ON A LERAY-α MODEL OF TURBULENCE

A. CHESKIDOV, D. D. HOLM, E. OLSON, AND E. S. TITI

ABSTRACT. In this paper we introduce and study a new model for 3-D turbulence, the Leray−α model. This model is inspired by the Lagrangian Averaged Navier–Stokes−α model of turbulence (also known Navier–Stokes−α model or the viscous Camassa–Holm equations). As in the case of the Lagrangian Averaged Navier–Stokes−α model, the Leray−α model compares successfully with empirical data from turbulent channel and pipe flows, for a wide range of Reynolds numbers. We establish here an upper bound for the dimension of the global attractor (the number of degrees of freedom) of the Leray−α model of the order of (^L_{ld} )^{12/7} , where L is the size of the domain and ld is the dissipation length scale. This upper bound is much smaller than what one would expect for three dimensional models, i.e. (^L_{ld} )^3. This remarkable result suggests that the Leray−α model has a great potential to become a good sub-grid scale large eddy simulation model of turbulence. We support this observation by studying, analytically and computationally, the energy spectrum and show that in addition to the usual k^{−5/3} Kolmogorov power law the inertial range has a steeper power law spectrum for wave numbers larger than 1/α. Finally, we propose a Prandtl-like boundary layer model, induced by the Leray−α model, and show a very good agreement of this model with empirical data for turbulent boundary layers.

1. INTRODUCTION

The Navier–Stokes equations (NSE) of viscous incompressible fluids subject to periodic boundary conditions, with a basic periodic box Ω = [0, 2πL]^3, are given by the set of equations (1) ∂ ∂t v − νΔv + (v · ∇)v + ∇p = f ∇ · v = 0 v – periodic, with periodic box Ω = [0, 2πL]^3,

where v, the velocity, and p, the pressure, are the unknowns, f is a given body forcing term and ν > 0 is the viscosity. To prove the existence of solutions to the NSE in R^n, n = 2, 3, Leray [33] considered the following regularization of the system (1): (2) ∂ ∂t v^α − νΔv^α + (u^α · ∇)v^α + ∇p^α = f ∇ · v^α = 0 u^α = ϕ_α ∗ v^α,

Date: Submitted on: August 7, 2003, revised on August 15, 2004.

Submitted to: Royal Society London, Proceedings, Series A, Mathematical, Physical & Engineering Sciences. 1

where ϕ_α is a smoothing kernel such that u^α → v^α, in some sense, as α ↘ 0^+. In particular, the system (2) converges to the NSE (1) as α ↘ 0^+.

In this paper we consider a special smoothing kernel, the one associated with the Green function of the Helmholtz operator:

u^α − α^2Δu^α = v^α,

where α > 0 is a given length scale. Dropping the α–dependence in the super index we arrive at the following modification of the NSE, which we will call the Leray-α model:

(3) ∂ ∂t v − νΔv + (u · ∇)v + ∇p = f ∇ · v = 0 v = u − α^2Δu v – periodic, with periodic box Ω = [0, 2πL]^3.

The above model is very similar to the Lagrangian averaged Navier–Stokes-alpha (LANS-α) model, also known as the Navier–Stokes-alpha (NS-α) or viscous Camassa– Holm equations)

(4) ∂ ∂t v − νΔv + (u · ∇)v +

∑_3 j=1 v_j ∇u_j + ∇p = f ∇ · v = 0 v = u − α^2Δu v – periodic, with periodic box Ω = [0, 2πL]^3,

which was introduced in [3]-[5] and [18] as a closure model for the Reynolds averaged equations of the NSE. The inviscid LANS-α model, i.e., the Lagrangian averaged Euler equations, may be derived using variational principles from a Lagrangian that has been averaged along fluid particle trajectories. See, for example, [4], [24], [26] or [35]. The LANS-α model is then obtained from the Lagrangian averaged Euler equations by adding a suitable viscous term. A general LANS-α model for anisotropic turbulence was derived in [23] and [35]. It is an open question whether the Leray-α model has a similar derivation as an averaged equation. In [11], however, another approach connecting Lagrangian and Eulerian formulations for the Navier–Stokes equations was introduced. This exact connection between Lagrangian and Eulerian formulations gives another perspective for looking at the relation between the Navier–Stokes equations and the LANS-α and the Leray-α models.

The successful comparison with empirical data for time averaged quantities in [3]-[5], for a wide range of Reynolds numbers in turbulent channel and pipe flows, led to further study of the LANS-α in the context of turbulence modeling (see, e.g., [7], [8], [28], [36], [38]). Analytical studies of the global existence, uniqueness and regularity of solutions to (4) and their connection to the NSE are performed in [18]. Similar results are also established in [34] for the same model subject to ad hoc Dirichlet-type boundary conditions. The energy spectrum of (4) was studied in [17], and semi-rigorous arguments, similar to those introduced in [16] (see also [19]), suggest that the inertial range of (4) has two parts. The first part is the usual Kolmogorov κ^{−5/3} power law of energy spectrum up to a wave number of the order 1/α, then a faster drop in the energy spectrum with the power law κ^{−3} is shown. In addition, the Kármán–Howarth theorem for fluid turbulence obeyed by the LANS−α model was proved in [25]. This theorem rigorously proves the k^{−5/3} → k^{−3} spectral scaling transition in wavenumber as kα < 1 passes to kα > 1. This property of the energy spectrum (which also has been noticed computationally [6]) indicates that the LANS-α model is more reliably “computable” in direct numerical simulations than the NSE and can be used as a sub-grid scale model in large eddy simulations (LES). The effectiveness of both the LANS-α and the Leray-α models as LES models will be discussed further below.

Inspired by the work done in association with the system (4), LANS-α, we will compare here the analogous results associated with (3), Leray-α. In particular, using the steady state equations of (3), Leray-α, as a closure model for the averaged Reynolds equations in the turbulent channels and pipes we reach exactly the same conclusions as those reported in [3]-[5] for (4), LANS-α. This is because in channels and pipes under the corresponding special symmetries the term

∑_3 j=1 v_j ∇u_j in the LANS-α will be a complete gradient. That is, the difference between (4) and (3) in the channels and pipes, subject to certain special symmetries, will be in the modified pressure and possibly in some of the associated Reynolds stresses. Therefore, the successful story of the LANS-α as a closure model in turbulent channels and pipes applies word for word to the Leray-α model (3). Whether this is a mere coincidence or there is something much deeper to understand is a subject of current and future investigation. It is worth mentioning that there is already a preliminary computational comparison study which indicates that the Leray-α model is a valid competitor to the LANS-α and other sub-grid scale models of turbulence. Indeed, the LES applications tests for turbulent mixing layers in [20], [21], [22] found that the Leray-α model predicted the resolved energy evolution properly, exhibiting both forward and backward transfer of energy. Further analysis showed accurate momentum-thicknesses and reliable levels of turbulence intensities. The computational overhead associated with the Leray model was lower than that of dynamic (mixed) models and no introduction of ad hoc parameters was required. The regularized dynamics showed an appealing robustness at high Reynolds numbers. In a geophysical application [27] the LANS-α and Leray-α models both gave realistic simulations of mean motion in the double gyre problem for simulating Gulf Stream eddies. Thus the main purpose of this paper is to show that certain simple models (see, for instance, [2], based on [10] and [32]) compare favorably with empirical data for time averaged fluid quantities as well as the Navier-Stokes-alpha model does. These models may be more phenomenological than the Navier-Stokes-alpha model, but their comparisons with empirical data are just as valid. These models are meant to approximate Eulerian average fluid quantities. And Eulerian averaging in general is not known to have either a variational principle or a circulation theorem.

