Theorem 3.3 Let (x,),cn be a sequence in the closed interval [a, b]. Let x
be in B with x,, — x. Then x is in |a, b].

Proposition 3.2 A convergent sequence is bounded.
i
Theorem 3.10 (Bolzano-Weierstrass Theorem for sequences) A bounded
sequence in R has a convergent subsequence (that is. a subsequence that con-

verges to a real number).

{ }ES Theorem 3.13 Limits of sequences are unique.

We now recall Definition 3.10, Proposition 3.4, and Exercise 6 in Section

35.ForDC Randcin R, —_—
¢ is an accumulation point of D |
if and only if every neighborhood of ¢ contains a point of D different
from ¢
if and only if every neighborhood of ¢ contains infinitely many points
of D ——
if and only if there exists a sequence of distinct points in D converging I
o c.
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Proposition4.6 Let D, f,c,and L beasin Definition4.3. Then lim f(x) =

Lifandonlyif lim f(x,) = L forall sequences (x,),en in D such that x,, # ¢

n-—o0 —_—
forall n and lim x. = ¢,
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i\")(_CO\MM L Gﬂ .




Proposition 4.7 For D C R, ¢ an accumulation point of D, f and g two
real valued functions on D, L, and L, in B, suppose that

lim f(x) =L, and lim g(x) = L,.

X=C

Then
1. !l_rp (f(x)+g(x)) =L, + Ls;
2. lim f(x)g(x) = L,L»; ],{E(,q%u\v L\\-z\ < | x‘lﬂ‘-)j(ﬂ“ "'('OLZ\*'\‘Q’(’) L~ LxLz.)

X=>C

3 i 40, -Iil.ing £0

L x—e g(x) - L»

provided the right members of parts 1, 2, and 3 are defined. Note that oc — o0,
0- oo, 0o/, and L, /0 are not defined.
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Example 4.14 Let f(x) = xsin(1/x) for x # 0.
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