Finite Fractal Dimension and Hölder-Lipshitz Parametrization

By C. Foias and E. Olson

In this paper we first extend the Hölder-Mañé Theorem [1] from a finite dimensional space to the general Hilbert space setting. Namely, if H is a real Hilbert space and X ⊆ H has fractal dimension less than m/2, then for any orthogonal projection P of rank m and δ ∈ (0, 1) there is an orthogonal projection P̃ such that ‖P − P̃ ‖ < δ and P̃ |_X has Hölder inverse. Moreover, for any metric space M of finite fractal dimension less than m/2 there exists a Lipshitz function g: H → R^m with Hölder inverse on its image.

1. Introduction In [4] first and then in [7] and [2], Appendix A, it was proven among others that if X is a compact subset of a real Hilbert space H with fractal dimension less than m/2 and if P is a projection in H of rank m then for every δ ∈ (0, 1) there exists a projection P̃ of rank m such that ‖P − P̃ ‖ < δ, and P̃ |_X is one to one. In [2], Chapter 10 it was almost explicitly shown that if the inverse f = (P̃ |_X)^{−1}: P̃ X → H is not merely continuous but a Hölder function, then the following important theoretical fact is valid: The exponential attractors of infinite dimensional dissipative evolution equations are also the exponential attractors of some finite dimensional ordinary differential equations. The existence of such projections P̃ was established in [1] and [2] but only in the case when the dimension of H is finite. Our aim is to show that this last assumption is unnecessary. Namely, we have the following:

Theorem 1.1. Let H be a real Hilbert space and X ⊆ H be such that d_F (X) < m/2. Then for any orthogonal projection P of rank m and δ > 0 there is an orthogonal projection P̃ such that ‖P̃ −P ‖ < δ and P̃ |_X has Hölder inverse.

In fact, the statement of Theorem 1.1 remains valid also if all references to orthogonality are removed (Theorem 8.2). Finally, as a general application of this result we obtain

Theorem 1.2. Given a metric space M of fractal dimension less than m/2, there is a function g: M → R^m and constants L > 0 and γ ≥ 1 such that Ld(a, b)^γ ≤ ‖ g(a) − g(b) ‖ ≤ d(a, b) for all a, b ∈ M. In this way any metric space of finite fractal dimension is the range of a Hölder expanding map defined on a bounded set in a finite dimensional euclidean space. Clearly one cannot replace fractal dimension by Hausdorff dimension in these theorems (see also [1]).

The proof of our main result, namely Theorem 1.1, is outlined in the next section. The details of the proof of Theorem 1.1 are presented in the rest of the paper, with the exception of the last paragraph devoted to the proof of Theorem 1.2.

2. Preliminary Let M be a totally bounded metric space. Recall that the fractal dimension of M is defined by d_F (M) = lim sup_{ρ→0} log N_M (ρ) log(1/ρ) where N_M (ρ) = min { n : a_1, . . ., a_n ∈ M and M ⊆ ⋃_n i=1 B_ρ(a_i) } is the minimum number of open balls of radius ρ needed to cover M. If M is not totally bounded, its fractal dimension d_F (M) is, by definition, infinite.

Remark 2.1. The following are simple consequences of the definition:

a. d_F (M_1 × M_2) ≤ d_F (M_1) + d_F (M_2), b. If f: M_1 → M_2 is Lipshitz continuous then d_F (M_2) ≤ d_F (M_1). c. If d_F (M) < d then there is a constant C_M such that N_X (ρ) ≤ C_M (1/ρ)^d holds for all X ⊆ M and ρ ∈ (0, 1).

We now outline the proof of Theorem 1.1 that will be presented in the rest of this paper. Let H be a real Hilbert space, X a compact subset of H and P an orthogonal projection. For P |_X to have Hölder continuous inverse f: P (X) → H means there are constants K and θ > 0 so that ‖f(x_1)−f(x_2)‖ ≤ K‖x_1 − x_2‖^θ for x_1, x_2 ∈ X. If Y = X − X, then this is equivalent to saying that ‖P y‖ ≥ C‖y‖^η for y ∈ Y where η = 1/θ and C = (1/K)^η. Furthermore, since d_F (Y ) ≤ 2d_F (X), we will focus our attention on obtaining a projection P such that ‖P y‖ ≥ C‖y‖^η for y ∈ Y where the rank of P is greater than the fractal dimension of Y .