In Section 2 below we introduce the functional setting of the Leray-α model and establish some a priori bounds which are useful for later sections. The global existence and regularity of the Leray-α model is a classical result and can be found in many textbooks on the mathematical theory of the NSE. Therefore we will omit it. In Section 3 we provide explicit upper bounds for the dimension of the global attractor of the Leray-α model in terms of the relevant physical parameters. Specifically, we show that the number of degrees of freedom in the Leray-α model is of the order of ( L l_d

)_{12/7} ( 1 + L α )_{9/14} , where l_d is the small dissipation length scale associated with this model. Notice that the number of degrees of freedom here does not grow cubically with the size of the domain as would be expected for 3-D systems. This is a strong indication that the Leray-α model has a great potential as a sub-grid scale large eddy simulation model. In Section 4 we follow the work in [16] and [17] (see also [19]) and derive, using physical arguments, power laws for the energy spectra of the Leray-α model. Specifically, we show that for very high Reynolds numbers the inertial range consists of two parts. In the first part when κα ≪ 1 we find the usual Kolmogorov κ^{−5/3} power law and for κα ≫ 1 we have a different, much steeper, power laws. We derive different power laws depending on what one might use for a typical eddy turn-over time. Since we have several options in this model, the power laws may vary. Computational studies, reported in Sections 5 indicate that around the wave number κ = 1/α the energy spectrum becomes steeper than κ^{−5/3}. Limited by the available computer power, we are unable to produce wide enough inertial range to separate the two different parts of the energy spectra. It is worth adding that we have similar behavior in the LANS-α and intensive computational studies are being carried out by various groups to investigate this potential anomaly in the behavior of the energy spectra of the LANS-α and Leray-α models. In Section 6 we follow [7] and [8] to develop a Leray-α Prandtl-like boundary layer model. We study this model analytically as well as computationally. We noticed that it is much easier to study this model analytically than the corresponding LANS-α model studies in [7] and [8]. We tested this model successfully against the boundary layer empirical data. It is worth adding that other studies of boundary layer α-models have been reported in [28] and [38].

2. A PRIORI ESTIMATES

2.1. Functional setting. First, let us introduce some notation and the functional setting. Recall the periodic box Ω = [0, 2πL]^3 and fix a constant length scale α > 0. We denote by (·, ·) and | · | the L^2-inner product and the corresponding L^2-norm. We denote by

H = {u : u ∈ L^2(Ω)^3, ∇ · u = 0, u is periodic in periodic box Ω, and ∫ Ω u dx = 0},

and V = H ∩ H^′(Ω)^3. Let P_σ : L^2(Ω)^3 → H be the L^2-orthogonal projection, referred to as the Leray-Helmholtz projector. Denote by A = −P_σ Δ the Stokes operator with the domain D(A) = (H^2(Ω))^3 ∩ V . In the periodic case A = −Δ.

The Stokes operator is a self-adjoint positive operator with compact inverse. The eigenvalues of A are denoted by λ_j so that 1 L^2

= λ_1 ≤ λ_2 ≤ ... ≤ λ_j ≤ ..., λ_j → ∞ as j → ∞.

The inner product in V will be denoted by

((u, v)) := (A^{1/2}u, A^{1/2}v) = (∇u, ∇v), ‖u‖ := |A^{1/2}u|, for u, v ∈ V.

Note that by Poincaré inequality we have

(5) |u|^2 ≤ 1 λ_1

‖u‖^2

for every u ∈ V . In order to have dimensionally homogeneous norms in H^1(Ω)^3 and H^2(Ω)^3, we will use the following inner products in these spaces, respectively:

((u, v))_H 1 := λ_1 [ (u, v) + α^2((u, v)) ] , ((u, v))_H 2 := λ^2_1 [ (u, v) + 2α^2((u, v)) + α^4(Au, Av) ] . (6) Due to (6) we have

(7) λ_1|v| ≤ ‖u‖_H 2 ≤ 2λ_1|v|, where v = u − α^2Δu,

i.e., the norm ‖u‖_H 2 is equivalent to λ_1|v|, where v = u − α^2Δu.

Following a well accepted notation and well established properties of the NSE (see, e.g., [13], [19], [39] and references therein), we denote B(u, v) := P_σ [(u · ∇)v] ∈ V^′ for all u, v ∈ V , where V^′ denotes the dual space of V . We denote by ⟨ϕ, v⟩_V ′ the dual action of ϕ ∈ V^′ on v ∈ V . The bilinear form B has the following property:

⟨B(u, v), w⟩_V ′ = −⟨B(u, w), v⟩_V ′ , for all u, v, w ∈ V.

In particular,

(8) ⟨B(u, v), v⟩_V ′ = 0 for all u, v ∈ V.

By analogy with the NSE (see, e.g., [13], [19], [39] and references therein) the Leray-α model, system (3), in Ω is equivalent to the functional differential equation

(9) d dt v + νAv + B(u, v) = f u + α^2Au = u − α^2Δu = v u, v are periodic, with periodic box Ω v|_{t=0} = v_0.

For simplicity, we assume that the forcing term f does not depend on time.

As we have indicated in the introduction, Leray established in [33] the existence of solutions to the Navier–Stokes equations in R^n, n = 2, 3. To accomplish this he introduced a modified system similar to (3), for which it was easier to establish the existence and uniqueness, and then by passing with the parameter α ↘ 0^+ he could achieve existence of solutions to the Navier–Stokes equations. Indeed, the global existence of solutions to (3) in R^n, n = 2, 3 follows from Leray’s analysis [33]. For the periodic case similar arguments to those established for the 3-D LANS-α model (see [18]) lead to the global existence and uniqueness of weak and strong solutions to the system (3) (equivalently (9)). Here, we will only state the theorem without a proof. However, we will formally establish a priori estimates on the solutions, which we will need later when we discuss global attractors for the system (9). Let us stress that all these estimates can be proved rigorously using, for instance, the Galerkin approximation procedure following, for instance, [18].

Theorem 2.1 (Leray [33]). Let T > 0, ν > 0, α > 0 be given.

