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B.9 Theorem. Let R = [a,b] x [c,d], and let [ be an integrable function on R.

Suppose that, for each y € [c,d], the functwn fy defined by fyla) = f(x,y)is

integrableson-{ayb|, and the function g(y f f(wyy) da is integrable on ic pd).
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Proof. Let Pjg = r{:z:o, . X J3Y0,---,YK } be the partition of R obtained by —
subdividing [a, b] and |[c, d], respectively, into J and K equal subintervals of length
Ax = (b—a)/J and Ay = (d — ¢)/K. Given € > 0, there is an integer N such
that

71=1 k=1

provided that J > N and K > N, and also
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‘/ flz,y d’z’:] dy—z f:z, yk) dx Ay

provided that K’ > N. c%For (B.10) we are applylﬁgull'heorem B. 8 to the function f,
and for (B.11) we are applying Theorem B.7 to the function g(y) = .]a flz,y)dx.)

Let us fix K to be equal to N; then the points y; are also fixed. By Theorem B.7
again, we can choose .J large enough so that — ((and Hurt 16 o Rali # 5t
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forall k =1,..., K. Then
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Therefore, by (B.10),

/ / Faa-3" [ ey de Ay
k 17a

and hence by (B.11),
‘/ fdA — [/f.Ly)dL]dy‘<e

Since € is arbitrary, the double integral and the iterated integral must be equal. [

P»é:"“k "/_d Ubf(:v-y)dw] dy.
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integrands vanish outside bounded sets. The point is that now we don’t have to

worry about what the limits of integration in each variable are; we can take themto ——

be +o00.
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as in the dlscussmn preceding (4.34).) L1kew1se for Go we set xj, = u + cu; and
obtain o s owt
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— (uj is a constant as far as this calculation is concerned.) Now an integration with
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4.37 Theorem. Let A be an invertible n x n matrix, and let G(u) = Au be the

corresponding linear transformation of R". Suppose S is a measurable region in

R™ and f is an integrable function on S. Then G(S) ={A'x:xe S}is

measurable and f o G is integrable on G~1(S), and

e (438) / /f d"x_|dctA|/ / f(Au) d"u
1(5)
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4.41 Theorem. Given open sets U and V in R™, let G : U — V be a one-to-one
transformation of class C' whose derivative DG (u) is invertible for all u € U.
Suppose that T C U and S C V are measurable sets such that T C U and
G(T) = S. If f is an integrable function on S, then f o G is integrable on T, and

(4.42) / /f (l”x—/ /f )| det DG (u)|d"u.

Tnhu‘\fhe((:) e st A lowdedn

Glutde) = Gla) ¥ DG du

~AAA

§W(’-i’ MA%':Y
A

e

——%Mi—‘@%@é&%%

plus sW-,




(4.38) / . /5 f(x)d"x

— Glay= brAy

4.37 Theorem. Let A be an invertible n x n matrix, and let Cdodi-e4R be the
corresponding linear transformation of R". Suppose S is a measurable region in
R™ and f is an integrable function on S. Then G™1(S) = {A7'x : x € S}is
measurable and f o G is integrable on G~1(S), and —

f(Au) d™u.

[

(W) = Glo)+ DE da \\

- (4 / L f(x)d"x = / [T f(G(u))|detDéy(u)M”u. o
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4.41 Theorem. Given open sets U and V' 'in K™, let G : U — ) be a one-to-one
transformation of class C' whose derivative DG (u) is inveritble for all u € U.

Suppose that T C U and S C V are measurable sets sufh that T C U and —
G(T) = S. If f is an integrable function on S, then f o G if integrable on T, and
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Chapler 5 in Appendix B.5 (Theorem B.24),
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