Our result in the case of orthogonal projections will be obtained by taking an increasing sequence of finite dimensional subspaces and applying a finite dimensional result on each one thereby obtaining a sequence of projections that converge to one with the desired properties. In fact, given a projection P of rank m, a set Y of finite fractal dimension less than m, and δ > 0, first project H into a large finite dimensional space of dimension N by a suitably choosen orthogonal projection Q_N . We choose Q_N so that the norms of elements in Y do not get too small. Now we consider Q_N Y in the finite dimensional space Q_N H and use [1] ignoring P and δ to construct an orthogonal projection P_0 from Q_N H onto an m dimensional subspace. Then we focus on approximating the original projection. Let V be a subspace of dimension 2m such that P H ⊆ V and P_0Q_N H ⊆ V . Now we use [2] to approximate P in V finding an orthogonal projection P̃ that is δ close to P . Note that, although [1] and [2] each contain complete proofs of the result in the case that H is finite dimensional, the techniques in [2] are better suited for estimating how the result depends on dim H whereas [1] is better for estimating the dependence on δ. Finally we obtain a sequence of orthogonal projections by letting N → ∞ and δ → 0 in the above construction. With care this sequence can be made to converge to an orthogonal projection with the desired properties. The passage from orthogonal projections to arbitrary projections is quite standard (see Theorem 8.2).

3. From Hilbert Space to a Large Finite Dimensional Space The first step is the construction of the projections Q_N referred to above.

Lemma 3.1. Given a compact subset Y of a Hilbert space H such that N_Y (ρ) ≤ C_Y (1/ρ)^d for ρ ∈ (0, 1). Then there are orthogonal projections Q_n of rank less than or equal n such that ‖y − Q_ny‖ ≤ (C_Y /n)^{1/d} for all y ∈ Y .

Proof. Let P_0 = I. We define a sequence of vectors and orthogonal projections inductively as follows: Given P_n let a_{n+1} ∈ Y be a vector so that P_na_{n+1} has largest norm in P_nY . Define P_{n+1} to be the orthogonal projection onto P_nH ⊖ RP_na_{n+1}.

Note that if ‖P_na_{n+1}‖ ≤ ρ ≤ ‖P_{n−1}a_n‖, then, for j < k ≤ n, one has ‖a_k − a_j‖ ≥ ‖P_{k−1}a_k − P_{k−1}a_j ‖ = ‖P_{k−1}a_k‖ ≥ ‖P_{n−1}a_n‖ ≥ ρ. Thus for A = { a_1, a_2, . . .} we have that N_A(ρ) ≥ n. But N_A(ρ) ≤ C_Y (1/ρ)^d, since A ⊆ Y . It follows that ρ ≤ (C_Y /n)^{1/d} and thus ‖P_na_{n+1}‖ ≤ (C_Y /n)^{1/d}.

Let Q_n = I −P_n. Then Q_n is an orthogonal projection of rank less than or equal n and y − Q_ny ∈ P_nY implies ‖y − Q_ny‖ ≤ ‖P_na_{n+1}‖ ≤ (C_Y /n)^{1/d}.

4. From a Large Finite Dimensional Space to R^m In this paragraph we present the finite dimension techniques introduced in [1] which we will later apply to Q_N Y in the finite dimensional space Q_N H for N large enough. Only part of the proof is presented here as we don’t approximate the original projection in this step. Careful track is kept of how the estimates depend on the dimension N.

Notation. Let G_{N,k} be the Grassmanian manifold of k dimensional subspaces in R^N , and μ be the invariant measure on G_{N,k} normalized as in [5], equation 12.35 so that μ(G_{N,k}) = O_{N −1}O_{N −2} · · ·O_{N −k} O_{k−1}O_{k−2} · · ·O_1O_0 where O_{N −1} = 2π^{N/2}/Γ(N/2) is the surface area of the N − 1 dimensional unit sphere. Here Γ represents Euler’s Gamma function. Also, let S(B) = { x ∈ G_{N,k} : x ∩ B ≠ ø }. According to [5], equation 17.52, the measure of S(B_ρ(a)) where a ≠ 0 and ρ < ‖a‖ is calculated as μ ( S(B_ρ(a)) ) = O_{N −2} · · · O_{N −k−1} O_{k−2} · · · O_0 ∫_{arcsin(ρ/‖a‖)} 0 cos^{k−1}(s) sin^{N −k−1}(s) ds

Remark 4.1. We obtain for r ≤ ‖a‖ and ρ < ‖a‖ that μ ( S(B_ρ(a)) ) ≤ 1 N − k O_{N −2} · · · O_{N −k−1} O_{k−2} · · ·O_0 arcsin^{N −k}(ρ/‖a‖) ≤ μ(G_{N,k}) N − k O_{k−1}O_{N −k−1} O_{N −1} (πρ 2r )_{N −k}

= μ(G_{N,k})O_{N −k−1} N − k Γ(N/2) Γ(k/2) ( ρ 2r )_{N −k} π^{(N −k)/2} ≤ μ(G_{N,k})O_{N −k−1} N − k (Nπ 2 )_{(N −k+1)/2}( ρ 2r )_{N −k} .

