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4.5 Lemma. If f is a bounded function on [a, b|, the following conditions are equiv-—
\ alent: —
a. fis mtegrable on [a,b).
b. For every € > ( there is a partition P of [a,b| such that Spf — spf < e.

FQS{\'\ Theorem 6.2 A bounded function f is in R[a, b] if and only if for every
o\0 €= 0 there 1s a partition P of [a, b] such that U(P. f) — L(P, f) < &.

| RTI ¥y
4.6 Theorem. AWML % weeads
a. Suppose a < b < c. If f is integrable on |a,b| and on |b, c|, then f is integrable

P

— onla,c], and -

c b c <
@4 / f(z)dx = / f(z)dx + / f(z)dzx. |
a Ja Jb .

~— b. If f and g are integrable on [a,b|, then so is f + g, and -

b b
- (48) / [f(z)+g(z)] dz = [ f(z)dz+ / g(x) dx. o

| { \A M’

‘ . ab\é}ri\’(b‘f"'“."
 Proposition 6.5 Let f be in Rla a,blandleta < ¢ /< b.Then / isin R{a, c],
flst[c b), andff DA y —

Ne._ r e -~ - “~ aa - - — -

~—  Proposition 6.3 Let fand g beinRla, bl andletcbeinR. Then f+g
~and ¢f are in Rla, b), and —

/(f:tg) [ 1+ s
- Acf-c f -




4.9 Theorem. Suppose f is integrable on [a,b).
~a. Ifc € R, then cf is integrable on [a.b], and |, be f(z)dx = c fab f(x) da: o
b If[e.dlC la.b], then [ is integrable on [c,d}; o

— If g is mtegrable on [a,b] and f(x) < glx) for x € [a,b], then j flx)de <—
T xd. |f| lwntegrable on [a,b), and|f f(z)dz| < f |f(z)| dz. o
o ‘ ®b o
2N\
W\I)“ |
%410 Theorem. If [ is bounded and monotone on |a,bl, then f is integrable on —
o [a b] o

i A

heorem 6.9 If f is monotone on [a, b), then f is in R|a, b). S

| 4.11 Theorem. If f is continuous on |a, b|, then f is integrable on |a.b).

, |
\y |
~ Theorem 6.7 If f is continuous on [a, b], then f is in R|a, b).

4.12 Theorem. If f is bounded on |a,b| and continuous at all except finitely many
. . o . . \/_v\-—.\-—\-———‘
— points in [a, b, then [ is integrable on |a,b). —

|
Theorem 6.5 Suppose that f is in R[a, b)] and that g = f except at a finite
number of points in [a, b]. Then g is in Rla. b] and
-~ et & nKla, )¢ Le=1f
- o T2 < PO
~4.14 Proposition. Suppose f and g are mtegrable on |a,b] and f(x) = g(x) for
~all ew many points = € |a,b|. Then f flx)dx = fa g(x) da.




please. Certain infinite sets, such as convergent sequences, also have this property
— (Exercise 6). We make it into a formal definition: A set Z C [R is said to have zero

~ content if for any ¢ > 0 there is a finite collection of intervals I,

-----

. 17, such that

(1) Z C U] I;, and (ii) the sum of the lengths of the [;’s is less than €. The proof roof of

Theorem 4.12 now yields the following result:

— 4.13 Theorem. [f f is bounded on [a,b] and the set of points in [a, b| at which f is

discontinuous has zero content, then f is integrable on [a, b).
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The starting point is the analogue of Theorem 4.13. The notion of “zero content”

transfers readily to sets in the plane; namely, a set Z C R? is said to have zero

content if for any ¢ > 0 there is a finite collection of T rectangles Ry,
that (i) Z C U1

~—  then have:

m» and (i1) the sum of the areas of the R,,’s is less than ¢. We

4.18 Theorem. Suppose f is a bounded function on the rectangle R. If the set of
—— points in R at which f is discontinuous has zero content, then f is integrable on R.

-----

R s such

o 4.15 Theorem (The Fundamental Theore

of Calculus).

daesi’

a. Let f be an integrable function on |a,b|. For x € [a,b], let F(a
(which is well defined by Theorem 4.9b). Then F' is continuous on [a b|; more-

Fid e*'?* s

jf dii

over, F'(x) exists and equals f(x) at every x at which f is continuous.

—— b. Let F be a continuous function on |a, b| that is differentiable except perhaps at
— finitely many points in [a,b], and let [ be a function on |a,b| that agrees with

F" at all points where the latter is defined. If f is integrable on [a,b], then

- jf t)dt = F(b) — F(a).
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