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Theorem 4.4 A continuous function on ui.\ uniformly con-

tinuous there.
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Theorem 4.5 Let f : D — R be uniformly continuous on D. If (x,),en 18
a Cauchy sequence in D, then (f(x,)),en 1s @ Cauchy sequence in R.
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Theorem 4.6 Let D be a bounded subset of R and let [ : D — R. Assume

that whenever (x,),en is a Cauchy sequence in D, (f(x,)),-n is a Cauchy
sequence. Then f is uniformly continuous on D.

b o couwnse Yo Theorem 4.5

Theorem 4.7 If f isuniformly continuous on (a, b), then f hasa continuous
extension to |a, b].

oo fo VW “Mreowun 4.7 Procd \2«3 ww\'no\m)r?w?,

Proof  Suppose f is notuniformly continuous on D. From the proof of Theo-

rem4.4 (with [a, b] replaced by D), there exist sequences (x,,),,ey and (v,),en »

both in D, and an € > 0 such that |x, = v,| < I/nand | f(x,) = f(v,)] = €

foreachn in N.

Since D is bounded, by Theorem 3.10, there is a subsequence (x,, )7~ of

(xp)nen and an L in R such that Xy T L. Note that L may or may not be in D. -

Also, as in the proof of Theorem 4.4, y,, -;» 2

Consider the sequence (2, )pen = (Xngs Ynps Xngs Ynys Xngs ¥nzs o+ o) Then

zp— L (Exercise 4 in Section 3.3) and hence (z,),ey is Cauchy. For each k

n

in N, R

|f(z2a1) = fa)l = | f(xn) = Fom)| 2 &, o

and so ( f(z,))nen 1s not Cauchy.