Lemma 4.2. Let Y ⊆ R^N be such that N_Y (ρ) < C_Y (1/ρ)^d for all ρ ∈ (0, 1). Then for m > d and r ∈ (0, 1) there exists P_0 of rank m such that ‖P_0y‖ ≥ C ( r √ N )_{(m+1)/(m−d)} for y ∈ Y such that ‖y‖ ≥ r

where C > 0 is a constant depending only on m, d and C_Y .

Proof. Define Z = { y ∈ Y : ‖y‖ ≥ r }. Consider a cover of Z by N_Z (ρ) balls of radius ρ < r/2. Let a_j where j = 1, . . ., N_Z(ρ) denote the centers of these balls. Estimate the measure α of the projections whose kernels intersect B_{2ρ}(a_j) for some j. Let k = N − m and by Remark 4.1 estimate α = μ (⋃ S ( B_{2ρ}(a_j) ))

≤ N_Z(ρ) μ(G_{N,k})O_{N −k−1} N − k ( Nπ 2 )_{(N −k+1)/2}(ρ r )_{N −k}

≤ C_Y μ(G_{N,k})O_{m−1} m (Nπ 2 )_{(m+1)/2}(1 r )_m ρ^{m−d} ≤ μ(G_{N,k}) 2C^{m−d} (√N r )_{m+1} ρ^{m−d} where C is an appropriate constant depending only on m, d, and C_Y . It follows α < μ(G_{N,k}) for ρ = C(r/ √ N)^{(m+1)/(m−d)}. Taking V ∈ G_{N,k} \ ⋃ S ( B_{2ρ}(a_j) ) and the projection P_0 with kernel V yields ‖P_0y‖ ≥ ρ for y ∈ Z since any y ∈ Z is at least ρ away from the kernel of P_0.

5. Sharp Conditions on Close Projections In this section we present some elementary but sharp results from operator theory on orthogonal projections which we need later. For completeness we provide their proofs.

Lemma 5.1. Given orthogonal projections P and P̃ of equal and finite rank on a Hilbert space H and ϵ ∈ (0, 1), if P̃ x = 0 implies ‖P x‖ ≤ ϵ‖x‖, then ‖P − P̃ ‖ ≤ ϵ. Proof. Define T = P̃ |_{P H} : P H → P̃ H. If T x = 0 for some x ∈ P H then x = P x and P̃ x = 0. Therefore ‖x‖ = ‖P x‖ ≤ ϵ‖x‖, which is possible only if x = 0. Thus T is one-to-one. But dim T P H = dim P H = dim P̃ H implies T P H = P̃ H, and so T is also onto. Define S = (I − P̃ ) | (I−P )H : (I − P )H → (I − P̃ )H. By [6], Chapter IX, Lemma 1.1, we have that S is one-to-one and onto and therefore so is its adjoint S^∗. Furthermore, ‖ ‖S^∗(I − P̃ )x ‖ ‖^2 = ‖ ‖(I − P̃ )x ‖ ‖^2 − ‖ ‖P (I − P̃ )x ‖ ‖^2 ≥ (1 − ϵ^2) ‖ ‖(I − P̃ )x ‖ ‖^2.

We can again apply [6], Chapter IX, Lemma 1.1, to obtain that T^∗: P̃H → P H is one-to-one and onto with

‖T^∗P̃ x‖^2 ≥ (1 − ϵ^2)‖P̃ x‖^2.

It follows that ‖ (P̃ − P )x ‖_2 = ‖ (I − P )P̃ x − P (I − P̃ )x ‖_2 = ‖ (I − P )P̃ x ‖_2 + ‖ P (I − P̃ )x ‖_2 = ‖~ P x ‖_2 − ‖ T^∗P̃ x ‖_2 + ‖ P (I − P̃ )x ‖_2 ≤ ϵ^2 ‖~ P x ‖_2 + ϵ^2 ‖ (I − P̃ )x ‖_2 thus ‖P̃ − P ‖ ≤ ϵ. Lemma 5.2. Let P and P̃ be orthogonal projections of finite rank such that ‖P − P̃ ‖ < δ for some δ ∈ (0, 1). Then there is a unitary operator U such that P̃ = UP U^{−1} and ‖U − I‖^2 ≤ 2(1 − √ 1 − δ^2).