(i): If f ∈ V^′ and v_0 ∈ H, then the system (9) has a unique weak solution on [0, T ]. That is, there is a unique function v such that v ∈ L^∞((0, T ); H)∩ L^2((0, T ); V ) ∩ C([0, T ]; H-weak) with^d_{dt} v ∈ L^2((0, T ); V^′) such that d dt ⟨v, ϕ⟩_V ′ + ν(A^{1/2}u, A^{1/2}ϕ) + ⟨B(u, v), ϕ⟩_V ′ = ⟨f, ϕ⟩_V ′

in D^′((0, T )), for every ϕ ∈ V , where u = (I + α^2A)^{−1}v and v(0) = v_0. (ii): If f ∈ H, v_0 ∈ V , then the unique weak solution v(t) mentioned in (i) is a strong solution on (0, T ). That is, v ∈ C([0, T ]; V ) ∩ L^2((0, T ); D(A)) with^d_{dt} v ∈ L^2((0, T ); H) such that d dt (v, ϕ) + ν(A^{1/2}u, A^{1/2}ϕ) + (B(u, v), ϕ) = (f, ϕ)

in D^′((0, T )), for every ϕ ∈ V , where u = (I + α^2A)^{−1}v and v(0) = v_0.

Next, we will present formal a priori estimates for the solutions established in the above theorem. As we have mentioned before, these estimates can be obtained rigorously using the Galerkin procedure.

2.2. L^2-Estimates. Taking the inner product of (9) with v and using (8), we obtain 1 2 d dt |v|^2 + ν‖v‖^2 = (f, v).

By Cauchy-Schwarz inequality and Poincaré inequality (5), we reach

(f, v) ≤ |f||v| ≤

|f|^2 2νλ_1 + νλ_1 2 |v|^2 ≤ |f|^2 2νλ_1 + ν 2 ‖v‖^2.

Thus

(10) d dt |v|^2 + ν‖v‖^2 ≤

|f|^2 νλ_1 . Using (5) one more time we reach d dt |v|^2 + νλ_1|v|^2 ≤

|f|^2 νλ_1 . Using Grönwall’s inequality we conclude that

(11) |v(t)|^2 ≤ e^{−νλ1 t}|v(0)|^2 +

(1 − e^{−νλ1 t})|f|^2 ν^2λ^2_1

=: R(t), and as result we have lim sup t→∞ |v(t)| ≤ R_0 := |f| νλ_1 . Hence B_1 = {w ∈ H : |w| ≤ R_0} is an absorbing ball for the solution v(t). Moreover, (7) implies lim sup t→∞ ‖u(t)‖_H 2 ≤ 2λ_1R_0.

Therefore B_2 = {w ∈ H : ‖w‖_H 2 ≤ 2λ_1R_0} is an absorbing ball for the solution u(t).

Furthermore, for every T > 0 we have from (10)

(12) |v(T )|^2 + ν

∫_T 0 ‖v(τ)‖^2dτ ≤ |v(0)|^2 + T

|f|^2 νλ_1 . Thus v ∈ L^2((0, T ); V ) for all T > 0.

2.3. H^1-Estimates. Taking the inner product of (9) with Av we obtain 1 2 d dt ‖v‖^2 + ν|Av|^2 = (f, Av) − (B(u, v), Av).

Thus, by Cauchy-Schwartz, Young, and Hölder inequalities we reach

|(f, Av)| + |(B(u, v), Av)| ≤

|f|^2 ν + ν 4 |Av|^2 + |Av|‖v‖‖u‖_L∞ ≤ |f|^2 ν + ν 4 |Av|^2 + ν 4 |Av|^2 + 1 ν ‖v‖^2‖u‖^2_L∞ ≤ |f|^2 ν + ν 2 |Av|^2 + 1 ν ‖v‖^2‖u‖^2_L∞ .

Notice that by the Sobolev inequality in 3-D we have

||u||_L∞ ≤ c λ^{1/4}_1

‖u‖_H 2 ,

for some dimensionless universal constant c. Therefore

|(f, Av)| + |(B(u, v), Av)| ≤

|f|^2 ν + ν 2 |Av|^2 + c^2 νλ^{1/2}_1

‖v‖^2‖u‖^2_H 2 .

Thus 1 2 d dt ‖v‖^2 + ν 2 |Av|^2 ≤

|f|^2 ν + c^2 νλ^{1/2}_1

‖v‖^2‖u‖^2_H 2 .

We use (11) and (7) to obtain d dt (1 + ‖v‖^2) ≤ K(t)(1 + ‖v‖^2),

where

K(t) = max { 2|f|^2 ν , 4c^2λ^{3/2}_1 R^2(t) ν } . Now Grönwall’s inequality implies that

1 + ‖v(t)‖^2 ≤ ( 1 + ‖v(s)‖^2 ) e R_t s K(τ ) dτ , t ≥ s ≥ 0.

Since for any T > 0 K(τ) is integrable on (0, T ) (by (11)) and because of (12) we have that v ∈ L^∞([0, T ]; V ), whenever v_0 ∈ V , and v ∈ L^∞_{loc}((0, T ]; V ), whenever v_0 ∈ H.

Denote by S(t) the semi-group of the solution operators to the equation (9) corresponding to the unknown function v(t), i.e., we have that v(t) = S(t)v_0. Following similar arguments as those well established for the 2-D NSE (see, e.g., [1], [12], [13], and [39]), one can easily prove the following theorem: Theorem 2.2. Let v_0, f ∈ H. Then for any T > 0 the semi-group S(t) is compact and differentiable with respect to the initial data v_0 on the interval (0, T ].

Since S(t) is a compact semi-group and B_1 is an absorbing ball in H, the equation (9) has a unique global attractor A = ⋂ s>0 ⋃ t≥s S(t)B_1

(see, e.g., [1],[12], [13] and [39]).

3. DIMENSION OF THE ATTRACTOR Note that |v|^2 and ν‖v‖^2 represent in the Leray-α system (3) the kinetic energy and the rate of dissipation of energy respectively. Therefore, by analogy with the conventional theory of turbulence ala Kolmogorov, the mean rate of dissipation of energy for the system (3) should be given by

ϵ̃_{Leray} = ν (2πL)^3

⟨‖v‖^2⟩,

where ⟨·⟩ denotes an ensemble average. Influenced by the Ergodic Theorem of Birkhoff, people usually replace the ensemble average by the time average. In our case we will consider the worst scenario and define

(13) ϵ_{Leray} = ν (2πL)^3 sup v(0)∈A

lim sup t→∞ 1 t ∫_t 0 ‖v(τ)‖^2 dτ

to be the mean rate of dissipation of energy for the system (3), which is finite because of (12) and the fact that we have a compact global attractor. Also by analogy with conventional theory of turbulence we set for the viscous dissipation length scale

l_d = ( ν^3 ϵ_{Leray}

)_{1/4} , which is supposed to represent the smallest scale that one needs to resolve in order to get a complete resolution for turbulent flows associated with the Leray-α model. Theorem 3.1. The Hausdorff and fractal dimensions of the global attractor of the Leray-α model satisfy

d_H(A) ≤ d_F(A) ≤ c ( L l_d

)_{12/7} ( 1 + L α )_{9/14} , for some universal constant c, which one can estimate explicitly.

