HW1 due Sept 13

Turn in (page 33) 1.6#4
Practice (page 29) 1.5#5, 1.5#7, (page 33) 1.6#1ab, 1.6#6,

(page 38) 1.7#6, 1.7#8

(%‘,GU) 5. Define a sequence {x},} recursively by 1 = v/2, 141 = /2 + 2. Show by

@)

k).

induction that (a) 3 < 2 and (b) zp < x4 for all £. Then show that lim z
exists and evaluate it.
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¢4 7. Let{xy} be asequence in R and x a point in R™. Show that some subsequence

qQ\

of {xy} converges to x if and only if every ball centered at x contains x, for
infinitely many values of k.
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¥ 1. Give an example of
‘3\“" a. aclosed set S C R and a continuous function f : R — R such that f(.5)
is not closed;

b. an open set U C R and a continuous function f : R — R such that f(U)
1S not open.
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4. Suppose S C R" is compact, f : S — R is continuous, and f(x) > 0 for
every x € S. Show that there is a number ¢ > 0 such that f(x) > ¢ for every
x € 5.
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6. The distance between two sets U, V' C R" is defined to be

dU,V)=inf{|x—y|:xeU, yeV}.

a. Show that d(U, V) = 0 if either of the sets U,V contains a point in the
closure of the other one.

b. Show that if U is compact, V is closed, and UNV = &, then d(U, V') > 0.

c. Give an example of two closed sets U and V in R? that have no point in
common but satisfy d(U, V') = 0.
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6. Show that a closed set in R" is disconnected if and only if it is the union of two
disjoint nonempty closed subsets.
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8. Show that the closure of a connected set is connected.
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