Proof. First suppose ‖P − P̃ ‖ < δ. Define T = P̃ |_{P H} . Since δ < 1 then T : P H → P̃ H is one-to-one and onto, and thus in the polar decomposition VA of T where A: P H → P H is a positive symmetric transformation we have that V : P H → P̃ H is a unitary transformation (see [3], sections 105 and 110). Let N be the rank of P . As A is positive symmetric, there must be N orthogonal eigenvectors e_i of A with corresponding eigenvalues α_i. Thus we have Ae_i = α_ie_i where i = 1, . . ., N. Define ẽ_n = V e_n. Clearly ẽ_n is an orthogonal basis for P̃ H. Furthermore, (e_i, ẽ_j) = (e_i, V e_j) = (P̃ e_i, V e_j) = (T e_i, V e_j) = (VAe_i, V e_j) = α_i(V e_i, V e_j) = α_i(e_i, e_j).

Therefore ‖P̃ e_i‖ = ‖T e_i‖ = ‖VAe_i‖ = α_i implies

1 = ‖P e_i‖^2 = ‖P̃ e_i + P e_i − P̃ e_i‖^2 = ‖P̃ e_i‖^2 + ‖P e_i − P̃ e_i‖^2 ≤ (ẽ_i, e_i)^2 + δ^2

so that (e_i, ẽ_i) ≥ √ 1 − δ^2.

For i = 1, 2, . . ., N define Z_i = Re_i + Rẽ_i and write H = Z_1 ⊕ Z_2 ⊕ · · · ⊕ Z_N ⊕ Z. Let U_i be the rotation in Z_i taking e_i into ẽ_i and define U = U_1 ⊕ U_2 ⊕ · · ·⊕ U_N ⊕ I|_Z. Clearly U is unitary and P̃ = UP U^{−1}. Furthermore, denoting by I_i the identity operator on Z_i, we have ‖U − I‖^2 = max { ‖U_i − I_i‖^2 : i = 1, 2, . . ., N } = max { ‖ẽ_i − e_i‖^2 : i = 1, 2, . . ., N } = max { 2 ( 1 − (ẽ_i, e_i) ) : i = 1, 2, . . ., N } ≤ 2(1 − √ 1 − δ^2).

Lemma 5.2 has the following strong reciprocal:

Lemma 5.3. Let P be a finite dimensional orthogonal projection and U a unitary operator. If ‖U − I‖^2 ≤ 2(1 − √ 1 − δ^2) then ‖P − P̃ ‖ ≤ δ where P̃ = UP U −1. Proof. Let P̃ x = 0 and ‖x‖ = 1. Define y = Ux. Then ‖y‖ = 1 and

ρ^2 = ‖x − y‖^2 ≤ ‖I − U‖^2 ≤ 2(1 − √ 1 − δ^2)

imply (x, y) = 1 − ρ^2/2 ≥ √ 1 − δ^2. Since P̃ x = 0 then P̃ ≤ I − x^∗ ⊗ x and therefore ‖P x‖ = ‖UP x‖ = ‖P̃ y‖ ≤ ‖y − (x, y)x‖ = √ 1 − (x, y)^2 ≤ δ.

Applying Lemma 5.1 gives ‖P − P̃ ‖ ≤ δ.

6. Finite Dimensional Hölder Continuity We now need the one step at a time constructive proof of the finite dimensional case of Theorem 1.1 in [2], Proposition A.1. Using the results from the previous section we give a simplified presentation carefully keeping track of how the constants depend on the closeness δ of the approximating projection.

Lemma 6.1. Let P be a projection of rank N − 1 in R^N and A = { ker P̃ : ‖P − P̃ ‖ < δ }. Then μ(A) ≥ Cδ^{N −1} where C > 0 is a constant that depends only on N.

Proof. Write P = I − h^∗ ⊗ h. It follows from Lemma 5.1 that A = { ker P̃ : ‖P̃ h‖ < δ } = { Rh̃ : ‖h̃‖ = 1 and ‖h − h̃(h̃, h)‖ < δ } = { x ∈ G_{N,1} : x ∩ B_δ(h) ≠ ø } = S ( B_δ(h) ) . Therefore μ(A) = O_{N −2} ∫_{arcsin(δ)} 0 sin^{N −2}(s) ds ≥ Cδ^{N −1} where C is a constant that depends only on N.

