ddx (p(x)j_i> +q(x)¢ + Ao (x)¢ =0, a<x<b,

do ——and p >0and o > 0
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B30(b )+54 ( ) =0,

1. All the eigenvalues A are real.
2. There exist an infinite number of eigenvalues:
M <A <. <A< A1 < ..
a. There is a smallest eigenvalue, usually denoted A;.
b. There is not a largest eigenvalue and \,, — o0 as n — oc.

3. Corresponding to each eigenvalue A,,, there is an eigenfunction, denoted
¢n(x) (which is unique to within an arbitrary multiplicative constant).
on(x) has exactly n — 1 zeros for a < z < b.

4. The eigenfunctions ¢, (x) form a “complete” set, meaning that any
piecewise smooth function f(z) can be represented by a generalized
Fourier series of the eigenfunctions:

51) ~ Za'rz¢'rb(a)

Furthermore, this infinite seues converges to [f(z+) + f(z—)]/2
for a < & < b (if the coefficients a,, are properly chosen).

. Eigenfunctions belonging to different eigenvalues are orthogonal relative
to the Welght function o(z). In other words,

/ qf)n ¢)m ( ) =0 if /\n 7é /\1n-

6. Any eigenvalue can be related to its eigenfunction by the
Rayleigh quotient:

—p¢ do/dal, + [} [p(de/dz)? — g¢°] dx
f: d20 dx ’

where the boundary conditions may somewhat simplify this expression.
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5. Eigenfunctions belonging to different ejgenvalues are orthogonal relative —
to the weight function o(z). In other words,
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1. All the eigenvalues \ are real.
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-
where (3; are real. In addition, to be called regular, the coefficients p, ¢, and o must be real
and continuous everywhere (including the endpoints) and p > 0 and o > 0 everywhere

(also including the endpoints). For the regular Sturm-—Liouville eigenvalue problem, many
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