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The Monotone Subsequence Theorem

The following proof is taken from Bartle and Sherbert because the authors could

not improve on their elegant argument.

Theorem 3.9 (Monotone Subsequence Theorem) Every sequence in R has

a monotone subsequence.

Proof Let (x,),en be a sequence in R. For the purpose of this proof, we call
the mth term x,, a peak if x,, > x, forall n > m. That is, x,, is a peak if x,, is

never exceeded by any term that follows it.




Case 1 (x,)nen has infinitely many peaks. We pick off the peaks in
order. Let m, be the smallest positive integer such that x,,, is a peak. Let
m> be the smallest positive integer larger than m; such that x,, is a peak.
Continuing, we obtain the subsequence (X, )ken Of (X;)en. Since each

Xy is a peak, we have x,,, > x,,, > --- and hence (Xmy JkeN 1S monotone

decreasing.

Case 2 (x,),cn has only a finite number of peaks. Let the peaks be (in

order) Xmy, Xmsys Xmyy oo oo+ Ym,. We go out beyond the last peak. Let
ny = m, + 1 (if the number of peaks is 0, let iy = 1.) Since x,, is not

a peak, there is an ny > ny such that x,,, < x,,. Since x,, is not a peak,

there is an n3 > ny such that x,, < x,,. Continuing, we obtain a strictly

increasing subsequence (x,, )ien Of (X5),en- ' O
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