Lemma 6.2. Let Y ⊆ B_1(0) ⊆ R^N be such that N_Y (ρ) ≤ C_Y (1/ρ)^d for ρ ∈ (0, 1) where d < N − 1. There are constants C > 0 and η ≥ 1 depending only on N, d, and C_Y such that for any projection P of rank N − 1 and δ ∈ (0, 1) there is a projection P̃ such that ‖P − P̃ ‖ < δ and ‖P̃ y‖ ≥ C ( δ‖y‖ )_η for all y ∈ Y .

Proof. Let η = 2(N − 1)/(N − 1 − d). Since P is of rank N − 1 there is h with ‖h‖ = 1 such that P = I −h^∗ ⊗h. Define Z_n = { y ∈ Y : r_n ≤ ‖y‖ ≤ r_{n−1} } where r_n = 1/2^n. Consider a cover of Z_n by N_Zn(ρ_n) balls of radius ρ_n = ϵr^η_n. Let a^n_j where j = 1, . . ., N_Zn(ρ_n) denote the centers of these balls.

Estimate the measure α of projections whose kernels intersect the balls B_{2ρ}n (a^n_j ) in G_{N,1}: α = μ ( ⋃ n,j S ( B_{2ρ}n(a^n_j ) ))

≤ ∞∑ n=1 N_Zn (ρ_n) μ(G_{N,1})O_{N −2} N − 1 (Nπ 2 )_{N/2}( ρ_n r_n )_{N −1}

≤ C_Y ϵ^{N −1−d} μ(G_{N,1})O_{N −2} N − 1 (Nπ 2 )_{N/2}^∞∑ n=1 r^{(N −1−d)η−N +1} n ≤ C_1ϵ^{N −1−d} where C_1 is an appropiate constant depending only on N, d and C_Y .

From Lemma 6.1 it follows that α < μ ( { ker P̃ : ‖P − P̃ ‖ < δ } ) by setting ϵ = C_2δ^{(N −1)/(N −1−d)} where C_2 is some suitable constant depending only on N, d and C_Y . Take Ṽ ∈ { ker P̃ : ‖P − P̃ ‖ < δ } \ ( ⋃ j,n S ( B_{2ρ}n (a^n_j ) )) . and the projection P̃ with kernel Ṽ . If y ∈ Y then r_n ≤ ‖y‖ ≤ r_{n−1} for some n and y ∈ B_ρn (a^n_j ) for some j. Since Ṽ ∉ S ( B_{2ρ}n(a^n_j ) ) then y is at least ρ_n away from the kernel of P̃ . Therefore ‖P̃ y‖ ≥ ρ_n = ϵr^η_n ≥ ϵ2^{−η}‖y‖^η = C_22^{−η}δ^{η/2}‖y‖^η ≥ C_22^{−η} ( δ‖y‖ )_η

because δ ∈ (0, 1). The desired conclusion follows with C = C_22^{−η}.

Theorem 6.3 ([1], [2]). Given Y ⊆ B_1(0) ⊆ R^N such that N_Y (ρ) ≤ C_Y (1/ρ)^d for ρ ∈ (0, 1) where d < m ≤ N − 1. There are constants C > 0 and η ≥ 1 depending only on N, m, d and C_Y such that for any projection P on R^N of rank m and δ ∈ (0, 1) there is a projection P̃ of rank m such that ‖P − P̃ ‖ < δ and ‖P̃ y‖ ≥ C ( δ‖y‖ )_η for every y ∈ Y .

Proof. If N − 1 = m then this is simply Lemma 6.2, otherwise assume for induction on N that the result holds in R^{N −1}.

Let Q : R^N → R^{N −1} be chosen so P ≤ Q. By Lemma 6.2 there is a Q̃ such that ‖Q − Q̃‖ < δ/2 and ‖Q̃y‖ ≥ C_1 ( δ‖y‖ )_{η1} for y ∈ Y . Let U be as in Lemma 5.2 so that Q̃ = UQU^{−1} and ‖U − I‖^2 ≤ 2(1 − √ 1 − δ^2/4). From Lemma 5.3 it follows that ‖P − UP U^{−1}‖ < δ/2.

Now consider the N −1 dimensional space Q̃R^N . By the induction hypothesis there is P̃ ≤ Q̃ such that ‖P̃ − UP U^{−1}‖ < δ/2 and ‖P̃ Q̃y‖ ≥ C_2 ( δ‖Q̃y‖ )_{η2} for y ∈ Y . Thus ‖P̃ − P ‖ ≤ ‖P̃ − UP U^{−1}‖ + ‖P − UP U^{−1}‖ < δ and ‖P̃ y‖ ≥ C_2 ( δ‖Q̃y‖ )_{η2} ≥ C_2 ( δC_1(δ‖y‖)^{η1} )_{η2} ≥ C ( δ‖y‖ )_η for y ∈ Y where C and η depend only on N, m, d, and C_Y .

