

=

and & is chosen such that

1 Jis h 1
§ < ——min 1,m—L"L,(—) — e (4.7)
(2, + ) \2n) (T T0072) (15 0L + R2,)

as well as
1/ h ph " R2 w
< () mind (M2 n 4.
6_01 <27r)mm{</£) M2’ K (48)

where E%Q, R2, and M3, are given in (4.4), then
In®)||72 < (I3, —8R7») e W22 L 8R%,  for t>26 (4.9)

and

g/ ||77(s)||§ﬁ/2 ds < Fg,l + 8R%z < Mz2 for k> 2. (4.10)
Iy,

Observe that both sides of the inequalities given by (4.7) and (4.8) depend on §. This
is, as already mentioned, because MEQ depends on 0. However, since Miz appears in the
denominator of the right-hand side and is an increasing function of 9, it is easy to see that
there must be a § > 0 which satisfies both these inequalities.

To prove Proposition 4.2.1, we employ three preliminary lemmas. First, in section 4.2.1
we establish bounds in L? which are uniform in each time interval I;, but ultimately depend
on k. Throughout this work we will refer to any bounds that depend on k as “rough”
bounds. Such bounds are insufficient on their own but needed in order to close estimates
later. Then in section 4.2.2, we establish time-derivative estimates to control the temporal
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oscillations that emanate from the feedback term (see section 4.2.2). The third lemma is
is a non-local Gronwall inequality that ensures uniform bounds provided that the window
of time-averaging is sufficiently small; its proof is deferred to Appendix A. This Gronwall
inequality will be used again to establish the synchronization property in section 5. We
finally prove Proposition 4.2.1 in section 4.2.4.

Remark 4.1. We will often exchange the quantity p for the quantity kh™ wvia the rela-
tion (4.0), in order to emphasize that 6 and p ultimately depend only on h (and ©r») alone.

4.2.1. Rough L? estimates. We will first establish the following “rough” a priori bound. We
omit most of the details, though they can easily be gleaned from the proof of Proposition
4.2.1. An alternative form of Lemma 4.2.1 is given by Corollary 4.2.2 stated below, which
will be convenient to use in the proof of Proposition 4.2.1 later.

Lemma 4.2.1. Let FH—v/z,@L%ELz be given by (2.21), (3.1), (4.4), respectively. There
exists a constant Cy > 0, independent of k, such that

t o~
In(®)]7> + %/5 10()|137/2 ds < Mpa(k,t), tel,, k>0, (4.11)
k
where

172 2 (S/JJ2
W (k1) = (@3 + Gl

B (s Hn@ﬂﬁp)]- (1.12)

s€ly_oUl_1
Proof. Suppose t € I, for some £ > 0. We perform standard energy estimates to obtain
d 12
£||77||%2 + AP < KR + c— (781172 + 1 T5m172) - (4.13)

Observe that by the Cauchy-Schwarz inequality and (2.8) we have

) < (s I@)lE:). ek
s€l,_oUlR_4
Returning to (4.13) and applying these facts along with (3.2), we obtain
d 2 2 2 0 2 1 2
Gl + kbl < (F3+ C0b ) + (s ). (1)
R R s€l_oUlp 1

Finally, by integrating (4.14) over [0, ] for t € I we arrive at

t
wmwé+méumwﬁwds
k

2
0
< (@3 + 65

s€l_oUlp 1

KJ2
(5ot ) v o _sw nm&ﬁ&],<4w>

which can be simplified to (4.11) using (4.4), as desired. O
Corollary 4.2.2. Let k > 0. Suppose that for each 0 < ¢ < k, there exists M, > 0 such that

t
HWWM%AM@%mﬁéM@tEF%%ﬂ
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Then there exists a constant Cy > 0, independent of k, such that

t 6 2 "
IO+ [ 6 By ds < M+ Co (R4 M), 1€ T

041

While ¢ can be chosen in these bounds so that the size of ju?/x is small, this alone does
not suffice to obtain uniform-in-time bounds for ||n(t)||,2 upon iteration in k, which will be
crucial in establishing the synchronization property. Nevertheless, these “rough” bounds will
be useful in order to close our estimates and achieve uniform bounds later.

4.2.2. Control of temporal oscillations at fized spatial scale. We recall from (2.18) that we
will require estimates for the time-derivative, 0;n, but only over length scales = h, where h
measures the spatial resolution of the observables.

Lemma 4.2.3. Let k > 0. Suppose there exists M, > 0 such that

sup ||n(t)||zz < My for each 0<l<k+2 (4.16)
te(—26,00]

Let ¢g > 0 be any constant such that

o1
<= (4.17)

K Co

Then there exists a constant Cy > 0, depending on cq, but independent of k, such that

21\ 2 K2 1

1 2
1(Tn0m) ()1 3—2 < Co (7) = (1 + Eh2—'v) (14 M? + R%:)” (4.18)

holds for all t € (=20, 6+1], and

2 a2
2\ " M,

21\ °
(0O - <Co (5 ) w0l + o (57) FEL Il

21\ 2 K2
+Co (7) - (M; + R72) (4.19)

holds for all t € Iy,1.

Proof. By (H1) we have 7/2 < 1. Therefore, by (2.11), see also (B.16), we have

Ci(v/2,h) = C <2%) |

Now, applying J;, to (1.2), using the fact that v is divergence free, and then taking the
H~72-norm we have

| Jn0n | g2 < K| TN =72 + [[ TV (00) || gr-r2
+ [ Tnf -z + w2l Tpnll gz + w1l J50; || -2 (4.20)
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By (H1),(HT7), (2.15), (2.21), (3.1), and (4 16) we may estimate

A
Q

ll I AT () | a2 < kh™2|n(t)] 2

IA
Q
X
=
]
=

€ (_257 6k+1]7

R IR N ()] =2 Rl gz, € I

IN
Q

| Jnf ] sz KE—2,

( sup nmgmg
SG(—25,5k+1]

ph P My, t € (—26, 5l

¥ =y =¥ =y =y E

A A U A

IN
Q

IA
Q
R R R R

=
>
2
~
)

pll o ()52

S >

AN
Q
VR
= ¥
N—

| TR0 e < ) uh205,  t > —20.

A\
Q
A~
=¥

For the quadratic term apply (2.16), the Cauchy—Schwarz inequality and the fact that R+
is a bounded operator in L? to estimate

2 2
1965 (onlla-re < € (50 )P onlls < 0 (7 ) Pag, ve (<2ndia)
and
2
159l < € ()P e @t € B

Upon collecting these estimates, returning to (4.20), we apply (3.1), and (4.4) to obtain

Tn0m) (t oY (1N E (L g
[(TnOm) )] /2 < T +— 2 +mh2 (14 My + Rp2)?,

K
for t € (=20, 041], as well as

2m M,
10 Olla-s < (5 )kl + € (5 ) galntole

2 h\°
+C<%)hf/2 <1+“ ) (My + Rp2) ,

for t € I;11. Note that in collecting the terms we have used the fact that all constants and
variables have been non-dimensionalized so that, for example, terms such as 1+ 1/(kh?>™?)
and 1+ M 4+ Rp2 make sense. Thus, upon squaring both sides of these inequalities, then
applying Young’s inequality and (4.17), we arrive at (4.18) and (4.19). O

4.2.3. Growth during initial transient period. Due to the delay, we must quantify bounds over
the initial transient period during which the feedback effects from large scales can amplify
the solution. Consider the definition of I'yj, for £ = —1,0,1,... given by (4.5). Observe that

Top1 <Top, k>0 (4.21)



16 MICHAEL S. JOLLY', VINCENT R. MARTINEZ?, ERIC J. OLSON®, AND EDRISS S. TITI*'

By (3.5), Lemma 4.2.1, and Corollary 4.2.2 we have

t
M@MH%AWMM%wkéﬁmteh,kzﬁﬂﬂ
k

It then follows from (4.21) that

t
In()IIZ> + K/a ()72 ds T3, <T3,+p, t€L, k=-101, (4.22)
k

for any p > 0.
As we will see, the choice of p will be dictated by the estimates (4.37) and (4.41) below.
In anticipation of this, consider the third definition of (4.4) given by

M7, :=T3, + 8R}.. (4.23)
Then (4.22) implies

t
K
HMW%+QAM®%wdﬁUﬁ%t€h,k=4ﬂJ (4.24)
k

Therefore, the conclusion of Proposition 4.2.1 is that there is a choice of p such that the
bound given by (4.24) propagates beyond the initial transient period, provided that ¢ is
chosen small enough. In particular, Proposition 4.2.1 provides a more precise version of
(4.24), which not only allows this bound to propagate through all times ¢ > 2§, but in such
a way that it eventually “forgets” the initializing function, g, as well.

