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The notion of “zero content” generalizes to n dimensions in the obvious way:
A bounded set Z C R”™ has zero content if for any ¢ > 0 there are rectangular

boxes Ry,..., Rk whose total volume 1s less than €, such that Z C Uf‘ R;. The
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~ 4.24 Theorem (The Mean Value Theorem for Integrals). Let S be a compact, con-
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nected, measurable susbset of R", and let f and g be continuous functions on S

with g > 0. Then there is a point .c.€ S such that

//f d”x—f(c// x) d"x

m= inf § fua €& S §= fay t"\tswgli,'u):xes?sf#(b)
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4.17 Theorem.

c. If f and g are integrable on S and f(x) < g(x) for x € S, then [[ fdA <

”s JdA

d XL L it BT e O il e 2 Ll 3L £ AL~ T L £) A




5S¢ R" .

S 0‘\,("-7 md'x \og c'a’lu)Y-Lz\d"x éw(..g\ ?)(1)t~’\,aL“x

8 S )¢
< o)

Vv

ConGfowy  (omes st éjr Dbegm) Vo camse . .

a. If f1 and f5 are integrable on the bounded set S and cy,co € R, then ¢ f1 +

co fo is integrable on S, and

// [e1f1 + cafa] dA = ¢ // f1dA + (:2/ fadA.
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~ Proof. Letm and M be the minimum and maximum values of f on .S, which exist
since S is compact. Since g > 0, we have mg < fg < Mg on S, and hence

%‘P@:% m,./.- : /bg(x) d"x < / : L f(x)g(x)d"x < M / : /.s g(x)d"x.

S

~ Thus the quotient ([---[ fg)/([--[ g) lies between m and M, so by the interme-
diate value theorem, it is equal to f(a) for some a € S. O
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1.27 Corollary (The Intermediate Value Theorem). Suppose f : S — R is continu-
ous at every point of S and V- C S is connected. If a,b € V and f(a) <t < f(b)
or f(b) <t < f(a), there is a point ¢ € V such that f(c) = L.
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R= [a,b]
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\ P dx = M| c}(t\)!c'}'lv. dy
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