7. Approximation of P in the 2m-Dimensional Space In this section the previous results are put together in the way outlined in section 2 to obtain an orthogonal projection P̃ on H that is close to the original projection and behaves reasonably well on Y .

Lemma 7.1. Let H be a Hilbert space and Y be a compact subset of B_1(0) such that d_F (Y ) < m. Then there exists constants η ≥ 1, ϵ > 0 and C > 0 such that for any orthogonal projection P of rank m and r ∈ (0, ϵ) there is an orthogonal projection P̃ with ‖P̃ − P ‖ < r and ‖P̃ y‖ ≥ Cr^η for y ∈ Y such that ‖y‖ ≥ r.

Proof. Choose d so d_F (Y ) < d < m, let C_Y be as in Remark 2.1c, and take ϵ = C^{1/d}_Y . Thus there is N ≥ 2 so that (C_Y N )_{1/d} ≤ r 2 < ( C_Y N − 1 )_{1/d} . Defining Q = Q_N from Lemma 3.1 yields ‖Qy‖ ≥ ‖y‖ − (C_Y /N)^{1/d} ≥ r/2 for y ∈ Y such that ‖y‖ ≥ r. Since C_{QY} ≤ C_Y one may use Lemma 4.2 to find an orthogonal projection P_0 of rank m in QH such that ‖P_0Qy‖ ≥ C_1 ( r/2 √ N )_{(m+1)/(m−d)} for y ∈ Y such that ‖Qy‖ ≥ r/2 where C_1 depends only on m, d and C_Y . Since N ≥ 2 we have 1 N > 1 2C_Y (r 2 )_d and therefore also

‖P_0Qy‖ ≥ C_2r^{(1+d/2)(m+1)/(m−d)} for y ∈ Y such that ‖y‖ ≥ r where C_2 depends only on m, d and C_Y .

Choose a subspace V ⊆ H of dimension 2m such that P_0QH ⊆ V and P H ⊆ V and let Q̃ be the orthogonal projection from H onto V . By Theorem 6.3 applied to Q̃Y in V there is an orthogonal projection P̃_1 in V such that ‖P̃_1 − P ‖ < r and ‖P̃_1Q̃y‖ ≥ C_3 ( r‖Q̃y‖ )_{η1} for all y ∈ Y where C_3 and η_1 ≥ 1 are constants depending only on m, d and C_Y .

Defining P̃ = P̃_1Q̃, we obtain ‖P̃ y‖ ≥ C_3 ( r‖P_0Qy‖ )_{η1} ≥ C_3 ( rC_2r^{(1+d/2)(m+1)/(m−d)} )_{η1} = Cr^η for y ∈ Y such that ‖y‖ ≥ r with η = ( 1 + (1 + d/2)(m + 1)/(m − d) ) η_1 and C depending only on C^{η1}_2 and C_3, that is, only on m, d, and C_Y .

8. The Hölder-Mañé Projection in Hilbert Space In this section we conclude the proof of Theorem 1.1 by creating a Cauchy sequence of orthogonal projections using the previous theorem and letting the distance between successive projections decrease so quickly that a projection with Hölder inverse is obtained in the limit.

Lemma 8.1. Given a set Y ⊆ B_1(0) suppose there are constants η ≥ 1, ϵ > 0 and C > 0 such that for every orthogonal projection P of rank m and r ∈ (0, ϵ) there is an orthogonal projection P̃ satisfying ‖P̃ − P ‖ < r and ‖P̃ y‖ ≥ Cr^η for y ∈ Y such that ‖y‖ > r. Then for every γ > η + 1 and δ ∈ (0, 1) there is constant K such that for every orthogonal projection P of rank m there is an orthogonal projection P̃ of rank m satisfying ‖P̃ − P ‖ < δ and ‖P̃ y‖ ≥ K‖y‖^{γ2} for y ∈ Y .