We are now ready to prove Proposition 4.2.1.

4.2.4. Proof of Proposition /.2.1. We proceed by induction on k. As we shall see shortly, by
Lemma A.0.1 (ii), it suffices to show for & > 2 and t € I that

t

K — —s

(0 + 5 [ €O e ds
k

< (|In(ox)||32 — 8R%.) e WD) 4 8R2,. (4.25)

We proceed in three steps. Step I proves the base case when k& = 2 while Step II provides
the induction step thereby completing the induction. Finally, Step 11T uses (4.25) along with
Lemma A.0.1 (ii) to obtain (4.9) and (4.10) which finishes the proof.

I. Base case. Let k =2 and suppose t € I,. By Corollary 4.2.2 and (4.24) we have

o ~
In(®)l < T3, + €2 (13, + R ) =13, teb.
It then follows from (4.24) and the second condition of (4.7) that
In@l2: < T3, < M, te (~26,30) (4.26)

Multiply (4.3) by 7, integrate over T2, and apply (2.18) to obtain

1d

§E||77||%2 +RlINl|Ee + plnl|Ze = T+ Zo + Is + Iy

where

T, = /f'rz de, T, = u/('ri — Jun)n dx, Ty= u/(Jfﬂ)n dz
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= %// / [Jn0-n(T ) drdsdz.
t

Observe that by (2.10), Cauchy-Schwarz inequality, Young’s inequality, and (3.2) we have

and

1., K
Ty < AT A1 + ZIA il

Iy < Cul? PNyl |l < 3 IIA”/QnHL +omt ||77||L2

and
1
Ty < pl| 30| 2 |Inll 2 < Cu©72 + ZII??II%%

Further estimating 71,7, and Z, using (4.6), (3.2) and (4.4) gives
1d

2 dt

To estimate Z3, apply Fubini’s theorem, Parseval’s theorem, the Cauchy-Schwarz inequality,
(2.8), and Young inequalities in the following sequence of estimates

— il + —HAWUHLz + —||77||L2 < uRi> + Iy (4.27)

| /\

(Jnorn(x, 7)) (n(z,t)) de|dr ds

t—

1 [t 1/2
g@%/ @—@(/meﬁmmmﬁ) a5 ()]
t S

—26

1 t—0 t 1/2
<cu(5 [ =9 [ 1h0nl e drds) el
t—20 t—20
1/ op K
< (% [ 1ROnI e ) + SOy (429)
t_
Let
(5#2 t
St) = [ o). ds (4.29)
K Ji—2s
Observe that S(t) = Sy + S1 + Sa(t), where for £ > 0, we have defined
2 t
Slt) = 05% 10(8)|% e ds and  Sp = Su(6es1). (4.30)

)
Returning to (4.27) and applying (4.28) and (4.6), we have

d 2 K
Ellﬁ(t)llé + RO e + pln@)]l7: < amRiz + 8o+ 81+ Sa(1). (4.31)
To obtain bounds on Sy and S; define
K3 2m\? 11 \° 2
0.(6?) i= C§2 5 (7) (1 + hQ_V) (14 M7, + R3,) (4.32)

so that, upon simplifying (4.18) with (4.6), we obtain from Lemma 4.2.3 and (4.26) that
maX{So,Sl} < 01(52) (433)
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To bound Ss(t) for t € I, observe that by Lemma 4.2.3 and (4.26) we have

Sa(t) < Ci(h)o i In(s)lI7> ds + C2(h)5/5 In(s)1[72 ds + O2(6%). (4.34)

where, upon simplifying (4.19) with (4.6), we have defined

21 ME2 k3 /2m\?
Cy(h) = C/{(h) = Cy(h) = Cﬁ (7)

and

K3 (2m) >
Oo(62) = 052h37 (7) (M7>+ R7,) .

Combining (4.33) and (4.34) then gives
S0 < 5 [ 16 n ds+ Co0)3 [ )l ds + 0,5 + 0. (439
Observe that since Oq(6?) < 01(6?), it follows from the third condition on ¢ in (4.7) that
01(8%) + 04(6%) < _Oh_R

Thus, upon returning to (4.28), we have

t t 2 K K
@sawp/M@@W@+@ww/M@Mmm~—4@+4wmmm
5o 5o Co hﬂy 8

By applying the resulting bounds on S(¢) in (4.31), we have for ¢ € 5 that
d
—lnllzz + plinllze + £linllz -

4 t t
TR S [ s ds + o5 [ (o) ds (430
CO 82 82
Now observe that (4.8) ensures that (A.2) holds in Lemma A.0.1 with
a=u, b=r, A=C;, B=C0,, F—C—R%Q.

Applying Lemma A.0.1 (i) then gives

t
R S
Ife)F+5 [ e O (o) e ds
2

< (In(6s)|[72 — 8R72) e WP 18R, t € I, (4.37)

which finishes the proof of the base case.
II. Induction Step. Suppose k > 2 and for each / = 2,... k and t € I, that

t
K S
@)+ [ €O ) Eye ds < () = 8F3) €000 48R, (438)
14

We show the bound corresponding to ¢ = k + 1 holds for ¢t € Ij ;.
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As already demonstrated, our choice of § has been chosen so that the hypotheses of
Lemma A.0.1 hold for the differential inequality (4.36). These hypotheses are also satisfied
for the modified inequality obtained by replacing ds by d, for £ = 2, ..., k which we write as

d
S Inlze + ulnllze + slinlly -

4 K

t t
< ——Rp>+Ci(h)d [ |n(s)lz ds + Cz(h)5/ ()52 ds (4.39)
Co h 5 S0

for t € I,. Now, dropping the integral in (4.38) and rewriting the last term yields

t
2
In(t)72 < ||n(5e)||ize_(“/2)(t_6‘)+8R%2/5 ;6_(“/2)“_8)618 for tel,
0

so that by iterating part (ii) of Lemma A.0.1 for £ = 2,..., k we obtain

t
2
()32 < In(6) 22205 1 8R2, / SRS for 1€ (5]
2

Since ||17(d2)[|7. < T3, by (4.22), we immediately obtain (4.9) and in particular that
In(t)[7: < T3, + 8RR = Mpa, € (8, 0p41]. (4.40)
By Corollary 4.2.2 it follows that

