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c. Iff: (ag,by) — R is Qfli('lass C)\ then f (la,bl) has zero content whenever

ag < a < b < by.
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The starting point is the analogue of Theorem 4.13. The notion of “zero content”
transfers readily to sets in the plane; namely, a set Z C R? is said to have zero
content if for any ¢ > 0 there is a finite collection o—tr.rcclunglcs Ry,..., R s such
~that (i) Z C U‘l\’ R,,, and (ii) the sum of the areas of the R,,,’s is less than ¢. We ——
then have: e
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4.21 Theorem. Let S be a measurable subset of R?. Suppose f : R?> — R is

bounded and the set of points in S at which f is discontinuous has zero content.
Then f is integrable on S.

Proof. The only points where fyg can be discontinuous are those points in the

closure of S where either f or yg is discontinuous. By Lemma 4.20 and Proposition

4.19b, the set of such points has zero content. By Theorem 4.18, fyg is integrable

on any rectangle R containing S, and hence f is integrable on S \'“23‘_” O




4.18 Theorem. Suppose % is a bounded function on the rectangle R. If the set of
points in R at which g is discontinuous has zero content, then f is integrable on R.

~ Proof. The proof is essentially identical to that of Theorem 4.13. That is, one
first shows that % 1s integrable if ? is continuous on all of R by the argument
that proves Theorem 4.11, then encompasses the general case by the argument that
~ proves Theorem 4.12. Details are left to the reader. .
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Z - U Rm and the sum of the areas of the R,,’s 1s less than €. By subd1v1d1ng
these rectangles if necessary, we can assume that they have disjoint? interiors and
form part of a grid obtained by partitioning some large rectangle R. Denoting this

F(9 Ry Rm®g  for some m ¢

s hans R‘b C’C)-U'L] [\‘k,-\) (ﬂt.] _
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