Proof. Let α = min(δ, ϵ). Choose ρ < 1/2 so that K = C(αρ)^η−2αρ^γ > 0. Define r_n = αρ^γ n for n = 0, 1, 2, . . . and choose a sequence of orthogonal projections so that ‖P_n − P_{n−1}‖ < r_n and ‖P_ny‖ ≥ Cr^η_n for ‖y‖ ≥ r_n. for n = 0, 1, 2, . . . where P_{−1} = P . Since r_{n+1} ≤ r_n/2 then ∑_∞ k=n+1 rk ≤ 2rn+1 implies P_n is a Cauchy sequence of projections. Let P̃ = lim P_n. Clearly ‖P̃ − P ‖ < ∑_∞ n=0 r_n ≤ 2r_0 = 2αρ < δ. Fix y ∈ Y with y ≠ 0. If r_0 ≤ ‖y‖ ≤ 1 then ‖P̃ y‖ ≥ ‖P_0y‖ − ‖P̃ − P_0‖‖y‖ ≥ Cr^η_0 − 2r_1 = C(αρ)^η − 2αρ^γ = K ≥ K‖y‖^{γ2} . Otherwise there is n so that r_n ≤ ‖y‖ ≤ r_{n−1} and

‖P̃ y‖ ≥ ‖P_ny‖ − ‖P̃ − P_n‖‖y‖ ≥ Cr^η_n − 2r_{n+1}r_{n−1} = C(αρ^γ n )^η − 2αρ^γ n+1 αρ^γ n�1 ≥ (Cα^η − 2α^2ρ^γ n(γ_−η) )ρ^γ nη ≥ ρ^{−η}Kρ^γ nη ≥ Kρ^γ nη ≥ Kr^{γη}_{n−1} ≥ K‖y‖^{γ2} .

We are now able to conclude with the proof of Theorem 1.1.

Proof of Theorem 1.1. Since X must be totally bounded, its closure X̄ in H is compact. It is easy to see that d_F (X̄) = d_F (X) and therefore writing Y = X̄ − X̄ yields d_F (Y ) ≤ 2d_F (X) < m and Y compact. Clearly Theorem 1.1 is now a consequence of Lemma 7.1 and Lemma 8.1.

Theorem 1.1 is still true for general projections, that is, operators P on the Hilbert space satisfying only P^2 = P .

Theorem 8.2. Let H be a Hilbert space and X ⊆ H be such that d_F (X) < m/2. Then for any projection P of rank m and δ > 0 there is a projection P̃ such that ‖P̃ − P ‖ < δ and P̃ |_X has Hölder inverse.

Proof. Let P_0 be an orthogonal projection such that P_0H = P H and let U be a unitary operator from (I−P_0)H onto (I−P )H. Define V = P_0 +U(I−P_0). Then V P = ( P_0 + U(I − P_0) ) P = P_0P = P and V U^{−1}(I − P ) = ( P_0 + U(I − P_0) ) U^{−1}(I − P ) = I − P imply V^{−1} = P + U^{−1}(I − P ) and thus

V P_0V^{−1} = V P_0 ( P + U^{−1}(I − P ) ) = V P_0P = V P = P.

By Theorem 1.1 applied to V^{−1}X and P_0 there is an orthogonal projection P̃_0 and constants K and η such that ‖P̃_0 − P_0‖ ≤ δ/ ( ‖V ‖‖V^{−1}‖ ) and ‖P̃_0V^{−1}y‖ ≥ K‖V^{−1}y‖^η for y ∈ Y

where Y = X̄ − X̄. Define P̃ = V P̃_0V^{−1}. It follows that ‖P̃ y‖ = ‖V P̃_0V^{−1}y‖ ≥ ‖P̃_0V^{−1}y‖ ‖V^{−1}‖ ≥ K‖V^{−1}y‖^η ‖V^{−1}‖ ≥ K‖y‖^η ‖V^{−1}‖‖V ‖^η and ‖P̃ − P ‖ ≤ ‖ V (P̃_0 − P_0)V^{−1} ‖ ≤ ‖V ‖‖P̃_0 − P_0‖‖V^{−1}‖ ≤ δ.

9. Consequences The Hölder-Lipshitz parametrization of a compact metric space M of finite fractal dimension presented in Theorem 1.2 is a natural application of Theorem 1.1. For the proof of this theorem we need the following Hölder-Lipshitz embedding of M into a Hilbert space:

Lemma 9.1. Given a metric space M of finite fractal dimension and a Hilbert space H, there is function f: M → H and constants K_1 > 0, K_2 > 0, and η ≥ 1 such that K_2d(a, b)^η ≤ ‖ ‖f(a) − f(b) ‖ ‖ ≤ K_1d(a, b) for all a, b ∈ M.