Proof. We follow [12] (see also [13], [39], and references therein) and linearize Leray-α model about a trajectory in the global attractor v(t) = u(t) + α^2Au(t) obtaining

(14) d dt ξ + νAξ + B(u, ξ) + B(η, v) = 0 η + α^2Aη = ξ, ξ(0) = ξ^0.

That is, the deviation ξ(t), with initial deviation ξ(0) = ξ^0, evolves according to d dt ξ + Λ(t)ξ = 0,

where

Λ(t)ψ = Aψ + B(u(t), ψ) + B(ϕ, v(t)), ϕ + α^2Aϕ = ψ, u + α^2Au = v.

Let ξ_j (t) be solutions of the above system with ξ_j (0) = ξ^0_j , j = 1, ..., N. Assume ξ^0_1 , ..., ξ^0_N are linearly independent. Let Q_N (t) be the L^2-orthogonal projection from L^2(Ω) onto span{ξ_1(t), ..., ξ_N(t)}, then

‖(ξ_1 ∧ ... ∧ ξ_N )(t)‖^2_L2 = ‖(ξ_1 ∧ ... ∧ ξ_N )(0)‖^2_L2 e^−

R_t 0 Trace[Q_N (τ )∘Λ(τ )∘Q_N(τ )] dτ ,

where Trace[·] denotes the trace of a linear operator.

Now, let {ψ_1(t), ..., ψ_N(t)} be an L^2-orthonormal basis of span{ξ_1(t), ..., ξ_N(t)}, i.e., (ψ_i, ψ_j) = δ_{ij} , and let ϕ_j = (I − α^2Δ)^{−1}ψ_j . It is clear that ψ_j ∈ H^1(Ω), for j = 1, 2, ..., N. Recall that (B(u, w), w) = 0 (equation (8)) for all u, w ∈ V , then we have

Trace[Q_N (t) ∘ Λ(t) ∘ Q_N (t)] = N∑ j=1 (Λ(t)ψ_j , ψ_j)

= N∑ j=1 ( ν‖ψ_j ‖^2 + (B(u, ψ_j ), ψ_j) + (B(ϕ_j , v), ψ_j) )

= N∑ j=1 ( ν‖ψ_j ‖^2 + (B(ϕ_j , v), ψ_j) ) (15)

≥ ν N∑ j=1 ‖ψ_j‖^2 − | | | | N∑ j=1 (B(ϕ_j , v), ψ_j) | | | | . Notice that| | | | N∑ j=1 (B(ϕ_j , v), ψ_j) | | | | = | | | | N∑ j=1 ((ϕ_j · ∇)v, ψ_j) | | | |

≤ ‖v‖‖ρ_N ‖_L∞ N∑ j=1 ∫ Ω |ψ_j (x)|^2 dx 1/2 (16)

= ‖v‖‖ρ_N ‖_L∞ N^{1/2}, where

ρ^2_N (x) = N∑ j=1 |ϕ_j (x)|^2.

To finish the estimate for the Trace[Q_N (t)∘Λ(t)∘Q_N(t)] we need the following two propositions:

Proposition 3.2. Let γ = α/L. Then for every function ϕ ∈ H^2(Ω)

‖ϕ‖_L∞ ≤ C(γ)(2πL)^{−3/2}|(ϕ + α^2Aϕ)|,

where C(γ) is given below in equation (17).

Proof. We denote by

ϕ̂_κ = 1 (2πL)^3 ∫ Ω ϕ(x)e^{−i xL ·κ} dx,

the Fourier coefficients of a function ϕ(x). Thus we have

|ϕ| = ∑ κ∈Z^3

|ϕ̂_κ|^2

(2πL)^3,

and |ϕ(x)| = | | | | ∑ κ∈Z^3

ϕ̂_κe^{i x}_L^{·κ} | | | | ≤ ∑ κ∈Z^3

|ϕ̂_κ|

≤ ∑ κ∈Z^3

|ϕ̂_κ|^2 ( 1 + γ^2κ^2

)_2

1/2 ∑ κ∈Z^3 ( 1 + γ^2κ^2

)_{−2} 1/2 . It is obvious that there exists a universal constant c_1 > 0 (see, e.g., [13] or [39] for explicit bounds on c_1) such that ∑ κ∈Z^3 ( 1 + γ^2κ^2

)_{−2} ≤ ∞∑ p=0 ( 1 + c^2_1γ^2p^{4/3}

)_{−2} . Therefore, ∑ κ∈Z^3 ( 1 + γ^2κ^2

)_{−2} ≤ [(c_1γ)^{−3/2} ] ∑ p=0 1 + 1 4 + ∫_∞

(c_1γ)^{−3/2} dy c^4_1γ^4y^{8/3} ≤ ( 1 c^2_1γ^2

)_{3/4} + 5 4 + 3 5 ( 1 c^2_1γ^2

)_{3/4} (17) = 5 4 + 8 5 ( 1 c^2_1γ^2

)_{3/4} =: C^2(γ).

Putting the above together we get

‖ϕ‖_L∞ ≤ C(γ) ∑ κ∈Z^3

|ϕ̂_κ|^2 ( 1 + γ^2κ^2

)_2 1/2 = C(γ)(2πL)^{−3/2}|(ϕ + α^2Aϕ)|. □ Proposition 3.3. Let {ψ_1, ..., ψ_N} ⊂ H^2(Ω) be orthonormal in L^2-inner product, i.e., (ψ_k, ψ_l) = δ_{kl}. Let ϕ_κ = (I + α^2A)^{−1}ψ_κ, κ = 1, 2, ..., N. Let also ρ^2_N (x) = ∑_N

j=1 |ϕ_j (x)|^2. Then there exists a constant C_F(γ), independent of N, such that

(18) ‖ρ_N ‖_L∞ ≤ C_F(γ)(2πL)^{−3/2}.

In fact, C_F(γ) ≤ √ 3C(γ), where C(γ) is given in (17).

Proof. Let θ_1, ..., θ_N ∈ R to be chosen later, such that

∑_N

κ=1 θ^2_κ = 1. Then by Proposition 3.2 | | | N∑ κ=1 θ_κϕ_κ(x) | | | ≤ C(γ)(2πL)^{−3/2} | | | N∑ κ=1 θ_κ(ϕ_κ + α^2Aϕ_κ) | | | = C(γ)(2πL)^{−3/2} | | | N∑ κ=1 θ_κψ_κ | | |

= C(γ)(2πL)^{−3/2}

(_N ∑ κ=1 |θ_κ|^2

)_{1/2}

= C(γ)(2πL)^{−3/2},

for all x ∈ Ω, where we have used the orthogonality of {ψ_κ}. ¿From the above we have (_N ∑ κ=1 θ_κϕ^1_κ(x)

)_2 + (_N ∑ κ=1 θ_κϕ^2_κ(x)

)_2 + (_N ∑ κ=1 θ_κϕ^3_κ(x)

)_2

≤ C(γ)^2(2πL)^{−3}, x ∈ Ω.

