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If vi,....v, are eigenvectors that correspond to distinct eigenvalues A,,. .., 2
of an n x n matrix A, then the set{v,,..., v, 4 is linearly independent.
~ PROOF Suppose {v,....,v,} is linearly dependent. Since v, is nonzero, Theorem 7 in

Section 1.7 says that one of the vectors in the set is a linear combination of the preceding

vectors. Let p be the least index such that v, 4 is a linear combination of the preceding
(linearly independent) vectors. Then there exist scalars ¢, . .., ¢, such that

VL + -+ CpVp = Vpy (5)

Multiplying both sides of (5) by A and using the fact that Avy = Apvg for each k., we
obtain

CLAV + -+ cpAvp = AVpy

AV + o+ c,,).,,v,, - );p. IVp41 (6)

Multiplying both sides of (5) by A ;4| and subtracting the result from (6), we have

(A — )tpg vy e+ (',,()'-p - )‘[H IV, = 0 (7)
Since {vy,.... Vpy is linearly independent, the weights in (7) are all zero. But none of
he factors A; — 4,4 are zero, because the eigenvalues are distinct. Hence ¢; = 0 for
| =1,.... p. Butthen (5) says that v, = 0, which is impossible. Hence {v,.. ... \/3
cannot be linearly dependent and therefore must be linearly independent. i
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