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Definition 3.12 Let « and § be in E. The open ray

(g, 00)={xeR:x>a)

is a neighborhood of oo, while the open ray

(=00, B)={xeR:x < B}

is a neighborhood of —oc.
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be in R* and suppose that x,, — x, y, — o0, and z, — —o0.

Theorem 3.13 Limits of sequences are unique.

Theorem 3.14 Let (x,),en, (Va)nen, and (2,).en be sequences in R. Let x

1. If —00 < x < 00, then x,, + y, — 0.

If —o0 < x < 00, then x,, + z, =& —00.

o

lf() < .‘. S CX.). ll]cn .‘."_\.” — w and -‘.":" — —w.

If —o0o < x <0, then x,,y, & —o¢ and x, 2, — ©0.
i e X Xy
If xisin R, then — — O and = — 0.
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— Then every subsequence of (x,),cp has limit x.

Proposition 2.6 Let (x,),.y be a sequence in [R. Then

L. lim x, # ocilandonly if (x,),cn has a subsequence that is bounded above;
HN—>0C

Theorem 3.15 Let (x,),.n be a sequence in R; let x be in R with x,, — x.

lim x, # —oc if and only if (x,),ex has a subsequence that is bounded
1= 2C

below.
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Theorem 3.16 If (x,), .y is @ monotone sequence in R, then (x,), .y has a
limit in R*,
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————————— 8. Let (x,),ey be a sequence in R, Show that
R E/(u) if (x,),en s unbounded above, then (x,),. has a subsequence with

limit oo;
(b) if (x,),en is unbounded below, then (x,),. has a subsequence with
limit —oo. [Hint: See Exercise 5 in Section 3.3.]
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———  Proposition 3.7 Let (x,).cn be a sequence in R and let x be in R*. Then
X, — x if and only if limsup x,, = liminf x,, = x.
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