Then we choose

θ_κ = ϕ^1_κ(x) (∑_N κ=1(ϕ^1_κ(x))^2

)_{1/2} ,

and alternatively

θ_κ = ϕ^2_κ(x) (∑_N κ=1(ϕ^2_κ(x))^2

)_{1/2} , θκ = ϕ^3_κ(x) (∑_N κ=1(ϕ^3_κ(x))^2

)_{1/2}

to obtain |ρ_N (x)|^2 ≤ 3C(γ)^2(2πL)^{−3}, x ∈ Ω.

Hence, our estimate. □

Now we go back to estimating Trace[Q_N (t) ∘ Λ(t) ∘ Q_N (t)]. ¿From (15), (16), and (18) we have

Trace[Q_N (t) ∘ Λ(t) ∘ Q_N (t)] ≥ ν N∑ j=1 ‖ψ_j‖^2 − ‖v(t)‖‖ρ_N ‖_L∞ N^{1/2}

≥ ν N∑ j=1 λ_j − ‖v(t)‖C_F(γ)(2πL)^{−3/2}N^{1/2}.

Note that in the three dimensional case we have λ_j ≥ c_1L^{−2}j^{2/3} for some positive universal constant c_1 (see, e.g., [13] and [39]). Therefore, Trace[Q_N (t) ∘ Λ(t) ∘ Q_N (t)] ≥ c_2νL^{−2}N^{5/3} − ‖v(t)‖C_F(γ)(2πL)^{−3/2}N^{1/2}, for some positive constant c_2. Hence,

lim inf

T →∞ 1 T ∫_T 0 Trace[Q_N (t) ∘ Λ(t) ∘ Q_N (t)] dt

≥ c_2νL^{−2}N^{5/3} − C_F(γ)(2πL)^{−3/2}N^{1/2} lim sup_{T →∞} ( 1 T ∫_T 0 ‖v(t)‖^2 dt

)1/2

≥ c_2νL^{−2}N^{5/3} − C_F(γ)(2πL)^{−3/2}N^{1/2} ( L^3 ν ϵ_{Leray}

)_{1/2} . For N ≫ 1, such that N ≥ ( L l_d

)_{12/7} ( C_F(γ)

c_2

)_{6/7} , we have lim inf

T →∞ 1 T ∫_T 0 Trace[Q_N (t) ∘ Λ(t) ∘ Q_N (t)] dt > 0.

Therefore, based on the trace formula (see [9] [12], [13], or [39]), this N is an upper bound for the dimension of the global attractor, i.e.,

d_H(A) ≤ d_F(A) ≤ ( L l_d

)_{12/7} ( C_F(γ) c_2

)_{6/7} . Since C_F(γ) ≤ c_3(γ^{−3/4}+1) for some universal constant c_3, we have the following upper bound for the dimension of the global attractor:

d_H(A) ≤ d_F(A) ≤ c ( L l_d

)_{12/7} ( 1 + L α )_{9/14} , for some universal constant c. This concludes the proof. □ Remark. A heuristic physical argument in classical theory of turbulence suggests that the number of degrees of freedom for the 3-D NSE is proportional to (L/l_d)^3. This formula is still far from being reached rigorously for the 3-D NSE due to the lack of a proof for the global regularity of the 3-D NSE. However, a similar formula has been shown to be correct for the LANS-α (NS-α or viscous Camassa–Holm) model [18]. The above estimate, on the other hand, suggests that the number of degrees of freedom of the Leray-α model is much smaller than that of the NSE or the LANS-α models. This remarkable result indicates that the Leray-α model might be much easier to compute with and that it lies, from the complexity point of view, between the 2-D and 3-D cases.

We observe that for γ = α/L large enough one can easily show, using energy estimates, that the dynamics of the Leray-α model is trivial and the attractor is a single stable steady state. Hence, the dimension of the global attractor tends to zero. While deriving the above estimate for the dimension of the attractor we assumed γ to be a positive finite number. In fact, we implicitly kept in mind that γ is a small number in order to stay “close” to the 3-D NSE. See [29] for related results concerning the dependence of the global attractor on α for the 2-D LANS-α or the NS-α model.

4. ENERGY SPECTRUM

Following the work of [16] and [17] (see also [19]) we provide here physical arguments for studying the energy spectrum of the Leray-α model, equations (3). Let u_κ = ∑ κ≤|j|<2κ

û_j e^{ij· xL} , v_κ = ∑ κ≤|j|<2κ

v̂_j e^{ij· xL} ,

here again ϕ̂_j =^1_{(2πL)3} ∫ Ω ϕ(x)e^{−ij· x}L dx denote the Fourier coefficients of the function ϕ(x). The energy balance for v_κ is given by

(19) 1 2 d dt (v_κ, v_κ) + ν(−Δv_κ, v_κ) = T_κ − T_{2κ},

where

T_κ = −((u^κ_< · ∇)v_κ, v_κ) + (((u_κ + u^κ_>) · ∇)(v_κ + v^κ_>), v^κ_<) , and u^κ_< = ∑ j<κ u_j , u^κ_> = ∑ j≥2κ

u_j .

Taking an ensemble average of (19), e.g., long time average, we obtain ν⟨(−Δv_κ, v_κ)⟩ = ⟨T_κ⟩ − ⟨T_{2κ}⟩.

In terms of the energy spectrum E^v_α(κ) of the variable v we have

νκ^3E^v_α(κ) ≈ ν

∫_{2κ} κ η^2E^v_α(η) dη ≈ ⟨T_κ⟩ − ⟨T_{2κ}⟩.

As long as νκ^3E^v_α(κ) ≪ ⟨T_κ⟩, i.e., ⟨T_κ⟩ ≈ ⟨T_{2κ}⟩ (there is no leakage of energy due to dissipation), the wave number κ belongs to the inertial range.

As before, let ϵ̃_{Leray} represent the mean rate of dissipation of energy:

ϵ̃_{Leray} := ⟨ ν L^3 ∫ Ω (−Δv) · v dx ⟩ , which in principle should be comparable with ϵ_{Leray}, which was introduced earlier in equation (13). The average velocity of an eddy of spatial size of the order of 1/κ can be evaluated in three different ways:

U^0_κ = ⟨ 1 L^3 ∫ Ω v_κ · v_κ dx

⟩_{1/2} = (∫_{2κ} κ E^v_α(η) dη

)_{1/2} ∼ κ^{1/2}E^v_α(κ)^{1/2},

U^1_κ = ⟨ 1 L^3 ∫ Ω u_κ · v_κ dx

⟩_{1/2} = (∫_{2κ} κ E^v_α(η) (1 + α^2η^2) dη )_{1/2} ∼ κ^{1/2}E^v_α(κ)^{1/2} (1 + α^2κ^2)^{1/2} , U^2_κ = ⟨ 1 L^3 ∫ Ω u_κ · u_κ dx

⟩_{1/2} = (∫_{2κ} κ E^v_α(η) (1 + α^2η^2)^2 dη )_{1/2} ∼ κ^{1/2}E^v_α(κ)^{1/2} (1 + α^2κ^2) , i.e., U^n_κ ∼ κ^{1/2}E_α(κ)^{1/2} (1 + α^2κ^2)^{n/2}

, n = 0, 1, 2.

