HW4 due Nov 1
Turn in (page 133) 3.3#5ab
Practice (page 119) 3.1#2, (page 125) 3.2#4, (page 139)
3.4#4abcde

4@, 2. Show that the equation 2 + 2xy + 3y? = c can be solved either fory asa
6,?" C' function of x or for z as a C'! function of y (but perhaps not both) near any
point (a, b) such that a® + 2ab + 3b*> = ¢, provided that ¢ > 0. What happens
ifc=0orifc <0? -
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3.1 Theorem (The Implicit Function Theorem for a Single Equation). Let
F(x,y) be a function of class C' on some neighborhood of a point (a,b) € R"*1,

Suppose that F'(a,b) = 0 and 0,F (a,b) # 0. Then there exist positive numbers
ro, 1 such that the following conclusions are valid.

a. For each x in the ball |x — a| < rq there is a unique y such that |y —b| <r
and F(x,y) = 0. We denote this y by f(x), in particular, f(a) = b.

b. The function f thus defined for |x — a| < r¢ is of class C', and its partial
derivatives are given by

(3.2) 0;f(x) = —
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4. Let o(s) = s?if s > 0, p(s) = —s?if s < 0.
a. Show that ¢ is of class C'!, even at s = 0.

b. Let f(t) = (p(cost), p(sint)). Show that {f(¢) : ¢ € R} is the square

with vertices at (£1,0) and (0,41). For which values of ¢ is f'(t) = 0?
What are the corresponding points f(¢)? B
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6«5' Let S be the circle formed by intersecting the plane x + z = 1 with the sphere
22 +y?+ 22 =1.

a. Find a parametrization of .S.

b. Find parametric equations for the tangent line to .S at the point (
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4. Let (u,v) = f(x,y) = (x — y, xy).

a. Sketch some of the curves x — y = constant and xy = constant in the
xy-plane. Which regions in the xy-plane map onto the rectangle in the
uv-plane given by 0 < u < 1,1 < v < 4?7 There are two of them; draw a
picture of them.

b. Compute the derivative Df and the Jacobian J = det Df.

c. The Jacobian J vanishes at (a,b) precisely when the gradients Vu(a,b)
and Vv(a,b) are linearly dependent, i.e., when the level sets of u and v
passing through @ and b are tangent to each other. (If this doesn’t seem
obvious at first, think about it!) Use your sketch of the level sets in (a) to
show pictorially that this assertion is correct.

d. Notice that f(2, —3) = (5, —6). Compute explicitly the local inverse g of
f such that g(5, —6) = (2, —3) and also compute its derivative Dg.

e. Show by explicit calculation that the matrices Df(2, —3) and Dg(5, —6)
are inverses of each other.
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