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' Thegrem 5.6 (Taylor’s Theorem) Suppose that f : [a,b] — R, nis a
positive integer, " is continuous on [a, b], and f" is differentiable on (a, b).
For x # xoin [a, b], there isaebetweenxandxgsuch,that -

f(O)(\— xp)” +j;
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Definition 6.4 A bounded function [ is Riemann integrable on |a, b)

oD b . - 4 < =
if f‘ . f =/, [f. and this common value is the Riemann integral of f over

la,
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Proof We prove the first inequality, leaving the second one for the reader.

Let P = {x;}"_, be in P and suppose first that P* contains just one more point
i=0 pp .l p

than P. So P* = P U {z}, where x;_; < z < x; forsome k in {1, 2, ..., nj.
Then

LEPS, i) == Zm;Ax; +m'(z = xp—1) +m" (xx — 2),

i#k
where
m' = inf{f(x) : x3-) <x <z}
and

m’ =inf{f(x) :z2 <x < x}.



Since my = inf{f(x) : xp—) < x < xx},mp < m"and my < m". Thus,

L(P*, f/)=L(P, f)=m'(z = xx—1) +m"(xp —2) — mp(xp — xp—1)

=(m' —m)(z—xx-1)+m" —mp)(xy —2z) = 0.

If P* contains j more points than P, we repeat the reasoning above j times to
arrive at L(P, f) < L(P*, f). [}
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Proposition 6.2 If P; and P, are in P, then

L(Pi, f) S U(Ps, [)-
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