It is not clear, based on physical grounds, which one of these different expressions is the right one. As we see below each expression will lead to a different power law in the energy spectrum. A careful study on the power laws in the energy spectra will shed some light on which of the above expressions is the right one, a subject of future and on going research. In the inertial range, according to the Kraichnan mechanism of energy cascade [31] (see also [16], [17], [19]), the turn over time of eddies of the spatial size 1/κ is the time it takes for the eddies of spatial size 1/κ to transfer their energy to the eddies of smaller size 1/(2κ), which is about

τ^n_κ := 1 κU^n_κ

, n = 0, 1, 2.

Then for the different definitions of U^n_κ , n = 0, 1, 2, we have

τ^n_κ ≈

(1 + α^2κ^2)^{n/2} κ^{3/2}E^v_α(κ)^{1/2} . Therefore ϵ̃_{Leray} = 1 τ^n_κ

∫_{2κ} κ E^v_α(η) dη ∼ κ^{5/2}E^v_α(κ)^{3/2} (1 + α^2κ^2)^{n/2} , which implies the following spectral scaling law: E^v_α(κ) ∼ (ϵ̃_{Leray})^{2/3}κ^{−5/3}(1 + α^2κ^2)^{n/3}.

Consequently, the translational kinetic energy spectrum of the variable u is given by E^u_α(κ) =

E^v_α(κ) (1 + α^2κ^2)^2

∼ (ϵ̃_{Leray})^{2/3}κ^{−5/3}(1 + α^2κ^2)^{n−63} .

Notice that for ακ ≪ 1 the energy spectrum is the usual κ^{−5/3} power law as for the Navier–Stokes equations. But for ακ ≫ 1 we have a faster decaying power law κ^{2n−17}3 , for n = 0, 1, 2. This indicates that the Leray-α model can serve as a very good sub-grid scale model. Similar results concerning the LANS-α (NS-α or viscous Camassa–Holm equations) has been reported in [17], based on the eddy turn over time τ^2_κ , i.e., n = 2. It has been shown there that the power laws for the energy spectra in the initial range are κ^{−5/3}, for κα ≪ 1, and κ^{−3} for κα ≫ 1. Notice, that for the Leray-α model we also have κ^{−5/3} for κα ≪ 1, while we have κ^{−13/3} for κα ≫ 1, when we take n = 2. Therefore, the Leray-α model decays even faster than the LANS-α (NS-α) model for κα ≫ 1. Preliminary computational results which compare the energy spectra of the NSE, LANS-α and the Leray-α support this observation, see Fig. 1.

5. NUMERICAL SIMULATIONS

Numerical simulations of flows with high-symmetry were conducted to compare the energy spectra of the Leray-α and LANS-α models to the the incompressible Navier–Stokes equations. Flows with high-symmetry were first studied by Kida in [30]. All computations were carried out using a modified version of the FOR- TRAN code of [37], see also [15]. Changes were made to implement the Leray-α and LANS-α models. The actual calculations were done at the Department of Mathematics, University of California, Irvine using Intel Xeon dual 1.8Ghz P4 Beowulf compute nodes.

Fourier transforms were performed on a 128^3 grid using the 2/3 rule to avoid aliasing. Due to the high-symmetry of the flow, the spatial resolution of our calculation is comparable to turbulence in a periodic box using Fourier transforms of size 512^3. Time was integrated using a second order Adams–Bashforth method with a step size of 0.0005. We took viscosity ν = 0.001 and α = 0.05. The forcing function f was designed so that for |k| ≤ 4 the Fourier modes û_k of the solution remained constant in time. The initial value was taken to be

u_0(x, y, z) = [ U_0(x, y, z), U_0(y, z, x), U_0(z, x, y) ] where

U_0(x, y, z) = 0.40031233 sinx(cos 3y cos z − cos y cos 3z) + 0.22272469 sin3x(cos 3y cos z − cos y cos 3z) + 0.07043173 sin4x(cos 2y + cos 2z) − 0.14086346 sin2x(cos 4y + cos 4z).

We calculated the translational energy spectrum E^u_α(κ) for the three-dimensional Leray-α, LANS-α and incompressible Navier–Stokes equations by averaging in time from t = 33 to 100. It is evident from Figure 1 that LANS-α has a more compact spectrum than the Navier–Stokes equations. This is consistent with results reported earlier in [6] and [36]. Note also that Leray-α has an even more compact spectrum than LANS-α. This is consistent with our analysis, which estimates a faster rate of decay for the energy spectrum of the Leray-α.

Our analytical estimate on the dimension of the global attractor indicates that the degrees of freedom of Leray-α is significantly less than would be expected for extensive three-dimensional turbulence. Therefore, the relative compactness of the energy spectrum for Leray-α should increase at higher Reynold’s numbers.

FIGURE 1. Comparison of the average energy spectra of the Navier–Stokes equations to the LANS and Leray models of turbulence for ν = 0.001 and α = 0.05.

6. BOUNDARY LAYER APPROXIMATION Following [7] and [8] we derive here a boundary layer approximation of the Leray-α model for a stationary two-dimensional flow near a surface, and then reduce it to an extension of the Blasius equation in the case of a zero pressure gradient flow near a flat plate. Let x be the coordinate along the surface, y the coordinate normal to the surface, and u = (U, V ) the mean velocity of the flow.

Consider the stationary two dimensional Leray-α model:

(20) { (u · ∇)v = νΔv − ∇p ∇ · u = 0, where v = (γ, τ) = u − ∇ · (α^2(x)∇u). We supplement system (20) with non-slip boundary conditions u|_{y=0} = 0, as well as lim_{y→∞} u(x, y) = (U_e, 0)

for all x > 0, where (U_e, 0) is the mean external velocity of the flow. In addition, we assume here that α(·) is a function of x variable.

Let us fix l on the x-axis and define ϵ(l) in the following way:

ϵ(l) := 1 √ R_l = √ ν U_el . We change variables:

x_1 = x l , y_1 = y ϵl , U_1 = U U_e

, V_1 = V ϵU_e

, p_1 = p U^2_e

, α_1 = α ϵl .

Note that the new variables are dimensionless. Recall that α_1 is a function of x only. Then we obtain 1 U_e γ(x, y) = U_1(x_1, y_1) − ϵ^2α^2_1

∂^2 ∂x^2_1

U_1 − α^2_1

∂^2 ∂y^2_1

U_1 − ϵ^2 ∂ ∂x_1 α^2_1 · ∂ ∂x_1

U_1, 1 U_e τ(x, y) = ϵV_1(x_1, y_1) − ϵ^3α^2_1

∂^2 ∂x^2_1

V_1 − ϵα^2_1

∂^2 ∂y^2_1

V_1 − ϵ^3 ∂ ∂x_1 α^2_1 · ∂ ∂x_1

V_1.