S ~
In(®)l3e < MEa+ O (M + B ), t€ D
Thus, by the second condition in (4.7) we have
K

t
In(IIZ> + 4/5 () |2 ds < M, t € Tiga. (4.41)
k+1

Now proceed exactly as in the base case, this time making use of the bounds (4.40) and
(4.41). Indeed, we may derive (4.31) as before. Then, since t € I;1 1, we may split the time

integral over three regions:
t t
IR A
t—26 Ik71 Ik 5k+1

Over [},_; and I}, Lemma 4.2.3 and (4.41) imply (4.33) for Sy_1 and Si. Over I} ;1, we have
(4.41), so that Lemma 4.2.3 implies (4.34) for Sy41(t). We then deduce (4.35) for ¢t € Iy,
which leads to the differential inequality (4.39) with ¢ = k + 1. Applying Lemma A.0.1 (i)
as before then yields

t

K — —s

IO +5 [ e OB (e) e s
k+1

< (In(Bks1) |72 — 8RF,) e~ WAE=0kn1) 4 8R2, (4.42)

for t € I, thus completing the induction.
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ITI. Finish the Proof. We have already obtained (4.9) for all values of k by iterating
Lemma A.0.1 (ii) as part of the induction step. To obtain (4.10) drop the first term in
(4.25) and keep the integral. Consequently, we may then deduce that

t
B8 [ )2 ds < (In(30) 3 — 8R3:) e #2H) L 8R2, e,
Ok
Since the first condition in (4.7) and (4.6) together imply e(*/29 < 2 it follows from (4.4)
and (4.22) that
K

1 17($)[[32/2 ds < |[n(Sx) |72 + 8RZ2(e#/?° — 1) < M. (4.43)
I,

This completes the proof. O

Remark 4.2. We point out that the energy estimates in LP and H? will not proceed along
these lines, the reason being that even if one were to do so, the resulting bounds would still
not be independent of h. So long as these bounds are uniform-in-time, however, we will be
able to use them strengthen the topology of convergence in which the synchronization takes
place via interpolation. We will thus be content with rather modest bounds in LP and H?.

4.3. L? to L? uniform bounds. We will prove the following “good” bound:
Proposition 4.3.1. Let Fy»,©pp, M2 be given by (2.20), (5.1), (4.4), respectively. Define

RY,(h) == FP, + 6%, + C(h,p)’ MY, (4.44)
where
C(h,p)P :=1+h~®=2), (4.45)
Let cg > 0 be any constant. Suppose that
ph? < l (4.46)
K Co

Then there exists a constant Cy > 0, depending on cq, such that
Co\’ ~ . Co\’ =
o < (03— () ) e+ (22) B o200

In particular,
[n()[|r < Mo, t2>0,

where

Mo (R)P :=T%, + (%)p R, (h). (4.47)

Proof. Observe that by (3.5), we have
In()||r < T, tely.

For ¢ > 0, the evolution of ||n(¢)||z» is obtained by multiplying (4.2) by n|n|P~2, integrating
over T?, applying Proposition 2.4.1, Holder’s inequality, Young’s inequality, and (2.20) to
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obtain

1d 2K K K [ JW\P K
Gl + NP 0 < O 0 () (1l + 17605) + 5l

(4.48)

Applying Hoélder’s inequality, the Fubini-Tonelli theorem, (2.9) with ¢ = 2, and Proposition
4.2.1 we have

1 t—48 B
I Tamllzs < 5 / Nn(@)llzsds < CTR*P M. (4.49)
t—

Similarly, by (3.2), [|J20]|}, < C%O7,. Upon defining
1
p/2\, L, — /2
(7 ) = /T277 dx
observe that

Inllz, — @A)~ H il . = 1072 = (P2)z2 |72 < CRR) A2 072)1 2. (4.50)

Note that the constant (27)7 carries the units of L7; however, as L = 2m throughout this
paper we avoid keeping track of the dimensions in this case, and simply denote the prefactor
C'(2m)Y by C. By interpolation, Young’s inequality, and Holder’s inequality we have

p(p—2) p—2
= p=2
Il < Ul T < 0 (E22) Mg+ w2l (451)
Upon combining (4.49), (4.50), (4.51), (4.45) and returning to (4.48), we arrive at
d Kk (ph'\? ~
%nnngp + k||, < s ( ) (Ffp + C(h,p)’ M, + @’zp) :
An application of (4.46) and Gronwall’s inequality completes the proof. O

4.4. Uniform H?-estimates. As in the previous section, we obtain “good” H?-bounds
without appealing to time-derivative estimates.

Proposition 4.4.1. Let M;:2 be given by (4.23) and let © o, My» be given by (2.22), (4.47),

respectively. Define
. My ()|
Ee(h) = ( o )> : (4.52)

K
as well as
Figeosss = flgeva and Rho = Fooyo+ 0% (4.53)
Let ¢g > 0 be the constant given in Proposition /.2.1. Suppose that
pht 1 (4.54)
K Co

Then there exists a constant Cy > 0, depending on cq, such that

~ 2047 1

~ 1 By
IO < The 4 Co | (2557 4 3 ) Mt | (1= 7).
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holds for t >0 and o < /2, and

k ~ 20ty 1 1 1 e
O < Che™ 4+ Co (2557 4 s ) M+ s + s e (1= ),

holds for t > 0 and o > /2.

Proof. Suppose t > 0. We multiply (4.2) by A%?n and integrate over T? to obtain

1d
L e+l
—/U~V77A2"n d:c+/fA2"n d:c—l—u/J,an%n d:c+,u/J,f€A2"n dx
=J1+T2+Ts+ Ta. (4.55)

We estimate J; with Hélder’s inequality, interpolation, and Young’s inequality as in [18, 33],
and invoke (4.52) to obtain

20— (y—1-2/p) y—1
1| = L2 L2 LP =10 Ho+v/2 —Lp HY/2)"
T < CIAT 2|, 7 A ||?7|| Il + CZ3, (klInll37+2)

Note that (H1), (H2) and (H3) are needed for the interpolation. We interpolate once more

to obtain
~/2

9ll e < Cllall sl 27

Ho'+'y/2

Thus, by Young’s inequality, we have

0 ~
o+v/2 (=2

CEL(slnlfy2) < Culnl 750 B Il ) <

=2 o
— 10||n||HU+"//2 _I_CK:‘—‘L—:’Y/ M2

For J,, we make the familiar estimate through Parseval’s theorem, the Cauchy-Schwarz
inequality, and then (4.53) to obtain

K
| To| < 6Ffoap + 1_0||77||§{a+"//2'
For J3 and J4, we consider two cases: o < /2 and o > /2.

Case: o < ~/2: It follows from Fubini’s theorem, Hélder’s inequality, (2.8), and the Poincare
inequality that

1 t—6
[ sl <5 [ hnae o e d
t—2

S( sup ||n(8)||L2> 17| pr-+72

s€ly_oUl_1
< CMyzll(®)] g
Thus, by Young’s inequality we have
2
i K
| T5| < C;Mé + EHUHA?{awz-
Similarly, since 0_o5 € B2 by (H5), by (2.22) we have

74 < 02 4 E i
- g b 10 H7™
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Therefore, upon returning to (4.55), then applying the estimates for J; through J, and
the Poincaré inequality gives

d - 2
EH“H%{O’ + :‘i“’f}“%{a S 8I<LF2(, ~/2 + Cliaz-im// M22 + C% (Mzz + @%z) .

Then the Gronwall inequality implies

t
e+ [ €y ds
0
2 —rkt =2+47/o 1 2 1 2 —kKt
SFH(,@ +C{(\—4Lppy _'_ﬁ) ML2+ﬁR a:| (1—6 ),
as desired.

