6.8 Corollary (The Integral Test). Suppose f is a positive, decreasing function on
the half-line [1,00). Then the series Y f(n) converges if and only if the improper

integral | fo f(x) dx converges.
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6.11 Theorem. Suppose 0 < a,, < b, forn > 0. If ZSC b, converges, then so

m 1
5= 7‘;,, enwvgs & P71 ehwrse dlverges |
n3)
. oo o
o'l C ':,,-ULP 5 ek q;uu& A -::9
i n=\

does > 0" an. If > 5" an diverges, then so does " by,.

Proof. Let s;. = Zf} a, and t; = Zf} bp; thus 0 < s < ty forall k. If > by
converges, the numbers £; form a bounded set; hence so do the numbers s, so the
sequence { sy} converges by the monotone sequence theorem. This proves the first

assertion, to which the second one is logically equivalent.



6.12 Theorem. Suppose {a,} and {b,} are sequences of positive numbers and
that ay, /b, approaches a positive, finite limit as n — oc. Then the series ZSO an
and ) " by, are either both convergent or both divergent.
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6.13 Theorem (The Ratio Test). Suppose {a,} is a sequence of positive num-
bers.

a. If ani1/an < rfor all sufficiently large n, where r < 1, then the series Y " a,
R converges. On the other hand, if a,+1/a, > 1 for all sufficiently large n, then
S the series ch an diverges.

b. Suppose that | = lim,,_,oc apy1/ay exists. Then the series ZSO an, converges
if | < 1 and diverges if |l > 1. No conclusion can be drawn if | = 1.
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l14 Theorem (The Root Test). Suppose {a,} is a sequence of positive num-

rs.
1/71, . v e . o0
a. If ay” < r for all sufficiently large n, where r < 1, then the series ) a

— ~ 1 ..
converges. On the other hand, if an/ " > 1 for all sufficiently large n, then the

series Yo" a, diverges.

. 1/n . . .
b. Suppose that | = lim, a,,/ exists. Then the series 280 a, converges if

[ < 1 and diverges if | > 1. No conclusion can be drawn if | = 1.
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A series ) o ay, is called absolutely convergent if the series ) o |a,| con-

verges. For series with nonnegative terms, absolute convergence is the same thing —

as convergence. For more general series, the basic result is as follows.

6.17 Theorem. Every absolutely convergent series is convergent.
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Proof. Suppose > o |a,| converges. Let s = Zé a, and S = Z{‘) lay,|. The
sequence {Sy} is convergent and hence Cauchy, so given ¢ > 0, there exists an
integer K such that

\aji1| + -+ |ag| = Sp — Sj < e whenever k > j > K.

But then
\%k—S;\
f— L _
sk — 55| = |laj41 + -+ ag| <lajia| + -+ |aj| < e whenever k > j > K,
—_ +h‘wM’G. \‘M-oﬁu.dm.
so the sequence {s;} is also Cauchy. By Theorem 1.20, the sequence {s;}, and
hence the series ) _ a,,, is convergent. O]
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