Neglecting the terms in equation (20) with high powers of ϵ, dropping subscripts and denoting W = ( 1 − α^2

∂^2 ∂y^2 ) U, we arrive at the following Prandtl-like boundary layer approximation of the Lerayα model:

(21)

U^∂_{∂x} W + V^∂_{∂y} W =^{∂2}_{∂y2} W −^∂_{∂x} p ∂ ∂y p = 0 ∂ ∂x U +^∂_{∂y} V = 0.

For ϵ small enough we have

U(x, y) ≈ U_eU_∞ ( x l , y √ l · l_e ) , V (x, y) ≈

U_e √ R_l

V_∞ ( x l , y √ l · l_e ) , where l_e is a length associated with the external flow l_e = ν/U_e and (U_∞, V_∞) is a solution of (21).

Next we simplify (21) using Blasius’ similarity variable in the case of a zero pressure gradient, i.e., we assume that ∂ ∂x p = 0,

and the exterior velocity U_e is constant. We will study the flow near some fixed point x_0 on the plate. Let us chose the origin on the plate so that the point x_0 has the coordinates (l, 0), where l is a parameter of the boundary layer. Now, we assume that α is proportional to √ x, i.e., α = √ xβ, where β is another parameter of the boundary layer. In addition, we will study the solutions (U_∞, V_∞) of (21) that on some adequate interval l − ϵ < x < l + ϵ are of the form

(22) U_∞ = f(ξ), V_∞ = 1 √ x g(ξ), ξ = y √ x . Now we obtain the following equations for f and g: { −^1_2 ff^′ξ + β^2f(^1_2 f^{′′′}ξ + f^{′′}) − β^2ff^{′′} + gf^′ − β^2gf^{′′′} = f^{′′} − β^2f^{′′′′} g^′ −^1_2 ξf^′ = 0. Let h(ξ) =

∫_ξ 0 f(η) dη.

FIGURE 2. Comparison with experimental data of the Rolls- Royce applied science laboratory, ERCOFTAC t3b test case for c_f = 0.00401, R_θ = 1436.

Then g =^1_2 ξh^′ −^1_2 h, and we have the following equation for h:

(23) h^{′′′} + 1 2 hh^{′′} − β^2 ( h^{′′′′′} + 1 2 h^{′′′′} ) = 0.

The boundary condition U|_{y=0} = 0 requires f(0) = 0 and thus h(0) = h^′(0) = 0. In addition, the physical interpretation of ν^∂_{∂y} U for y = 0 as the shear stress on the wall imposes the condition f^′(0) > 0, that is, h^{′′}(0) > 0. Moreover, U(x, y) → U_e as y → ∞ requires that h^′(ξ) → 1 as ξ → ∞.

Note that if ĥ(ξ) is a solution of (23), then h(x) := βĥ(βx) is a solution of

(24) −h^{′′′′′} − 1 2 hh^{′′′′} + h^{′′′} + 1 2 hh^{′′} = 0.

This equation can be also written as

(25) { m^{′′′} +^1_2 hm^{′′} = 0 m = h − h^{′′}.

Here again h(0) = h^′(0) = 0, h^{′′}(0) > 0. In addition, U(x, y) → U_e as y → ∞ requires that h^′(ξ) → β^2 as ξ → ∞.

Notice that the equation (24) is the same as the corresponding equation for the LANS-α (NS-α) model. In [8] it was proved that the solutions of this equation satisfying the above physical boundary conditions form a two-parameter family. These two parameters are the skin friction coefficient c_f , and the Reynolds number based on momentum thickness R_θ, and they determine the velocity profile for each horizontal coordinate. The family of of velocity profiles {u_{Rθ,cf} } match experimental data for a wide range of Reynolds numbers (see Fig. 2). Another version on the boundary layer approximation of the LANS-α (NS-α or viscous Camassa– Holm) model and its applications to turbulent jets and wakes are presented in [28] and [38].

7. ACKNOWLEDGMENTS

We thank Professor Ciprian Foias for the inspiring and stimulating discussions. In addition, we are grateful to Professor Qing Nie for lending us his 3-D Navier– Stokes code and helping us to modify and use it. The computations reported here were performed on the computers cluster at UC - Irvine which was provided by the NSF SCREMS grant No. DMS-0112416. The work of A.C. was supported in part by NSF grant No. DMS-0074460. D.D.H. is grateful for support by US DOE, under contract W-7405-ENG-36 and C. H. Romine, Office of Science ASCAR/MICS. The work of E.O. was supported in part by NSF grant No. DMS-9902360 and by a grant from the University of Nevada, Reno, Junior Faculty Research Grant Fund. E.S.T. was supported in part by the NSF grant No. DMS-0204794 and by the US Civilian Research and Development Foundation under grant No. RM1-2343-MO- 02. This work was completed while E.S.T. was the Stanislaw M. Ulam Visiting Scholar at the CNLS in the Los Alamos National Laboratory supported by the DOE under contract No. W-7405-ENG-36.

REFERENCES

[1] A. V. Babin and M. I. Vishik. Attractors of Evolution Equations. Studies in Mathematics and its Applications, 25, North-Holland Publishing Co., Amsterdam, 1992.

[2] C. Cao, D. D. Holm and E. S. Titi, On the Clark-α model of turbulence: global regularity and long-time dynamics, (Preprint).

[3] S. Chen, C. Foias, D. D. Holm, E. Olson, E. S. Titi, and S. Wynne, The Camassa-Holm equations as a closure model for turbulent channel and pipe flow, Phys. Rev. Lett., 81 (1998), 5338– 5341.

[4] S. Chen, C. Foias, D. D. Holm, E. Olson, E. S. Titi, and S. Wynne, A connection between the Camassa-Holm equations and turbulent flows in pipes and channels, Phys. Fluids, 11 (1999), 2343–2353.

[5] S. Chen, C. Foias, D. D. Holm, E. Olson, E. S. Titi, and S. Wynne, The Camassa-Holm equations and turbulence, Physica D, 133 (1999), 49–65.

[6] S. Chen, D.D. Holm, L.G. Margolin and R. Zhang, Direct numerical simulations of the Navier– Stokes alpha model, Phys. D, 133 (1999), 66–83.

[7] A. Cheskidov, Turbulent boundary layer equations, C. R. Acad. Sci. Paris, Ser. I, 334 (2002), 423–427.

[8] A. Cheskidov, Boundary layer for the Navier-Stokes-alpha model of fluid turbulence, Arch.

Rational Mech. & Anal., 172 (2004) 333–362.

[9] V. V. Chepyzhov and A. A. Ilyin, On the fractal dimension of invariant sets; applications to Navier-Stokes equations, Discrete and Continuous Dynamical Systems, 10 (2004), 117–135.