Case: o > 7/2: Observe that by Fubini’s theorem, Plancherel’s theorem, Holder’s inequality,
(2.12), Proposition 4.2.1, and Young’s inequality we have

(T3 < ll T @) oz [0 (E) o2

1 t—6
<o (5 [ 10 es d5) IOl
t

—20

< Cuh~=7? ( sup ||77(5)||L2> 1) roer2

s€lp_oUl,_1

p ph?
< CWTMH + ||77( )H?{oﬂ/%
Similarly, since 0_55 € B2 by (H5), by (2. 22) we have

poph? K
| Tl < Crae 072 + l—Olln(t)H?{awz-

Therefore, upon returning to (4.55), then applying the estimates for J; through J, and
the Poincaré inequality gives

d =24~/0
EHUH%{U + HHT]H%(U < SHFEGJW/Q + CHHE;’Y/ M22 + Ch ,U (Mlzjz + @ ) y

Then the Gronwall inequality and (4.54) implies

t
M@mp+/eﬂwwmgﬁwmds
0

~ 20+ 1

= F%I"e_m +C {FI?IUV/Z + (ELPcr + h20+~/) MEQ + 120 +~/@ (1 - 6_“) 5

as desired. m

5. PROOF OF THEOREM 2

We are left to establish the synchronization of 7 to the reference solution . We point out
that the uniform L? bounds will be used in a crucial way to establish suitable control on
the time derivative and guarantee synchronization in a rather weak topology, i.e., the H~'/2
topology. We then make use of the uniform P and H?-bounds in order to strengthen the
regularity of the convergence of the synchronization by interpolation.
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Consider the difference ¢ := n — 6, where § € By- and 7 is the unique strong solution of
(4.2). Observe that (3.5) ensures that ¢ is defined for t € I_;. The evolution of ( is given
by:

¢ + kANC +w- V¢ +w- VO +u V¢ = —puJ¢, (5.1)
w="TR¢, ((t)=g() —0(), te(-200] '
It will be convenient to work at the regularity level of the stream function of (. Thus, we
define

Y= —A_lC.
5.1. Synchronization. Our main claim is the following.

(5.2)

Proposition 5.1.1. Let Opo,Or2, 01 and M2 be given by (2.22), (5.1) and (4.4). Define

/2
Orp \ 7 1-2/p
S o= < L ) LU= 4V2Me,
K

(5.3)
Gu(h) = (2%)2< 1 11
and

2 2
h1+37 + ?h4+7) (1 +ML2 +@L2)

~ or\? 1
Cy(h) == (7) i (ME2 + @%z) .

There exist constants co, ¢}, c1,co > 1 such that if h, pu satisfies

(5.4)

(5.5)

1 _, H _
—=2, < =< —h. .
e "=k~ ¢ (5.6)
and 9 is chosen to satisfy
2 ~ /
then

[ 2 W K2
g min et — ———— .
Cy

K Cy(h)1/2
||w(t)||§{1/2 < P2e—(1/4)(t=0)

t > 20.
To prove this, we proceed as in section 4.2.4 and make some preparatory estimates.

5.1.1. Control of temporal oscillations at a fixed spatial scale.

Lemma 5.1.1. Let Oz and M2 be given by (3.1), (4.23), respectively. Let co > 0 be a
constant. Suppose that

o1
ph 1
K Co

(5.9)
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Then there exists a constant Cy > 0, depending on cq, such that

9.7 ) <C or\* w2 (1 [0 2
10e € ()] -2 < Coo %) e\ t_25||¢(3)||H1/2 s

2T 2 1 1 1
+ CO;{2 (7) (Mzz + @2L2) (h’y+1 + ?hél_,y) H¢||?{1/2 (510)
2 2
+Co (%) (Mz2 + @%2) h_(4_7)||¢||§{<7+1>/2, for t > —=29.

Proof. Let t > —26. Applying J, to (5.1) and taking the H~?/?-norm yields
10 T\l 72 < BNIWL Vg2 A pll TnTiC M -2
+ 1V - (W) =2 + (| TaV - (wO) || =72 + [|T6V - (uC) || =2
Observe that by (H1), we have /2 < 1, so that by (B.16), we have
2m

By (2.14), (3.1), (5.2), the Cauchy-Schwarz inequality, and (5.9) we have

2
NG 2 < Cr () 1y

2T
< Ok (7) R=OFD21| 4ase,

t—0
"
BT <5 [ 1R
t—

2 B 1 t—9
S C (7) /”Lh(’y 1)/2 (5/ ||C(S)||H*1/2 ds)
t—26
2_7T O\ (12 0 9
<o () () move ([ 1wt s

2 K 1 t—4& , 1/2
=¢ (7) hA+/2 (5 /t_%Hw(S)HHl/z ds) )

To estimate the nonlinear terms, we apply (2.16), the Cauchy-Schwarz inequality, (3.1),
Proposition 4.2.1, (5.2), interpolation, and Young’s inequality. For instance, we have

2
99 (w0l < € (5 ) IR
2m\ , _
o () et

2m
0 () 12020+ 022) (s + Il

1/2

IN

IN

Similarly

2\
165 (), 1V @Ol < € (5 ) 12020 (6l + [l
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Therefore, by summing each of these estimates, we arrive at (5.10). as desired. U

5.1.2. Growth during transient period. We introduce the following notation: Let a € (0,1)
and ¢ € Z, then define

O = ald.
Observe that by the Poincare inequality, (4.22) implies

t
16O + 5 / e 0D [ (5)[[2 0 ds < MPae®/D0 <32ME,, te Ly, k> -1

Iy,

Clearly, one has
M2, < V2, eGr/28 o (w/D00k2) < 39020~ W/20=002) 4 e I | = —1,0,1.
Then

t
K
1o E))|52 + 2/ e~ B | 4h(8) |12 rinye dis < W2em WD) e[ | = 10, 1.
Ok
(5.11)
We are now ready to prove the synchronization property.

5.2. Proof of Proposition 5.1.1.

Proof of Proposition 5.1.1. We proceed by induction on k with the base case, £k = 1, as
established by (5.11). Suppose that the following holds:

K

t
| (t )||Hl/2 5/ 6_(”/2)“‘8)||¢(s)||§{(7+1)/2 ds < W2e~(W/2)(t=32) (5.12)
Ok

for t € I, and ¢ = 0,...,k, where ¥ is given by (5.3). We show that this corresponding
bound holds over ., as well.
Let t € ]k+17 k > 1. Multiply (5.1) by ¢ and integrate over T? to obtain

e RN

- / (u- V)l + / (€ — e + / (IuC — JC) da
=K1+ K2+ Ks. (5.13)

Note that we have used the orthogonality property, i.e., R*f-Rf = 0.
We refer to [18, 44] to estimate K;. In particular, by Holder’s inequality, the Calderon-
Zygmund theorem, and Sobolev embedding, H'/? < L7, we have

1| < Cllull o€l zal [Vl 2o < CNON 2o 195151705 (5.14)
where 1/p+2/q = 1. Since p > 2/(y — 1) by (H3), by interpolation we have

1+2/p y—1-2/p

HwHHHl/P < CH¢||H(1+1)/2||¢HH1/3
Thus, by Young’s inequality we obtain

K] < _HwHH(Wl)/Z + CREL [Ylle-
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where Zp» is given by (5.3). We estimate Ky with the Parseval’s theorem, the Cauchy-
Schwarz inequality, (2.10), (5.2), interpolation, and Young’s inequality to get

Kol < pll¢ = TuClla—r2 9]l 2
< || || 2
< uh"’/2||wHHw+n/zHiﬂllHuz
wh

II@DIIHwH)/z +C

For KCg, similar to (4.28), we estimate

w2 2 B2
Kol < O [ [0, ds+ S

t_

W K
< O [ IOy s+ S
t

Returning to (5.13) and combining /C; through K3, then applying (5.6) with ¢y and
sufficiently large, we get

d ~
EH@DH?{W + 6]l e + e < S0, (5.15)

where
S(t) = C(Sﬁ t_26||Jh831p(s)HH,v/2 ds.
Observe that g(t) < gk_l + gk + §k+1(t), where
S,(1) = 05—/ 1O ds  and &= Su(dena).

