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Proof Let S be a nonempty subset of R that is bounded below. Let

A = {x € R : x is a lower bound of §}.
Then A is nonempty and A is bounded above by each point in S. By the
Completeness Axiom for B, @ = sup A is a real number. We will show that
a = inf S. Let s be in S. Then s is an upper bound of A. Since « is the least
upper bound of A, @ < s. Thus, « is a lower bound of .

To show that & is the greatest lower bound of S, let y be a real lower bound

of S. (If y = —oo. then clearly y < «.) We need to show that y < a. Since y
is a lower bound of S, y is an element of A. Since « is an upper bound of A,
Yy <a. a
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