[10] R.A. Clark, J.H. Ferziger and W.C. Reynolds, Evaluation of subgrid scale models using an accurately simulated turbulent flow, J. Fluid Mech., 91 (1979), 1–16.

[11] P. Constantin, An Eulerian–Lagrangian approach to the Navier–Stokes equations, Comm. Math.

Phys. 216 (2001), 663–686.

[12] P. Constantin and C. Foias, Global Lyapunov exponents, Kaplan-Yorke formulas and the dimension of the attractors for 2D Navier-Stokes equations, Comm. Pure Appl. Math., 38 (1985), 1–27.

[13] P. Constantin and C. Foias, Navier-Stokes equations. Chicago Lectures in Mathematics, University of Chicago Press, Chicago, 1988.

[14] P. Constantin, C. Foias, O. P. Manley, and R. Temam, Determining modes and fractal dimension of turbulent flows, J. Fluid Mech., 150 (1985), 427–440.

[15] P. Constantin, Q. Nie, S. Tanveer, Bounds for second order structure functions and energy spectrum in turbulence, Phys. Fluids, 11 (1999), 2251–2256.

[16] C. Foias, What do the Navier-Stokes equations tell us about turbulence? in Harmonic Analysis and Nonlinear Differential Equations (Riverside, CA, 1995), Contemp. Math., 208 (1997), 151– 180.

[17] C. Foias, D. D. Holm, and E. S. Titi, The Navier-Stokes-alpha model of fluid turbulence, Physica D, 152 (2001), 505–519.

[18] C. Foias, D. D. Holm, and E. S. Titi, The three dimensional viscous Camassa–Holm equations, and their relation to the Navier–Stokes equations and turbulence theory, Journal of Dynamics and Differential Equations, 14 (2002), 1–35.

[19] C. Foias, O. Manley, R. Rosa, and R. Temam, Navier-Stokes Equations and Turbulence. Cambridge University Press, Cambridge, 2001.

[20] B. J. Geurts and D. D. Holm, Alpha-modeling strategy for LES of turbulent mixing. In Turbulent Flow Computation (ed. D. Drikakis and B. J. Geurts). Kluwer: London, (2002), 237–278.

[21] B. J. Geurts and D. D. Holm, Leray simulation of turbulent shear layers. In Advances in Turbulence IX: Proceedings of the Ninth European Turbulence Conference. (Ed. J. P. Castro and P. E. Hancock) CIMNE:Barcelona, (2002), 337–340.

[22] B. J. Geurts and D. D. Holm, Regularization modeling for large-eddy simulation, Phys. Fluids, 15 (2003), L13–L16.

[23] D. D. Holm, Fluctuation effects on 3D Lagrangian mean and Eulerian mean fluid motion. Physica D, 133 (1999), 215–269.

[24] D. D. Holm, Variational principles for Lagrangian-averaged fluid dynamics, J. Phys. A, 35 (2002), 679–688.

[25] D. D. Holm, Kármán–Howarth theorem for the Lagrangian averaged Navier-Stokes alpha (LANS−α) model. J. Fluid Mech., 467 (2002), 205–214.

[26] D. D. Holm, J. E. Marsden, T. S. Ratiu, Euler-Poincaré Models of Ideal Fluids with Nonlinear Dispersion, Phys. Rev. Lett., 80 (1998), 4173–4176.

[27] D. D. Holm and B. T. Nadiga, Modeling mesoscale turbulence in the barotropic double-gyre circulation, Journal of physical oceanography, (2003), (in press).

[28] D. D. Holm, V. Putkaradze, P. D. Weidman, B. A. Beth, Boundary effects on exact solutions of the Lagrangian-averaged Navier-Stokes-α equations,J. Stat. Phys., (to appear).

[29] A. A. Ilyin and E. S. Titi, Attractors to the two-dimensional Navier-Stokes-α model: an αdependence study,Journal of Dynamics and Differential Equations, (to appear).

[30] Shigeo Kida, Three-dimensional periodic flows with high-symmetry, J. Phys. Soc. Jpn., 54 (1985), 2132–2136.

[31] R. H. Kraichnan, Some modern developments in the statistical theory of turbulence, in Statistical Mechanics: New Concepts, New Problems, New Applications, S. A. Rice, K. F. Freed, and J. C. Light, eds., (1972), 201–227.

[32] A. Leonard, Energy cascade in large-eddy simulations of turbulent fluid flows, Adv. Geophys., 18 (1974), 237-.

[33] J. Leray, Essai sur le mouvement d’un fluide visqueux emplissant l’espace, Acta Math., 63 (1934), 193–248.

[34] J. E. Marsden, S. Shkoller, Global well-posedness for the Lagrangian averaged Navier-Stokes (LANS-α) equations on bounded domains, R. Soc. Lond. Philos. Trans. Ser. A Math. Phys. Eng. Sci., 359 (2001), no. 1784, 1449–1468.

[35] J. E. Marsden and S. Shkoller, The anisotropic Lagrangian averaged Euler and Navier-Stokes equations, Arch. Ration. Mech. Anal., 166 (2003) 27–46.

[36] K. Mohseni, B. Kosović, S. Shkoller and J.E. Marsden, Numerical simulations of the Lagrangian averaged Navier-Stokes equations for homogeneous isotropic turbulence, Phys. Fluids, 15 (2003), 524–544.

[37] Q. Nie, S. Tanveer, A note on third-order structure functions in turbulence, R. Soc. Lond. Proc.

Ser. A Math. Phys. Eng. Sci., 455 (1999), 1615–1635.

[38] V. Putkaradze and P. Weidman, Turbulent wake solutions of the Prandtl α equations, Phys. Rev.

E, 67, 036304, (2003).

[39] R. Temam, Infinite-Dimensional Dynamical Systems in Mechanics and Physics. Applied Mathematical Sciences, 68, Springer-Verlag, New York, 1988.

[40] R. Temam, Navier-Stokes Equations: Theory and Numerical Analysis. Studies in Mathematics and its Applications, 2, North-Holland Publishing Co., Amsterdam, 1984.

Alexey Cheskidov, Department of Mathematics, Indiana University, Bloomington, IN 47405, USA, email: acheskid@indiana.edu. Also, Department of Mathematics, Texas A&M University, College Station, TX 77843, USA.

Darryl D. Holm, Theoretical Division and Center for Nonlinear Studies, Los Alamos National Laboratory, MS B284, Los Alamos, NM 87545, USA, email: dholm@lanl.gov. Also, Mathematics Department, Imperial College London, London SW7 2AZ. UK, email: d.holm@imperial.ac.uk

Eric Olson, Department of Mathematics/084, University of Nevada, Reno, NV 89557, USA, email: ejolson@unr.edu

Edriss S. Titi, Department of Mathematics, and Department of Mechanical and Aerospace Engineering, University of California, Irvine, CA 92697-3875, USA, email: etiti@math.uci.edu. Also, Department of Computer Science and Applied Mathematics, Weizmann Institute of Science, Rehovot, 76100, Israel, email: edriss@wisdom.weizmann.ac.il