Let ¢ € {k—3,k—2,k—1,k}. By the second condition in (5.7), with ¢, chosen large enough,
we have dp < C7'(In4), so that Lemma A.0.2 guarantees that

1
5/ ||¢(S)H§{1/2 ds < 0@26—(;1/2)@—6@//2)7 = (6,6—1—]\7], N = 3, (5.16)
I,
as well as
S (r+1 — o ) ' ) ) = 9. .
[(8) |21y ds < CU2e™ WD) - ph e (0 0+ N], N =3 (5.17)
VA

Thus, by Lemma 5.1.1 and (5.12), (5.16), and (5.17) we have
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S <CPCun) 3 5 [ 1 ds + coCutn Z / ()2 s

l=k—3 Iy l=k—1
t

—|—C<551(h)/ [0 (3)[|5/2 d8+056’2(h)/€/ 19 (5) 130y 72 s

6k+1 6k:+1
§5(5)\Ij26—(u/2)(t—5k/2)
. t . t
1+ 6:(5) / 1) |Zsnse ds + Oa(8)s / 1) ersnrse ds. (5.18)
k41 k41

where Cy(h), Cy(h) are given by (5.4), (5.5) and
0(0) := C(O1(6%) 4+ 0(8)),  01(6) := 6Cy(h),  O4(8) := CECy(h). (5.19)
for some constant C' > 0.
Returning to (5.15) and combining (5.18) gives
d
Tz + R8s + il s
< 6(5)\1126—(M/2)(t—5k/2)

6k+1 6k+1

t t
£0i0) [ 1) ds +0:0) ( [ 166 s ds> .
Hence, provided that cq, ¢ are chosen sufficiently large with ¢ depending on ¢, it follows
from (5.7) that Lemma A.0.1 (i) applies over t € [}, with
a=p, b=r, A=COC(h)+Cy(h)), B=CCy(h), F=0(5)W2% W22

In particular, Lemma A.0.1 (i) implies

t
6O +5 [ DI o ds
k+1

S W) e P 5000) 1 (5) e B (1 )
By (5.12), we have
10 (Best) |2 e P2 001) < P2 WD s 0072 o= B/DEks1) — G2 2E0hs) | € T, .
Also, we have
O(8)We=W/DU=0nr2) (¢ — 5, 1) < 5O(8)We™ /D =0r2),

Since
e~ (W/2)(t=0k/2) — o=(1/1)3 o= (1/2)(t=0(1+1)/2)

It follows that
K

6O+ [ eI e ds
k+1

< 2 (1 + 56(5)) e~ (/M= (/(t=bwsn) | ¢ . (5.20)
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Observe that (5.7) with ¢; chosen sufficiently large ensures 1+ 60(8) < e®/43 This estab-
lishes (5.12) for k + 1. Through Lemma A.0.1 (ii), we may iterate this bound to deduce
(5.8), as desired. O

5.3. Proof of Theorem 2. Under the Standing Hypotheses, Theorem 1 guarantees a
unique, global strong solution 1 of (4.2). Let ¢y denote the maximum among all the con-
stants, co, ¢, appearing in Propositions 4.2.1 and 5.1.1. Then let ¢, ¢y denote the maximum
among all the ¢y, ¢y appearing in those propositions as well (possibly choosing ¢, larger).
Suppose that p, h satisfies

1
—2
T —Lp S
=0

Choose ¢ so that (4.7), (5.7) are satisfied, and is chosen smaller than
1 (h , /2 h: R
& (%) o { () 2= My ?} |

Then (5.21) implies that (4.8) holds as well. Thus, upon applying Propositions 4.2.1 and
5.1.1, n satisfies

1
Co

IN

h. (5.21)

=

() = O(t)[|fg-12 < O(eWHE=2D) g > 26,
Observe that Propositions 2.5.4, 4.3.1, and 4.4.1 then imply that
Supélln(t) —0(t) | e < Mo (h) + Oro,
t>-2

where

Y3 T2 =2 1 2 1 L po
MHU(h,) — FHU _'_CO {(\—le + W ML2 _'_ h2o_+_y + h2o_+,y He Y

for some sufficiently large constant Cy > 0. Therefore, for each ¢/ < o, by interpolation,
there exists a constant Ao = \g(0’) € (0,1) such that

In(t) — 0(t)|| jror < O(e2oHE=2) ¢ > 2,

Choosing ¢’ = 0, yields the desired convergence in L.
O

5.4. Concluding remarks. Depending on the type of measurement, the size of the aver-
aging window that effectively blurs the observations in time may be quite different. For
example, radiometers and hot-wire anemometers may produce data with averages in the
microsecond range. Velocities obtained from mechanical weather-vane anemometers may be
averaged with respect to a time window measured in seconds, while velocity data obtained
from the Lagrangian trajectories of buoys placed in the ocean is likely to include time av-
erages measured in hours if not days. Observations of temperatures are similar. As we
saw, it is important for our analysis that the size of the time-averaging window is not too
large. Intuitively speaking, the length of the averaging window should be smaller than any
dynamically relevant timescales in the flow. Numerical computations involving the Lorenz
system [7] show that synchronization occurs when the averaging window is of size 6 = 0.25
which, poetically speaking, is about ten times smaller than the time it takes to travel around
one wing of the butterfly. In the case of the fluids, we conjecture that the averaging win-
dow should be at least ten times smaller than the turnover time of the smallest physically
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relevant eddy. Alternatively, the largest averaging window such that our data assimilation
algorithm leads to full recovery of the observed solution could be interpreted as a definition
of the smallest physically relevant time scale.

We reiterate that a main motivation to consider a more realistic representation of physical
observations is the reason for considering time averages. The additional ¢ delay introduced
into equations (1.2) helps close the estimates in the analysis while being of the same mag-
nitude as the 0/2 delay dictated by causality considerations in the feedback controller (see
Remark 2.5). In practice, such a delay may also be used to advance an initial condition al-
ready obtained by data assimilation for a short time into the future to increase the stability
of further predictions. However, this idea must be left for a different study.
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APPENDIX A.

To obtain the uniform estimates, we invoked a non-local Gronwall inequality, which en-
sured such bounds provided that the non-local term was sufficiently small.

Lemma A.0.1. Let ®, ¥, F' be non-negative, locally integrable functions on (to,ty + 0] for
some ty € R and 6 > 0 such that

d t t
%(ID +ad+ bV < F+ A5/ D(s) ds + Bé/ U(s) ds, te (to,to+9), (A.1)
to to
for some a,b, A, B > 0. Suppose that 0, a, c satisfy
@25 _ <8 Jab

§ (e 1) < 4mm{A, B (A.2)
where we use the convention that a/A = oo, b/B = o0 if A =0, B =0, respectively. Then
the following hold:

(i) For allt € (to,to + 9]:

t

t
O(t) + —/ e~ WD)y (5) ds < e~ (@DEP(¢) +/ e~ WD) p(s) ds. (A.3)

2 to to
(i1) If @ satisfies
t
O(t) < e_(“/2)(t_50)(l>(50) —I—/ e_(“/2)(t_s)F(s) ds, t € (do,tol, (A.4)
)

for some 6y < to, then (A.4) persists overt € (tg,to + 6.
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Proof. Multiplying by the factor e(#/2%* then integrating over [to,], we obtain

t
q>(t)+9/ e~ (@2 p (s )ds+b/ ~(@/2=9)g(s) ds

2 to to

t
<@/ (1) + / e~ (@/2=) () s

to

+A5/ —(a/2)K(t— )/ ()d7d3_|_35/ —(a/2)n(t— )/III(T)deS,
to to to to

Observe that
a t a ¢
5/ e @29 (s) ds > 5640/2)@—%)/ O(s) ds

to to
' : 2A6 ‘
A(S/ 6—(a/2)(t—s)/ (I)(T) dr ds < 22— (1 o e—(a/2)(t—t0))/ @(7_) dr.
to to a to
Similarly
b [t b t
5/ 6—(a/2)(t s) ( )ds > 2 2 —(a/2)(t— to)/ \If(s) ds
to to
t s .
Bé/ e_(“/z)(t_s)/ U(T) dr ds < 2—35 (1 _ 6_(‘1/2)(t—t0))/ U(s) ds.
to to b to