Proof. Fix d > max ( 1, d_F (M) ) . By Remark 2.1c there is C_M so that

N_M (ρ) ≤ C_M (1/ρ)^d. For each n cover M with N_n = N_M (ρ_n) balls of radius

ρ_n = 1/2^n and denote the centers of the balls by a^n_j where j = 1, . . ., N_n. Let I = ⋃_∞ n=1 { (n, j) : j = 1, . . ., N_n } and choose a bijection σ: I → N. Define f: M → H by f(a) = ∞∑ n=1 Nn∑ j=1 e_{σ(n,j)}ρ^d_nd(a, a^n_j ) where { e_k : k ∈ N } is an orthogonal basis for H. The existence of the constant

K_1 is given by the following computation: ‖ ‖f(a) − f(b) ‖ ‖^2 = ∞∑ n=1 Nn∑ j=1 ρ^{2d}_n | |d(a, a^n_j ) − d(b, a^n_j ) | |^2

≤ ∞∑ n=1 C_M (1/ρ_n)^dρ^{2d}_n | |d(a, b) | |^2

≤ C_M | d(a, b) |_2^∞∑ n=1 ρ^d_n = K^2_1 d(a, b)^2 for all a, b ∈ M

with K_1 = ( C_M ∑_∞ n=1 ρ^d_n )_{1/2} . To obtain the constants K_2 and η observe that ‖ ‖f(a)−f(b) ‖ ‖^2 ≥ ρ^{2d}_n | |d(a, a^n_j )−d(b, a^n_j ) | |^2 and therefore d(a, a^n_j ) ≤ ϵ/ρ^d_n+d(b, a^n_j )

where ϵ = ‖ ‖f(a) − f(b) ‖ ‖. Choosing j so d(b, an_j ) < ρ_n yields d(a, b) ≤ d(a, a^n_j ) + d(b, a^n_j ) ≤ ϵ/ρ^d_n + 2ρ_n. Since M has finite fractal dimension, it is bounded. Let D be the diameter of

M. Thus ϵ ≤ DK_1. Choose n so that 4^{d(n−1)} ≤ DK_1/ϵ < 4^{dn}. Then d(a, b) ≤ 2^d ( DK_1ϵ )_{1/2} + 2 ( ϵ/(DK_1) )_{1/2d} and thus K_2d(a, b)^η ≤ ‖f(a) − f(b)‖ for all a, b ∈ M provided that η = 2d and K_2 = DK_1(2^dDK_1 + 2)^{−2d}.

With the above result in hand we are now able to conclude with a proof

of Theorem 1.2.

Proof of Theorem 1.2. Let f be the function given by Lemma 9.1 and P

be an arbitrary orthogonal projection of rank m. Since f is Lipshitz, Remark

2.1b gives that d_F (X) < m/2 where X = f(M). Apply Theorem 1.1 to X

and P to obtain an orthogonal projection P̃ and constants C and γ_1 such that

‖P̃ x − P̃ y‖ ≥ C‖x − y‖^{γ1} for x, y ∈ X. Define g(a) = K^{−1}_1 P̃ f(a). Thus for all

a, b ∈ M we have ‖ g(a) − g(b) ‖ ≤ 1 K_1 ‖ f(a) − f(b) ‖ ≤ d(a, b) and ‖ g(a) − g(b) ‖ ≥ C K_1 ‖ f(a) − f(b) ‖_{γ1} ≥ C K_1

K^{γ1}_2 d(a, b)^{γ1η}.

To conclude we let L = CK^{γ1}_2 /K_1, and γ = γ_1η.

Indiana University, Bloomington, IN

References

[1] A. Ben-Artzi, A. Eden, C. Foias, and B. Nicolaenko, Hölder Continuity for the Inverse of Mañé’s Projection, Journal of Mathematical Analysis and Applications, Vol. 178, No. 1, September 1, 1993.

[2] A. Eden, C. Foias, B. Nicolaenko, and R. Temam, Exponential Attractors for Dissipative Evolution Equations, John Wiley and Sons, 1995.

[3] F. Riesz, and B. Sz.-Nagy, Functional Analysis, Dover Publications, Inc., 1990. [4] R. Mañé, On the Dimension of the Compact Invariant Sets of Certain Non-linear Maps, Lecture Notes in Mathematics, Vol. 898, Springer-Verlag, 1981, pp. 230{242.

[5] Luis A. Santalo, Integral Geometry and Geometric Probability, Addison-Wesley Publishing Company, 1976.

[6] B. Sz.-Nagy, and C. Foias, Harmonic Analysis of Operators on Hilbert Space, American Elsevier Publishing Company, Inc.

[7] T. Sauer, J. A. Yorke, and M. Casdagli, Embedology, Journal of Statistical Physics, Vol. 65, No. 3/4, 1991, pp. 579{616.

This work was completed under the steady support of ONR Grant NAVY N00014{91{J{1140.