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2.45 Theorem. Let f be a function defined in an open set S C R™. Suppose a € S
andi,j € {1,...,n}. If the derivatives 0; f, 0; f, 0;0; f, and 0;0; f exist in S, and

if 0;0;f and 0;0; f are continuous at a, then 0;0; f(a) = 0,;0; f(a).
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A function f is said to be of class C* on an open set U if all of its partial
derivatives of order < k — that is, all the derivativeS9;;0;, - - 0;, f, for all choices

of the indices ¢; and all [ < k — exist and are continuous on /. We also say that f

is of class C'* on a nonopen set S if it is of class C'* on some open set that includes
S. If the partial derivatives of f of all orders exist and are continuous on U, f is

said to be of class C°° on U.
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2.55 Theorem (Taylor’s Theorem with Integral Remainder, I). Suppose that f is

of class C k1 (k > 0) on an interval I C R, and a € I. Then the remainder Ra
defined by (2.53)—2.54) is given by
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(2.56) R k(h) = X / (1- t)kf(kﬁ)(a + th) dt.
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2.58 Theorem (Taylor’s Theorem with Integral Remainder, II). Suppose that
[ is of class Ck(k > 1) on an interval I C R, and a € 1. Then the remain-
der R, ). defined by (2.53)—(2.54) is given by
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(2.59) Rax(h) = / (1 =) [ f®) (a+th) — P (a)] dt.
0
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2.63 Theorem (Taylor’s Theorem with Lagrange’s Remainder). Suppose fis k+1
times differentiable on an interval I C R, and a € I. For each h € R such that
a + h € I there is a point ¢ between () and h such that
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2.52 Theorem (The Multinomial Theorem). For any X = (x1,22,...2,) € R"
and any positive integer k,
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