It follows that

t s
g/ e~ (@/D(=) p( )ds—as/ ~(a/2)(t= S>/ o(7) dr ds
t t t

0 0 0

> @ [1 _ 4_A§ ( (a/2)(t=t0) _ 1)} e~ (a/2)(t=to) /t@(s) ds >0,
2 a? t
provided that the first condition in (A.2) holds. This also holds with b, B, v, replacing
a, A, @, respectively, provided the second condition in (A.2) holds. This implies (A.3).
Now assume that (A.1) holds over (to,ty + J) and that (A.4) holds over [y, to], for some
dp > 0. Then applying (A.4) at ¢y to (A.3) we have
t

to
D(t) < B(5p)e (/D=0 —i—/ e~ WD) P (s) ds —i—/ e~ WD) P (s) ds,

(50 to

which simplifies to (A.4), as desired. O

We also made use of the following lemma in order to control feedback effects that enter

the present instant through a past time interval and ultimately, ensure synchronization (see
(5.15)).

Lemma A.0.2. Let { > —1 and N > 0. Let 6 > 0 and define 6, :== (6 and Iy := (3¢, 0p41].
Let @, ¥ be non-negative, locally integrable functions. Suppose that for some ¢ > —1, there
exist constants a,b, ®y > 0, independent of ¢, N, such that

O(t) + b / (@25 (5) ds < Bge~ @) ¢ ], (A.5)
0y
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If 0 satisfies

C
o< —,
a

for some constant ¢ > 0, then there exists a constant Cy > 0 such that
1
6 J,

and

I,

Proof. Observe that by the mean value theorem

Opq1
/ O(s) ds < <I>0/ e~ (@/D(=0e2) (g
I )

= Goele/oen 2 (/e _ ol
a

= (I)0€(a/2)6‘3/26_(a/2)5l+12 (e(a/2)6 . 1)
a
= q)oe_(a/Q)%/z o~ (a/2)5(1-0) 5

for some 0 < 0 < 1, depending on J.
By assumption on ¢, ¢, and the fact that ¢ < 0,1, we have
o= (@/200072 — o~ (@/2)(t=0 ) (0212 ((0/2)(E=50112)
< 6@/ (t=b012) @/ G r=1/2) 0/2)5
< (a/DBHN/2) = (a/D(t=8p )

Thus, by letting Oy := e(¢/20+N/2) (A 6) and (A.9) imply (A.7).
On the other hand, observe that

t t
b [ ds > ey [ugs) as
S0 9

Upon application of (A.5), we have

d¢
Thus, by (A.9) we have
b / B(s) ds < Cye— /D=0 2),
I,

and we are done.

—/ D(s) ds < CyPoe™ WD) ¢ e (0,0 + N].

b / U(s) ds < CyPoe™ W2E002) e (0,0 + N.

t
b/ W(s) ds < (@ 2(=0) e (@/2)(t=0012) — P (/D02 € [,



DATA ASSIMILATION USING BLURRED-IN-TIME OBSERVATIONS 33

APPENDIX B.

B.1. Partition of unity. Let us briefly recall the partition of unity constructed in [3] and
used in [33]. To this end, we define for ¢ € L*(T?)

(6) == — [ o) da B.1)

Am2

Let N > 0 be a perfect square integer and partition €2 into 4N squares of side-length
h=m/VN. Let 7 = {0,+1,42,..., (VN — 1), —v/N}? and for each o € J, define the
semi-open square

Qo = [ih, (i + 1)h) x [jh, (7 + 1)), where «a=(i,j) € J.
Let @ denote the collection of all @),, i.e.

Q:= {Qa}aej-

Suppose that N > 9 and ¢ = h/10. For each o = (i,5) € J, let us also define the
augmented squares, (), and Q,(¢€), by

Qui= [(i= D, (i + 2B x [~ D, G+ 2] and Qule) = Qu+ B(0,e).  (B2)
so that Q, C Qu(€) C Q. for each o € 7, and the “core,” C.(€), by
Col0) = QO J Quid £ 2. acy.

o' #a
Then there exists a collection of functions {v, } satisfying the properties in Proposition B.1.1.
Note that we will use the convention that when 3 a positive integer, then D? = 81ﬁ 1825 *, where
Bi+B2 = B and 3; > 0 are integers, while if 3 > 0 is not an integer then D? = 8{51}852}/\5_[6],
where [8] = [B1] + [B], and finally, if 3 € (—2,0), then D = A”.

Proposition B.1.1. Let N > 9, h:= L/v/'N, and ¢ := h/10. The collection {1pq }acy forms
a smooth partition of unity satisfying

(i) 0 < o < 1 and sptipa C (Qale) + (272)2);

(i1) Yo =1, for all z € (Cale) + (27Z)?) and Y, Ya(z) =1, for all z € R?;

i) c1h®? < || |lrer2y < c2h®P, for all p € [1,00), for some constants c1,co > 0; in

(T2)
particular (h/(27))* < (Ya) < c(h/(27))?;, for some constant ¢ > 1;
(“}) Supae]HwQHHﬂ(’]I‘Q) 5 hl—ﬁ’ fOT all ﬁ > _17'
(1) $uae sl oy S (2) 7V RI5, for all 5 € (=2, 1], for some e € (1,2), where

the suppressed constant depends on [3;
(Vi) supqe 7 | AP D¥py || pooirzy S HTFF, for all B € [0,1), k > 0 integer.

Property (iii) was exploited in [33], but only in the case p = 2. We observe here, however,

that it also holds for any p € [1, 00) since I, < U < 1 and spt i C (Qale) + (27Z)2). On
the other hand, property (iv) for 8 > 0 was sufficient for the purposes in [33]. We will show
here that it also holds 5 € (—2,0), i.e. property (v), as well as the L estimate (vi). For
this, we will appeal to the following elementary fact:

(A7 (p(A ) (@) = N (A9)(Az), = €T? A>0, (B.3)



34 MICHAEL S. JOLLY', VINCENT R. MARTINEZ?, ERIC J. OLSON®, AND EDRISS S. TITI*'

where we define

P(A-)(x) = o(Ax).
The relation (B.3) can be seen easily by appealing to the Fourier transform. Due to the

subtleties of working with periodic functions, we include the details in Lemma B.1.1 below.
To this end, let us define

(6o = [ 01a)0) do.
Let us also denote the Fourier transform on T2, i.e., for functions which are periodic with
period 27 in z,y, by

F)00 =15 [ 00 da

472

and by F, the Fourier transform on A~!'T?, for A > 0, i.e., for functions which are periodic
with period A™'27 in z,y, by
)\2

(Frg)(k) = yoes / . e k(1) dv, ke \Z2.

