HW?2 due Sept 27
Turn in (page 74) 2.3#2abc
Practice (page 41) 1.8#4, 1.8#5, (page 52) 2.1#2, 2.1#9, (page 61-62) 2.2#1abc,
2.2#8, (page 77) 2.5#5
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2l3#4. Show thatif f : S — R is uniformly continuous on S and {x;} is a Cauchy
sequence in S, then {f(xy)} is also a Cauchy sequence. On the other hand, give
an example of a Cauchy sequence {x;} in (0,00) and a continuous function
f :(0,00) — R (of necessity, not uniformly continuous) such that { f(xx)} is
not Cauchy.
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Q14 S. Show thatif f : S — R™ is uniformly continuous and .S is bounded, then f(5)
1s bounded.
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$14#2. Define the function f by f(z) = z?sin(1/z) if z # 0 and f(0) = 0. Show that
f is differentiable at every x € R, including 2 = 0, but that f’ is discontinuous
at = 0. (Calculating f’(x) for = # 0 is easy; to calculate f'(0) you need to
go back to the definition of derivative.)
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§1.\ #9. Define the function f by f(z) = e 1/ itz £ 0, £(0) =

a. Show that lim,_,o f(z)/2"™ = 0 for all n > 0. (You’ll find that a s1mple—

minded application of Theorem 2.10 doesn’t work. Try setting y = 1/2?
instead.)
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b. Show that f is differentiable at x = 0 and that f'(0) = 0.
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c. Show by induction on k that for z # 0, f*)(x) = P(l/x)e_’l/xz, where
P is a polynomial of degree 3k.
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d. Show by induction on & that f(*)(0) exists and equals O for all k. (Use the
results of (a) and (c) to compute the derivative of f (k=1) at 2 = 0 directly
from the definition, as in (b).)
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The upshot is that f possesses derivatives of all orders at every point and that
— f%)(0) = 0 forall k. -
|

~$1a#1. For each of the following functions f, (i) compute V f, (ii) find the directional
derivative of f at the point (1, —2) in the direction (2, %)
a. f(x,y) = 2%y + sinway.
b. f(z,y) = etV
c. flz,y)=(x+2y+4)/(7Tzx+ 3y).
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911#8. Suppose f is a function defined on an open set S C R". Show that if the
partial derivatives 0; f exist and are bounded on .S, then f is continuous on S.
(Exercise 7 provides an example of a function that satisfies these conditions on
S = R? but is not everywhere differentiable.)
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§a3#2. Find 0,w and 0,w in terms of the partial derivatives 0, f, O f, and 05 f.
a. w= f(2x —y?, xsin3y, z4).

b. w= f(e*73, log(z? + 1), /y* + 4).

c. w = arctan[f(y?, 2z —y, —4)].
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b. w = f(e”~%, log(z? + 1), \/y" + 4).
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C. w= arctan[f(?/Q, 2r — vy, —4)]
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915k 5. Let V = mr?h and S = 27r(r + h) (the volume and surface area of a circular
cylinder). Compute
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where the subscript indicates the variable that is being held fixed.
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