Lemma B.1.1. Let 5 € (—=2,2]|. Then
(i) {6, 9) r2(r2) = N(S(A ), (N ) r2a-1m2), for A > 0.
(i1) APp(\-)(x) = NP(APp)(Ax), for X >0, and any B € R, provided that ¢ € Z.
Proof. The first property follows by a change of variables. Now observe that if ¢ € C°° (T?)N

per

Z, then ¢(A\-) € C2.(A7'T?) N Z with period 27A™! in z,y, where Z is as in (2.1). Let

per

k= Ak, for k € Z%. Then

)\2

FNOON® =15 [ eFkPo0a) do =Xz [ R Pol) de = VPO K)

It follows that for x € A™'T?, we have

Ao ) (x) = Y MRS ) (k) = N S e 0D F (A7) (k) = A (M) (Aa).
keaz? kez?
U
Let us now return to the proof of Proposition B.1.1 (v) — (vii). For this, let
U, (z) = Uu(ha), (B.4)
and U, = U, — (£ ) [ Yalz) da, so that ¢, () = U (h™'z) and (¥,) = 0. Moreover,

observe that \Ifa is supported in a square of area < 1.
Proof of Proposition B.1.1 (iv) through (vi).
Proof of (iv) for f € (—1,0). For convenience, let § > 0. By Lemma B.1.1 (ii), we have

Pl g-arzy = 1A (@a(h™ )2y = BEIAPTL) ()| r2r) = B7HIAP Vol 2102,
(B.5)
It follows from the Hardy-Littlewood-Sobolev inequality that

||A_B@QHL2(;L71T2) < CH\’IvfaHLz/(Hﬁ)(hflp) < (.
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We see now that from (B.5) we have
[Wall sy < CHPTY, B € (0,1),
with constant independent of o and h, as desired.

Proof of (v). Let f € [1,2). We estimate by duality. Indeed, let x € H?(T?) such that
Xl fz8(r2)- Then since x € Z, by Parseval’s theorem we have

(s X)22(12) = (Yo X)12(12) = (A 0y A°X) 1212
Let ¢ > 2/(2 — f3), so that ¢ € (2,00), and let ¢* € (1,2) be its Sobolev conjugate, i.e.,
1/qg = 1/q* — B/2. Let € = 2/¢* and ¢’ denote the Hélder conjugate of gq. Observe that
1 < ¢ <2< q<oo. Then by Holder’s inequality, (B.4), and the Hardy-Littlewood-Sobolev
inequality, we have
(e X) 2202 ] < NN Pl Loqro) 1A X Lot 22y
< (27T)2/ql_1h5+2/q||A_B‘I’a||m(h711r2)||ABX||L2(T2)

2 1=2/q 1 -
<C ( ) RPN all L o2y XN o )

1+8—€(B)
<C (2—”) s
="\

where for the last inequality, we made use of the fact that |\Ifa| < 1in A7'T? and \ia is
supported in a ball of area ~ 1. Thus

- o\ )
Gl <€ () A% e

as desired.
Proof of (vi). The result is trivial when § = 0 and k > 0 simply by rescaling and observing

that D’%Za is still supported in Q,(¢).
Suppose that 3 € (0,1). Now observe that that for # € T?, Lemma B.1.1 (ii) implies that

() — Yal(y)
(ABQ% —ngpv - |£L’— _27Tk|2+ﬁ
cs a(h_lx) T, (y) -
N B (L DALY

Since [|AW, || poo(p-112) < C, this settles the case § = 2. Since L™ is invariant under dilations
and U, is 2rh~-periodic in z, v, it suffices to consider

Noa - \ia(y)
AP, (z) = / V() d
Cﬁzp“ e | — y — 2ZE[2H8
V() = Ualy) -
= cgp.v./R2 v — [P dy, x¢&h ‘T2

Let us consider two cases: x ¢ 2h71Q, and x € 2h71Q,,.
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If 2 ¢ 2h7'Qq N A T2, then W, (z) = 0 and |z —y| > 2. Thus
dy

AUy (x) < CO|T oo/ —— < C.
| (@) < ClYlL o2 P
If 2 € 2h1Q, N A7T?, then |z — y| < 2 and we have
‘E]a(x) B E]oz(y>|
/x—y<2 + /:c—y|<2 |z — y|?*F dy
ly[<1 ly[>1
dy dy
< C||VY, Loo/ ——+C \I/a||Loo/ —
I I i<t ly['+? | s (Y77
C C
< ——||VV,|lre + = [ Valre < C.
< 751V ¥allum + Sl ¥l
Thus |APV,(2)| < C for all z € h~'T?, which implies [AP1,(2)] < Ch=F for all x € T?,
where C'is independent of o € J. This establishes (v). O

To ultimately prove (2.12), (2.13) and (2.14), we will exploit an additional property of the

bump functions v,. For this, we will make use of the following short-hand for ¢ localized to
the squares Q,(¢€):

Po() = ¢(2)lg, (o (2), z €T
Lemma B.1.2. Let 8 € (—00,0) and ¢ € Hﬁ(’I[Q). Then there exists a constant C' > 0 such
that

h

2
(¢, Ya) 22| < OB || pall o2y + C <%) hll @[l L2 (r2).- (B.7)

Proof. Suppose that 5 € (—o00,0). Observe that
a(Qa)

471-2 T2

<¢77$a>L2(’]I‘2) = <¢aalza>L2(’]1‘2) = <¢aﬂZa)L2(T2) + bo(z) d.

Then by Parseval’s theorem, the Cauchy-Schwarz inequality, and Proposition B.1.1 (iv), we
have

~ ~ h\2
46, Tubl < Dl Wl + € (57 ) Wy

. )
< OB gl + € (5= ) Wlolre (B.5)

as desired.
O

B.2. Boundedness properties of volume element interpolants. For ¢ € L}, .(Q), de-
fine

1 ~ 1 -
%= 25 /Q oa) do and Go, = =5 [ ola)inle) dn
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where a(Q) denotes the area of ) and

(Qu) = | Vo(z) dz. (B.9)
T
Observe that for each a € J, there exists a constant ¢ > 0, independent of h, «, €, such that
Q) 0@ a@
~alQ) " a(Q,) alQale)) T
We define the smooth volume element interpolant by

Ti(9) = > 6q.Va; (B.11)

aceJ

Q € {Qu: Qul€), Qu}- (B.10)

and the “shifted” smooth volume element interpolant by
I(¢) =Y 6QuVa o =0 — (Va)- (B.12)
acd

We will make use of the following elementary fact for a “square-type” function. Let A
be a finite index set and {A4}aea C T? be a countable collection of sets such that for each
zr € T?, sup,epe #{a € A: 2z € Q,} < co. Define

1/2
(50)(x) = (Z(¢a(x))2> , Ga(@) = d(2)]a, (2).

acA

Lemma B.2.1. Let ¢ € L'(T?). There exists a constant C' > 0 such that
1So(x)| < Clo(z)|, ae xeT? (B.13)

S ([outer ar) < ([ sotwar) (B.14)

acA

and

Proof. Let N := sup,cp2 #{a € A: 2z € A,}. Since N < oo, we have that for each z € T?,
there are at most N sets A, such that z € A,. It follows that for each & € T?, there exists
an integer C'(x) > 0 such that C'(z) < N. In particular, we have

Y [éa(@)]® = C(x)|é(x) < Nlg(x)[*.

On the other hand, by Fubini’s theorem, and the Cauchy-Schwarz inequality we have that

; (/ Pa(7) dx)2 - ; / Pa(@)daly) dudy
< [[sorases) asty = ( [se dx)Q,

This completes the proof. O

We immediately obtain the following corollary.
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Corollary B.2.2. Let K € L}, (R?) such that K > 0. Let ¢ € L'(T?) such that K % ¢ €
L*(T?).

D K % all7z < ClIK * ¢l[72.
acA

In particular, for 5 € (—2,0), we have
Y lallfys < Cllgls, (B.15)

acJ
where (A, {A,}) is given by (T,{Qa(€)}) as in (B.2).
Proof. Observe that

1K % ull2s = / (K * 6)(2)? de

-/ ( [ 6=t dy)zdx
< [ [ [ K=K - ouwlion)] dvdyds

Therefore, by the non-negativity of K, the Cauchy-Schwarz inequality, and (B.13) of Lemma
B.2.1, we have

S ol < [ [ [ K=Kl = )(50)0)(S0)) dydys

acA
<c? / / / Kz — y)K (e — )o(y)d() dydy/de
< C°|IK * 6.

It then follows as a special case that (B.15) holds. Indeed, the Riesz potential, A, 3 €
(—2,0), has kernel K(x) ~ |2|72*# which is locally integrable and non-negative. O

Proposition B.2.1. Let J, be given by either (B.11) or (B.12). Given a > 1, let €(«) be as
in Proposition B.1.1 (v) when « € [1,2), and identically 0 otherwise. Let C' > 0 and define

C (%) a<1
Crla, h) = ST ’ B.16
There exists a constant C' > 0, depending on «, such that:
(1) If (p. B) € [0,50) x [0,2), then
176l o z2y < C1(8, W)W P[0l s g2 (B.17)
(2) If (p, B) € [0,00) x (=2,0], then
10l 1o (r2) < Ch=P (BP0l s + 1]l 2222 ). (B.18)

(3) If (p, B) € (—=2,0) x (=00, 0], then
116l frogrzy < Crllpls YR =211 0]l o ey (B.19)
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Proof. We will prove the lemma for the case Jj, given by (B.11). The case when J}, is given
by (B.12) is similar.
Let (p,8) € [0,00) x [0,2). Then by Proposition B.1.1 (iv) and (v), we have

||Jh¢’|?ilp(’]1‘2 < CZ¢QQ||wa||Hp(T2
< Ch—HPD (6, 1a)?

< C(B,h) h—2 2ph2+262||¢||,m

C(B by 2%2%( ) 19150

where the constant C' is defined as

C, a<l1,

6(0&, h) = {C (g_ﬂ)l-Hoc\—E(a) a>1 (B2O)
h ) = 4

where €(a) > 0 is chosen according to Proposition B.1.1 (v) and C' > 0 is some constant,
depending on «.
Hence, by (B.16) we have

116l fro(r2y < Cr(B, WA I|6]] e (B.21)

where C7(5, h) is defined by (B.16), as desired.
Next, let (p, ) € [0,00) x (—2,0]. We estimate as before, except that we apply Lemma
B.1.2 and Corollary B.2.2 to obtain

1T 3oy < CH7272 3 ({6,106

<CN Y ballfame + Ch™* 1612

< OB 8|5 + CR™* | § 722y,

as desired.
Finally, let (p,3) € (=2,0) x (—00,0]. To prove (B.19), we proceed by duality. Let
wo 2y = 1. Since Jy is self-adjoint and ¢ € Z, it follows from Parseval’s theorem and
x| (T2) J )
(B.17) that
[(Jnd, X) L2(r2)| < ||¢||H6(1r2)||JhX||H\6\(T2)
~ _ 27
< Gl (27 1ol Il

Thus, we have

170l o2y < Crllol, )10l s 72y
as desired. m
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Proposition B.2.2. Let J, be given by (B.11) or (B.12). Let Ci(a,h) be defined as in

(B.16). Define

2T

@h

Let p, B € R. There exists a constant C' > 0, depending only on p, 3, such that

(1) If p > 0 and § = { is an integer, then
||JhDé¢||Hp(T2) < Ch_(p+é_él)||¢||m’(1r2)> 0</ <,

and

1 JnD D fropoy < ChT=PH D Gl paze), 0 <L <L

(2) If p € (=2,0), B € (—2,0), and ' € (—o0, ], then
176Dl roz2) < Crlpls )R] o ),
On the other hand, if 8 = { is an integer, then
18D G\l op2y < Crllpl, AT P76l 2.
(3) For p >0 and B € (0,2) a non-integer we have
1TnD? Bl o rzy < Crh™ @8]l jrorgry, 0 < B < B,

(B.22)

(B.23)

(B.24)

(B.25)

(B.26)

(B.27)

Proof. Let p > 0. By integrating by parts, Proposition B.1.1 (iv), and the Cauchy-Schwarz

inequality we have

10D 6132y < CZI (D), PPl
< Ch—2—2p Z | Df’¢’ D£_£l¢a>L2(T2)|2

< OO S D" 6liaqu e

< C'h—2(p+t=t) HDZ’¢||2L2(T2)7
which proves (B.23).

Similarly, estimating as before and applying Proposition B.1.1 (vi) (instead of (iv)) and

Hoélder’s inequality (instead of Cauchy-Schwarz) we have

||JhDZ¢H P (T2) < CZ‘ DZQb Qa‘ ’|¢a||Hp(T2
< Ch_2_2p Z |( D" o, Dé_él’(/}a>L2(T2) |2

< Ch—2—2p—2(€—€/) ZHDZIQSH%J(QQ(E))

< Ch=27 20t DY 121 2y,

Arguing as before, we ultimately arrive at (B.24).
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For p € (—2,0) and (' € (—o0, 8], we proceed by duality. Indeed, let y € H”/(T?) with
x| flel(r2y = 1. Since Jj is self-adjoint, by Parseval’s theorem we have
(JnD%, X) r2(12)| = [(#, DP JuX) 1212

Then by Parseval’s theorem, the fact that ¢ € Z, the Cauchy-Schwarz inequality, the
Poincaré inequality, and (B.17) of Proposition B.2.1, we have

[(JnDPd, x) 22| < Clll o oy 1 Tnx | -7 oy
< Clloll o oy 1Inxll s 2y
< Crllpl, YR oy I o 2y,

which implies (B.25).
On the other hand, to prove (B.26), let 8 = k be an integer. Since J), is self-adjoint, upon
integrating by parts, then applying Holder’s inequality we obtain

[(JnD*¢, X) r2cr2y| = [{d, DFTnX) 1212
< Cllll i) |1 DF Tnx|| oo (2.
Observe that
(DEJy)(x) = h ™" X, (DFU,) ().

Now recall that N = sup,cre #{a € J : € Qu(€)} < co. Let J'(z) == {a € T :
x € Qq(€)}. Then it follows from Parseval’s theorem, the Cauchy-Schwarz inequality, and
Proposition B.1.1 (iv) through (vi) that

ID*Jux ()] < Ch™>7% > ([ @all gogey X 1612y |1 DF @ (71 )| ooz
acJ!(x)
< Cr(lpl, YNDT R x| g 2y -
Therefore
[(JnD*, X) 22| < Cillpl, )21 dl| o2y X o 2

which implies (B.26), as desired.

Finally, we prove (B.27). Let 8 € (0,2) a non-integer. Then by Proposition B.1.1 (iv) and
(v), integration by parts, the fact that A is self-adjoint, and the Cauchy-Schwarz inequality
we have

| Th D0 e <CZ|D%QQ| 1Pl oz

< Ch—2 ”Z| (D” ¢, D=5} 122y |2

< oo (28 ) 1612 00

This completes the proof. O

Remark B.1. We point out that all of the above boundedness properties for J, hold also
when Jy, 1s given by projection onto finitely many Fourier modes, in specific, when Jy, is given
by the Littlewood-Paley projection. The only difference is in the constants. Indeed, one may
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notice above that this “defect” between the spectral projection and the “volume-elements”
projection can be traced to the fact the operator, A°, 3 € (—2,2), is a non-local operator;
although its input may be compactly supported, the output need not have compact support.
Generally speaking, the projection onto Fourier modes up to wave-number < 1/h satisfies
convenient “orthogonality” properties, as captured by the Bernstein inequalities, that are not
enjoyed by projection onto local spatial averages. The above boundedness properties then
follow immediately from this inequality and the fact that differential operators will commute
Jy, when it is given as this projection. For this reason, we omit the details, but refer to [33],
where the relevant estimates are carried out.
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